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PREFACE. 



To those who make use of this work, whether teacher or student, a few words as to its 
plan may be of service. 

The work is divided into two PARTS. PART I. consists of two SECTIONS. SECTION I. 
gives, in four short chapters, the principles which lie at the bottom of all methods of 
calculation. In these chapters all unnecessary detail has been avoided, the object being 
to familiarize the student first with the fundamental principles. Each chapter contains 
the ground-work of a separate method of calculation, and the same illustrative example is 
used in each. The student who has thus familiarized himself with the four fundamental 
methods of calculation, can afterwards combine these methods in the solution of any 
particular case, as may seem best. It is believed that every method in use will be found 
on analysis to be a combination of two or more of the methods set forth in these first four 
chapters, and, so far as known to the writer, the present work is the only one in which such 
division has been made, and each method given clearly by itself independently of the 
others. 

In Section II. the application of these methods to the solution of various structures 
is given with all necessary detail. It has been the aim of the writer to make this section 
very complete in full solutions of every existing form of bridge. The student, already 
familiar with the four fundamental methods, is now in no danger of being confused by 
detail, and can easily devise for himself other methods of solution for individual cases, as 
good, or even better, than those given. In Chapter I. of this section will be found a more 
complete treatment of Roof Trusses than has been thus fat given in any work known to 
the writer. 

In Chapters III. and IV. a simple bridge girder is taken, and calculated fully, first by 
each of our four fundamental methods, and lastly by that combination of methods which 
seems best adapted to the case in hand. The remainder of the section gives the complete 
calculation of every form of bridge known, each case illustrated by an example carefully 
worked out. In Chapters VI. to VIII. upon the continuous girder, pivot or swing bridge 
and braced arch, much new matter will be found, and it is thought that the methods given 
will commend themselves as practical and easy of application. Whatever may be thought 
of the comparative advantages or disadvantages of these forms of bridges, they cannot 
well be omitted from a work which aims at any degree of completeness. For the average 
student, perhaps, so full a course is not desirable, at least at first, and therefore the attempt 
has been made by means of finer print tu mark out two courses of study. In any case 
the intelligent teacher will know what to omit, and it is no disadvantage to a student to 
be possessed of a Text Book which includes more than he has been able to read, and which 
may, therefore, be of future benefit instead of being laid on the shelf when finished. 
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Section I. 

DIFFERENT METHODS OF CALCULATION. 






I. GENERAL PRINCIPLES. 

INTRODUCTORY. 

Definition of Framed Structures.— A framed structure, or " truss*' is a collec- 
tion of parts or " pieces," either of wood or metal, or both combined, so joined together 
by pins or rivets as to form a rigid frame-work. The office of such a structure may be 
either to transmit or transform motion or work, in which case it may form part or whole 
of a mechanism or machine; or to resist the action of outer forces tending to cause 
motion, in which case it is called a structure of stability or statical construction. The 
principles which govern the discussion of the first case are therefore dynamical, and 
belong to the science of mechanics ; while in the second they are those of statical equili- 
brium, and belong to the science of statics. The latter class of structures alone are 
discussed in this work. The simplest kind of truss is a triangle, because that is the 
only figure whose shape cannot alter without changing the length of its sides. The 
triangle is thus the truss element, and all framed structures, no matter how complicated, 
which contain no superfluous pieces, may be considered as assemblages of triangles. 

Outer and Inner Forces — Stress and Strain. — We have to distinguish between 
the outer forces which may act at various portions of a framed structure, tending to cause 
motion of its parts, and the inner forces which prevent this motion, and cause equilibrium. 
The first we may call stresses^ and the second strains. We,, therefore, speak of the 
" stresses " upon a framed structure or assemblage of pieces, and the " strains " in such a 
structure. The first comprise all the exterior or applied forces, such as weights or loads, 
shocks, concussions, force of the wind, weight of snow, etc. ; and the second include simply 
the forces (generally of pure tension or compression) caused by these outer forces in the 
various pieces of the structure. Thus the " stresses " or outer forces give rise to certain 
inner forces or "strains" in the pieces composing the structure.* The stresses are 
always given, and the investigation of these resulting inner forces or strains is the object 
of this work. 

* It will be observed that we use above the words stress and strain to denote forces, in each case, and only seek 
to distinguish between the forces exterior to the structure and those acting upon the pieces of the structure, caused by 
these exterior forces. 

Many writers use the word stress to denote the ** various forces which are exerted between contiguous bodies or 
parts of bodies, and which are distributed over the surface of contact of the masses between which they act," while 
they use the word strain to denote the alteration of volume and figure due to such stresses. However valuable such a 
distinction may be in the discussion of general mechanical problems, we prefer, for the purposes of the present work, 
the distinction above given. The word strain, as applied to i\i^ forces by which the pieces of a structure are extended 
or compressed, b now so widely used by engineers that we have no wish to try to change its signification. 



4 GENERAL PRINCIPLES. 

Various Kinds of Strains. — The stresses or outer forces may produce, according 
to circumstances, different inner forces or strains in the various pieces of the structure. 
We may classify all these strains with which we have to do, as follows : 

Tensile strain ; Compressive strain ; Shearing strain ; and strain of Torsion. 

In pure tension the forces causing it must act truly in the axis of the piece in ques- 
tion, so as to tend to pull its particles asunder in parallel lines. In pure compression 
they must act in similar manner to force its particles together. A shearing strain is 
caused by two stresses acting parallel to each other and at right angles to the axis of the 
piece, but in opposite directions and at two immediately consecutive points. The 
tendency is to cause two lines or planes of adjacent particles to slide on each other. 
The term is derived from the similar action of the blades of- a pair of shears in the act of 
cutting. Torsion may be produced by a single transverse force applied at a distance 
from the axis. 

These strains are very often found acting in combination, giving compound strains. 
Thus, in the case of a beam, one end of which is built into a wall horizontally, and sustain- 
ing a weight at the other end, we have tensile strains in the upper side, compressive 
strains in the lower side, and shearing strains between any two adjacent lines of particles, 
taken at right angles to the length. As similar cases are of frequent occurrence, we may 
for convenience call such a combination ^^ Bending strain'* 

Strut, Tie, Brace, Counterbrace, etc. — The worcj " piece," which we have used 
already so many times, signifies a body whose length is generally great in comparison to 
its other dimensions. It is nearly always straight, but may be either straight or curved. 
By the union of such pieces the structure is formed, and the whole combination is termed 
a frame-work. The piece has different names according to the strain it is designed to 
resist. When it resists a compressive strain in general, it is called a Struts and when the 
strut is vertical it becomes a Post. When the strain is tensile, the piece is called a Tie, 
The term Brace is used to denote both struts and ties. When a brace is rendered capable 
of acting either as a strut or as a tie indifferently, it is said to be counterbraced. 

Beam, Girder. — In the case of a bending strain, the piece is called a Beam, When 
the beam is of considerable length and subjected to transverse stresses only^ it is called a 
Girder^ and may be either solid or flanged. The cross-section of a solid girder is either 
rectangular, triangular, or round, or some modification of these forms. The flanged 
girder consists of one or two flanges of any desirable cross-section united to a thin vertical 
web. The office of the flanges is to resist the compressive and tensile strains. That of 
the web is to resist the shearing strain. The web may be continuous as \n plate girder s ^ 
or open-work as in framed girders. It is with the latter only that we have to do in this 
work. The intersection of a brace with a flange is called an Apex, That portion of a 
flange between two adjacent apices is called a Bay, 

» 

Fundamental Principles. — All the various methods of investigating the conditions 
of stability of framed structures are based upon one of two principles — the so-called 
" principles of statical equilibrium." 



The first of these is as follows: 

If any number of forces, all in the same plane ^ and acting at a common point of applica- 
tiony or upon the same rigid body, are in equilibrium, the algebraic sum of all their compo- 
nents in any given direction is zero. That is, the sum of all the components tending to cause 
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motion in any one given direction is exactly equal to the sum of all those tending to cause 
motion in the precisely opposite direction. ' 

This we shall call the ** principle of the resolution of forces." 

The second principle is as follows : 

If any number of forces^ all in t/te same plane y and acting at a common point of applica- 
tion, or upon the same rigid body^ are in equilibrium^ the algebraic sum of the moments of 
these forces y taken with reference to any point whatever in the plane of the forces ^ is zero. 
That is J the sum of the moments tending to cause rotation in one direction is balanced by the 
sum of the moments tending to cause rotation in the other direction. 

This we shall call the *' principle of the equality of moments." 

Definition of " Moment." — The " moment " of a force is the product of the force 
into its " lever arm'' The lever arm of a force with respect to any point, which is called 
the " centre of moments/' is the shortest distance of that point from the direction of the 
force, that is, it is the length of the perpendicular let fall from the point upon the force, 
prolonged in direction if necessary. 

Unnecessary Pieces. — If any framed structure be cut entirely through so as to divide 
it into two part Sy it is evident that if it held the outer forces in equilibrium before it was cut, 
that the strains in the cut pieces must hold in equilibrium all tlie outer forces acting upon each 
of the parts into which the structure is divided. 

This principle is evident and does not need demonstration. Now we may resolve 
each of the outer forces, whatever their direction, and also the strains in the cut pieces, 
into vertical and horizontal components respectively. 

We then have, according to our fundamental principles : 

1st. The algebraic sum of all the vertical components is zero. 

2d. The algebraic sum of all the horizontal components is zero. 

3d. The algebraic sum of the moments with reference to any point in the plane of 
the forces is zero. 

Here, then, are three conditions, which furnish us in general with three equations 
between the acting forces. If only three of these forces are unknown, they can therefore 
be determined. But if more than three are unknown, they cannot be determined, because 
there are more forces to be found than there are equations of condition. Now in general 
all the outer forces acting upon a framed structure are known. It follows, therefore, 
that if at any point it is impossible to divide the structure Jn any direction witlwut cutting 
more than three strained pieces, the strains in which are necessarily unknown, the problem is 
indeterminate, and the structure has unnecessary or superfluous pieces. 

The frame should therefore be altered so as to dispense with one or more of these 
pieces, when the problem becomes determinate. 

Methods of Calculation. — The two fundamental principles already given, give rise 
to two methods of calculation : the method by " resolution of forces," or the " method of 
sections," as it is often called, and the " method of moments." Each of these may be 
applied graphically or analytically. We may therefore draw up the following scheme, 
which includes all the methods of solution of framed structures of equilibrium : 

- _, , . ^ , {(a) Graphic method of solution. 

I. Resolution of forces | ^^^ Algebraic " 
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II. Method of moments j Jj^ ^^^^pj^j^ .. .. „ 
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Any one of these methods may be used in the solution of any given case, but in general 
there will be one, the employment of which in any special case will be found preferable in 
point of ease and simplicity to the others. Or, it may be, a combination of two or more 
of these methods furnishes a readier solution. It is therefore desirable that the engineer 
should be familiar with the principles and application of all, in order to proceed in the 
best manner in any special case. 

The presentation and illustration of these four methods, in the order named, will 
therefore constitute the first Section of thi^ work. 

Postulates. — There are certain postulates which we require shall be understood 
and agreed to, before we can proceed to the application of our fundamental principles. 

As the structures which we are to discuss are all of them structures of stability, that 
is, must oppose the action of outer forces and hold these forces in a state of rest, we 
assert: 

\st. That all the forces which act upon any apex of a framed structure must constitute a 
system of forces in equilibrium^ for which^ therefore^ the fundamental principles of equili- 
brium just stated hold good. 

If, therefore, the outer forces or stresses at any apex are not in equilibrium, they 
must be held in equilibrium by the strains which they cause in the pieces meeting at 
that apex. 

2d. If the entire structure or frame-work is required to remain at rest, it follows that 
all the outer forces acting upon it must also constitute a system of forces in equilibrium. 

id. A uniformly distributed load may, without sensible error y be assumed to be grouped 
into weights resting upon the apices, each apex supporting a weight equal to the load resting 
upon the adjoining half bays. 

This is evidently correct in the case of pin joints, and in the case of riveted joints the 
influence of continuity can be disregarded. In practice, moreover, cross-girders occur 
generally only at the apices, so that no bay is subject to transverse strain except from its 
own weight. 

4/A. T/u strain in each bay or brace is uniform throug/tout its length, and acts in the 
direction of the length only. 

This must evidently be the case for any assemblage of straight pieces connected by 
pin joints. In riveted structures there may be a slight wrenching at the joints if the 
pieces are not accurately in the direction of the lines of stress, which can be neglected. 

%th. A brace cannot undergo tension and compression simultaneously. 

6th. The effect of several stresses acting at once upon any brace is the same as the alge- 
braic sum of the effects produced by each stress when acting separately. 

Thus, if the stresses are all tensile or all compressive, the combined effect is equal 
to the sum of the effects produced by each. If some are tensile and some compressive, 
the difference between the sum of the tensile and the sum of the compressive will be the 
resultant stress. 

Unit-strain — Inch-strain. — The strain in any piece per unit of area of its cross- 
section is called the Unit-strain. If this unit is the square inch, then the strain per 
square inch of cross-section is the inch-strain. The entire strain upon a piece is then 
equal to its area of cross-section multiplied by its unit-strain. 

Signs for Tension and Compression.— Different writers vary in the signs which 
they adopt to denote tensile and compressive stresses or strains. Some denote tensile 
strains by a plus sign, and some the reverse. As whichever we adopt we shall be in good 
company, we shall denote compressive strains by a plus sign, and tensile by a minus sign. 
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The notation may be recommended to memory from the fact that a tension piece, being 
only a rod or even a string between two points, is fitly represented by the minus 
sign (— ), while a compression piece of some length, being liable to bending, is made of 
various forms of cross-section of which the '' cruciform " (+) is a common shape. 

Questions for Examination. 

Define a framed structure. What structures are discussed in this book ? What do you understand by 
outer forces ? what by inner ? What is the simplest kind of truss, and why ? Distinguish between stress 
and strain. Name the different kinds of strains. What is a tensile strain ? A compressive ? A shearing ? 
How is torsion produced ? What do you understand by a bending strain ? What do you understand by 
the word " piece " ? What is a strut ? a post ? a tie ? a brace ? When is a brace counterbraced ? What 
is a beam ? What is a girder ? What kinds of girders are there ? What is the " web " of a girder ? 
What is an *' apex " ? a " bay " ? a " flange " ? 

State the principle of the resolution of forces. Of the equality of moments. What methods of calcu- 
lation do these give rise to ? State the postulates which are asserted to hold good for all framed structures. 
What is unit-strain ? inch-strain ? What is the relation between the entire strain, the unit strain, and the 
area of cross-section ? What is a " moment " ? A " lever arm " ? Give the principle by which it may be 
determined whether any structure has unnecessary or superfluous pieces. 
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CHAPTER I. 

GRAPHIC RESOLUTION OF FORCES. 

A. GENERAL PRINCIPLES. FORCES IN THE SAME PLANE, COMMON POINT OF APPLI- 
CATION. 

Graphic Representation of a Force. — Three things are necessary to be known in 
order that a force may be completely given — its point of application, its direction, and its 
magnitude. All three may be at once represented by a straight line. Thus the length of 
the line to any convenient scale, may represent the magnitude of the force ; one end of 
this line then gives the point of application, and the direction of the line from this point 
gives the direction in which the force acts. 

All forces of which we shall have occasion to speak will be considered as lying and 
acting in the same plane. 

Two Forces— Common Point of Application. — If two forces P^ and P^, given in 

direction and magnitude by AP^ and AP^ have a common point of application A, Fig. i, we • 

may find the resultant R according to well known principles, by completing 
the parallelogram, as indicated by the dotted lines and drawing the diagonal 
AR. AR is the resultant in direction and intensity. If then we apply to 
the point A^ a force AR it will have the same effect upon the point as the 
two forces Pi and P^ had when acting together, that is, it will replace /\ and 
P2. If, however, the resultant R acts in the direction RA, it will produce a 
precisely opposite effect from /\ and P^ acting together. If, therefore, we let Pi, P^, and 
R all act upon the point A simultaneously, and suppose R to act in the direction from R 
to A, then these three forces will be in equilibrium. 

Ndw we wish to call attention to the fact that it is unnecessary to complete the paral- 
lelogram fully. Thus it would have been sufficient to have drawn a line as P^R parallel 
and equal to AP^j or a line P^R parallel and equal to A Pi, In either case we should have 
found the point R^ and would have found, therefore, the magnitude of the resultant. 

Next, as to the direction of the resultant, notice that if it acts in the direction from R 
to A it holds the forces in equilibrium. If it should act in the direction AR it would re- 
place the forces. 

If then the resultant is supposed to act in the direction obtained by following round 
either triangle APiR or AP^R^ in the direction of the forces, as from A to /\ and Pi to R and 
if to A, or from A to P2 and P^ to R and Rio A, the direction RA thus obtained is the 
direction for equilibrium. The opposite direction is that in which the resultant must act 
when it replaces the forces. 

Three Forces— Common Point of Application. — Suppose we have three forces 
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acting at -4,. as in Fig. 2. Then from the preceding, i?i^ is the resultant 
of the forces /i and Z^. If we suppose it to act in the direction from A 
to ^1.2, it will replace i and 2 completely. We have then only to find the 
resultant of i?i.3 and /i» by completing the parallelogram upon these 
forces, and we find R^^ the resultant of the forces /i, P^ and P^. 

Again we see it is unnecessary to complete all the parallelograms. 
It would have been sufficient to draw /i^i., parallel and equal to P^y and 
then R^iRi^ parallel and equal to Pa. and we should have found the resultant Ri^. 

Again, if we go around in the direction of the forces, from A to /i and /\ to R^^, then 
to J?i^, and then back to Ay the direction thus obtained is, as before, the direction of the 
resultant for equilibrium. 

It is not necessary, or even desirable, to go through the construction upon the dia- 
gram of the forces. It is better to keep the two constructions separate. 

Four Forces. — Let us apply these remarks to four forces /\, P%y P^, P^, acting 
at the point A, Fig. 3. The diagram {a) we call the force 
diagram. Now parallel to every force in the force diagram, 
we draw a line equal by scale to the magnitude of the force to 
which it is parallel. - We thus obtain the polygon ^ i 2 3 4. Thus 
ai is parallel to /i, and equal by scale to the magnitude of ./i. 
Then from the end of a\y we draw i 2 parallel and equal to Pg. then 
2 3 parallel and equal to /i, then 3 4 parallel and equal to P^, The 
polygon we thus obtain is called \\\t force polygon. As we see, it is precisely the outline we 
should have obtained had we completed all the parallelograms directly upon the diagram 
(a) as in the last case, Fig. 2. Thus the diagonal a2 is the resultant of I and 2, ai is the 
resultant of i, 2 and 3, and a^ is the resultant of i, 2, 3 and 4. 

Order of Forces Immaterial.— The order in which the 

forces are laid off in the force polygon is immaterial. Thus in 
Fig. 4, it is evidently a matter of indifference whether we lay off 
the forces in the order i, 3, 2, 4, or in the order i, 2, 3, 4. In both 
cases we obtain the same resultant ^4, and the same direction 
and magnitude, for the resultant. But by the same change of two 
and two we can produce any order we please. 

General Principle. — We see, in Figs. 3 and 4, that the direction obtained for the 
resultant by following around the force polygon in the direction of the forces as laid off, is 
tliG direction necessary for eguiliirium. The opposite direction is that which r^//^^^j the 
forces. Thus a2, Fig. 3 (^), is the resultant of forces Pi and /j, just as in Fig. i, and if it 
is conceived as acting at A in the force diagram (a) in the directibn given by a2, it will re- 
^place forces Pi and P2. We have then ^3 as the resultant of a2 and 3 or of the forces i, 2, 
and 3, and acting at the common point of application A in the direction from <z to 3 it 
will replace forces I, 2, and 3. Finally then, ^4 is the resultant of forces i, 2, 3, and 4, 
and acting in the direction from a to 4 will replace these forces, or will have the same 
effect upon the point of application A, as all the forces when acting together. Of course 
the opposite direction, or the direction from 4 to a, obtained by following round the force 
polygon in the direction of the forces, is the direction necessary for equilibrium. If then 
we conceive a force applied at A in the force diagram (a) equal and parallel to 4a 
and acting in the direction from 4 to a, as given by the force polygon (^), we should have 
a system of five forces all acting at the same point, in equilibrium. We have then the fol- 
lowing general principle : 

If any number of forces in the same plane having a common point of application are in 
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equilibrium^ the force polygon is closed. If the force polygon does not close y the line necessary 
to close it is the resultant. If this resultant acts upon the point of application in the direction 
obtained by following around the force polygon with the forces ^ it will hold the forces in equi- 
librium. If taken as acting in the opposite direction^ it will replace the forces. 

We see also that any diagonal of the force polygon, as shown by the dotted lines in Fig. 
3 {b)y is the resultant of the forces on each side, and replaces those upon one side, and holds 
in equilibrium those upon the other, or vice versa, according to the direction in which we 
let it act. 

Thus, in Fig. 3 (^), we have 5 forces in equilibrium, because the polygon is closed by 
4^7. If these are in equilibrium, then any two, as ^ii, i 2, must hold the others in equi- 
librium, but the resultant of ai and i 2 is ^2, and acting in the direction from a to 2, re- 
places these two forces. It would therefore hold the other forces in equilibrium if acting 
in this direction. 

First Fundamental Principle of Equilibrium. — The general principle just enun- 
ciated is nothing more than a statement in other words of our first fundamental principle 
of equilibrium given on page 4. For if we resolve each force represented by a line of the 
polygon, into a horizontal and vertical component, for instance, as shown in Fig. 5 (b\ it is 
Fig.5 evident, that if the algebraic sum of all the vertical components 

is zero, and the algebraic sum of all the horizontal components is 
^^' zero, the polygon must be closed. Hence when the force poly- 

gon closes, the forces must be in equilibrium. Thus, starting 
from the point a, we see that three of the forces give downward 
vertical components, viz. i, 4, and the resultant 4iZ, and the sum 
of these, since the polygon closes, must be equal to the upward 
vertical components. So also for the horizontal components, i and 2 give components 
acting from left to right. Their sum is the horizontal distance from a to 2. But 3, 4 and 
the resultant give horizontal components acting from right to left, and if the polygon 
closes, their sum must be equal to the horizontal distance from 2 to a. 

Forces all Parallel. — If the forces are all parallel, the force diagram will be a 
Xi«.e straight line as in Fig. 6 {a)y where we have three forces /i, /*„ P^ all vertical 

>— -^^^ — ^ and acting at the same point A, 

M (h) If we lay off these forces in the order given we have the force polygon (J?), 

which in this case is also a straight line. Thus aiis laid off downwards, equal 
to Ply then I 2 equal to /j, then 2 3 upwards equal to P^, The line ^a then 
closes the polygon, and hence the resultant is the algebraic sum of the forces, 
or /i+Za— ^8- The line ^i i 2 3 in Fig. 6 {b) should be regarded still as a 
polygon or 'double line. Thus following round in the direction of the forces 
we go from ^ to i, 1 to 2, 2 to 3, and hence the resultant 3/1, which closes, must act up- 
wards for equilibrium. 

B. ILLUSTRATION OF GENERAL PRINCIPLES. 

The foregoing principles, simple as they are, furnish us with the means of finding the 
strains in any framed 'structure, however complicated, which the civil engineer can legiti- 
mately be called upon to erect, provided only all the stresses or outer forces are known. 
They will be applied in detail to many different kinds of structures hereafter (see p. — ), so 
that the reader may obtain complete mastery of the method. We shall content ourselves 
here with a single example, merely to illustrate the method of application. For this pur- 
pose we select a very simple structure. 
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APPLICATION TO A ROOF TRUSS. 

Dimensions of Truss.— Frame Diagram.— The truss shown in Fig. 7 is 50 
feet span, and 12.5 feet high. Each rafter is divided into four equal bays, and the 
lower horizontal tie is divided into six equal bays. The bracing is as shown in the 
Figure. Each half of the frame is perfectly symmetrical with the other half. The Fig. 7 
we call i}ci^ frame diagram. It may be drawn to any convenient scale, the larger the better. 

Loading of the Truss. — According to our postulate 3, page 6, we suppose all that 
portion of the weight of roof covering which extends from the centre of one bay to the 
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centre of the next, including weight of cross-pieces, planking, shingles, etc., to be con- 
centrated at each apex. Let us assume that we thus have a weight of 800 lbs. acting at 
each upper apex, except the two end ones, where the weight is one-half of this, or 400 
lbs. Since the truss is symmetrical, with respect to the centre, and symmetrically loaded, 
the upward reaction at the two ends will be equal and each one half the sum of all the 
weights, or 3,200 lbs. at each end. These constitute all the outer forces or stresses which 
act upon the frame-work. 

Notation. — ^The notation which we adopt in order to conveniently designate any 
piece or stress is as follows. We letter the triangular spaces into which *he truss is divided 
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by the braces, also the spaces between the stresses. The letter L refers to all the space 
below the truss. Thus, the bays into which the rafter is divided are Ba^ Cb^ Dd, Ef^ etc. 
The bays into which the lower horizontal tie is divided are Lay Lc^ Le, etc. In general 
any piece is denoted by the letters upon each side of it. Thus ab is the first brace, be 
the next, and so on. In like manner AB is the first weight, BC the second, etc 

Stress Polygon. — We can now proceed to form the ^^ stress polygon.'' Thus in {a), 
Fig' 7> we lay oflf the weights to any convenient scale, in regular order one after the 
other, and thus obtain the line -/4, -5, C, Z>, • . • • K. Then the two reactions are laid 
off upwards from K to L and L to A^ thus closing the polygon, as should be the case, 
since if the truss is not to move bodily, the stresses must form a system in equilibrium. 
This is in accordance with our postulate 2, page 6. The stress polygon in this case is 
therefore a straight line, or rather a double line, from ^ to A!" and K back to A again. 
This is evidently because all the stresses or outer forces are parallel. 

Strain Diagram. — We may now proceed to form the " strain diagram^' or find the 
strain in each piece caused by these stresses. According to our postulate i, page 6, 
the strains in all the pieces which meet at any apex, together with all the stresses at that 
apex, must form a system of forces in equilibrium. Hence the polygon obtained by 
drawing lines parallel to these forces, and equal by scale to their magnitude, must close. 
Wherever then in general we know all the forces acting at any apex except two, we can 
easily find these two, if their directions are only given, by drawing lines parallel to these 
given directions, and prolonging them until they close the incomplete polygon formed by 
the known forces. These remarks will be evident from the construction. Thus at the 
left end. Fig. 7, we have two known forces, z//>., the half weight (400 lbs.) acting down, 
and the reaction (3,200 lbs.) acting up. We have also the unknown strains in the pieces 
Ba and La, and these four forces are all which act at the apex A. If equilibrium exists 
they mi^st therefore form a closed polygon. 

But the reaction LA and weight AB are already laid off in order in the stress, 
polygon {a)y the one up, the other down. We have therefore only to unite the points 
B and L by lines parallel to Ba and La^ and we shall have the strains in these pieces 
respectively, to the same scale as that cfwsenfor the stress polygon. 

Now that we know the strain in the piece Ba, we can pass to the next upper apex. 
Because of the four forces acting there, we know already Ba and the weight BC, and 
hence there are only two unknown, viz.y the strains in ab and Cb. But in the strain 
diagram {a) now commenced, we have already Ba and BC laid off, and we have there- 
fore only to join the points C and a by lines parallel respectively to ab and Cb above. 

We next proceed to the first lower apex, where LA and ab are known, and be and Lc 
are to be found. We therefore join L and b in the strain diagram by lines parallel to 
Lc and be above, and we obtain the strains in these pieces. Thus the polygon LabeL is 
made to close. 

We then proceed to the next upper apex, where we have Cby be and the weight CD 
now known. Hence we join D and e below by lines parallel to these pieces, and thus 
complete the polygon DCbcdD. 

It is unnecessary to follow out the method of procedure further. The reader, how- 
ever ought to do it for himself carefully and thoroughly. 

The Symmetry of the Figure a Check upon the Accuracy of the Work. — 

Proceeding in the method indicated, we have found the strains in every piece of the frame. 
The broken lines give the strains in the right hand half. It will be at once seen that they 
should be precisely equal to the strains in the corresponding pieces of the left half. This 
affords several excellent checks upon the accuracy of our work. Thus the two halves of 
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the Fig. should be perfectly symmetrical, and the broken half should unite with the full 
half exactly at the points r, c and a. 

Character of the Strains. — ^The determination of the character of the strains is 
second only in importance to the determination of the strains themselves. Suppose we have 
a force Aa acting at any point as A^ upwards, as shown rig.8 

by the arrow in Fig. 8, and that this force is held in 
equilibrium by the strains in the two pieces ab and 
Ab, which also act upon the same point A, Then, as 
we Know, these forces must make a closed pol)^on as a 
given at {c). Now follow round this polygon in the 
direction given by Aa^ and we find that for equi- 
librium the strain in ab must act upon the point A in the direction from rt: to b given in Fig. 
{c). As this force can only act upon the point A by means of the piece ab which conveys it 
there, if ab is on the right of the point A, as in Fig. {a), the piece ab must be in compres- 
sion. li ab is on the left of A^ the strain in it must be tension. So for the piece Ab, We 
find from Fig. {c) its equilibrium direction from b to A or from left to right. Transferring 
this direction to the Figs, {a) and (b) we see that in {a) the strain in Ab must be tension, 
and in {b) tension also. This is sufficient to furnish us with a general rule for finding the 
character of the strain in any piece, as well as to illustrate the reason of the rule. , 

If we take any apex of the frame and consider the forces acting upon that apex as a 
system of forces in equilibrium, the rule is : 

Follow round the polygon formed by these forces, in the direction indicated by those forces 
which are already known in direction, and tranter the directions thus obtained for the forces 
to the apex under consideration. If the strain in any piece is thus found acting away from the 
apex, the corresponding piece is in tension ; if towards the apex, it is in compression. 

An application of this to Fig. 7 will make it plain. Thus take the first apex. 
Here we have the reaction known to act up, and the weight AB acting down, in equilib- 
rium with Ba and La. Following round the polygon in (a), therefore, we go 7ip from L 
to A, then down from A to B, then continuing round, we go in order from B to a, and 
then from a to L. We thus find the direction for the strains in Ba and aL, viz. : Ba 
from right to left and aL from left to right. Referring now to the frame itself, and trans- 
ferring these directions to the corresponding pieces, we see that the direction for Ba gives 
us the strain in that piece acting towards the apex; it is therefore in compression. In like 
manner we have the strain in aL acting away from the apex, or tension. 

Once more ; take the next apex. Here the weight BC acts down. We follow round 
the polygon in (a), then from B to C, then to b, then to a, and then back to B. We thus 
find the direction for aB from a to B. Referring back to the frame we find that this gives 
us the strain in this piece acting towards the apex wc are now. considering, and there- 
fore compressive, just as we have already found it.* The direction Cb gives us the strain 
in Cb acting towards the apex, hence compression. The direction ba gives us the strain 
in ba acting towards the apex, and therefore compression. 

Again ; take the first lower apex. Here we have already found La to be in tension, 
hence the strain in that piece must act away from the apex we are now considering. 
With this to guide us we refer to Fig. (a) and follow round from L to a, then from a to b, 
b to c, and c back to L. We thus find ab acting towards the apex, and therefore compres- 
sion, just as we have already found it. Also be acting away from apex, or tension, and cL 
away, and therefore tension also. 



• Observe that by changing the apex we have the strain in Ba opposite in direction to what it was before, but in 
each case it is towards the apex considered. 



H 



GENERAL PRINCIPLES, 



This is enough to indicate the application of our rule. The reader will do well to ap- 
ply it carefully to every apex until thoroughly familiar with it. We have denoted com- 
pression in Fig. 7 {a) by heavy lines and tension by light lines. 

It is well, when solving any problem, to avoid confusion in following round the various 
polygons, to determine the character of the strains by our rule as we go along, and not to 
wait until the strain polygon {a) is completed. 

Remarks upon the Method. — The truth of the principle enunciated upon page 5, 
viz., that if the truss be cut entirely in two at any point, the strains in the pieces cut will 
hold the outer forces in equilibrium, is als9 evident from Fig. 7. 

Thus suppose a section cutting Dd, de and Le, then the strains in these pieces ought 
to be in equilibrium with the algebraic sum of the weights and reaction. We see from the 
strain diagram below that this is the case, because the strains Dd, de and eL make a closed 
polygon with LD = LA — AB — BC — CD = algebraic sum of weights and reaction. 

The Figure also shows other relations not evident from any principles and peculiar to 
the frame of the truss. Thus we see that the strain in ab will be the least possible when 
it is perpendicular to the rafter. We can see, also, at a glance how the strains would be 
affected by altering the inclination of any piece. 

Finally, the application of the method is equally simple and easy of execution, no 
matter how irregular the frame-work of the truss. 

Choice of Scales. — In general the larger the frame is drawn the better, as it gives 
us more accurately the direction of the pieces composing it. The stress polygon should 
be taken to as small a scale as possible consistently with reading off the forces conven- 
iently to as great a degree of accuracy as is required — so as to avoid the intersection of 
very long lines, where a slight deviation from true direction multiplies the error. When 
the strain polygon is completely finished, the strains may be read off according to scale, 
and written down upon the frame if required. Thus a good scale, dividers, triangle, 
straight-edge, and hard fine-pointed pencil are all the tools required. The work should be 
done with care, all lines drawn light with a hard pencil, and points of intersection carefully 
located, and lettered properly to correspond with the frame. Care should be exercised to 
secure perfect parallelism in the lines of the strain and frame diagrams. Thus in Fig. 7, 
since the piece ab is very short, its direction is better given by the piece ef, which is par- 
allel to it and longer. Always observe the notation given. 

The student will find in SECTION II. many examples for practice, and details of con- 
struction for various cases. He would do well to refer now to the examples there given. 
Some practice is necessary in order to obtain always reliable results. It should be remem- 
bered finally, that careful habits of intelligent manipulation, while they tend to give con- 
stantly increased skill and more accurate results, affect very slightly the rapidity and ease 
with which these results are obtained. 

Numerical Determination of Strains. — In the case of Fig. 7, we have drawn 
the frame to a scale of 12 feet to an inch, and taken as our scale of force, 3,200 lbs. to an 
inch. Scaling off the strains in (rt), we have, calling compression plus (-h) and tension 
minus (~), the strains in the various pieces as follows : 

For the rafters, 

Ba = ^ 6280, Cb =z ■\- 5816, Dd = + 4700, Ef - + 3580 lbs. 

For the lower bays, 

La =^ — 5624, Lc ^ — 4832, Ze' = — 4024 lbs. 
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For the diagonals, 
tf ^ = -f 720, be ^ — 720, <:rf = -f 1060, de=i - 928, </* = + 1452, ff = — 2410 lbs. 

The checking of both halves of the Figure gives assurance of the substantial correct- 
ness of the result. The scale actually adopted for the frame by which the above results 
were found, was 10 feet to an inch, and for the strains 800 lbs. to an inch. As the error 
of the author working rapidly does not exceed ^f^y ths of an inch, these strains may be 
depended upon within about 24 or 25 pounds. 

Questions for Examination. 

Show how to represent a force graphically. Show how to find the resultant of two forces graphically, 
and point out why it is unnecessary to complete the parallelogram. Point out the direction of the resultant 
necessary for equilibrium. The direction necessary to replace the forces. Do the same for three forces. 
For four forces. Distinguish between the force diagram and the force polygon. Show the significance of 
jftiy diagonal in the force polygon. Show that the order of the forces is immaterial. State the general prin- 
ciple we thus arrive at. Prove that this is the same as our first fundamental principle of equilibrium. 
Show what the force polygon becomes when the forces are all parallel. 

Illustrate these principles by application to a Roof Truss. What is the frame diagram ? Stress 
polygon ? Strain diagram. What notation is adopted ? How is the loading supposed to be applied ? 
Show how to form the strain diagram. Point out what checks you have upon the accuracy of the construc- 
tion. Explain how to determine the character of the strains. Give the rule.. Illustrate by the Figure. 
What can you say about the choice of scales ? 



CHAPTER II. 

ANALYTIC RESOLUTION OF FORCES. 

A. GENERAL PRINCIPLES. FORCES IN THE SAME PLANE, COMMON POINT OF APPLI- 
CATION. 

Fundamental Principle. — The principle upon which the method of solution by 
means of the analytic resolution of forces depends, is the same as that upon which the 
graphic method of the preceding chapter is based, viz. : 

If any number of forces^ in the same plane and acting upon the same pointy are in equili^ 
brium, the algebraic sums of their vertical and horizontal components must be respectively zero. 
The two methods are therefore identical, and the present is only the algebraic repre- 
sentation of the preceding graphical construction. 

If then, at any apex of a framed structure, which is the point of application for a 
system of forces in equilibrium, we know the directions of all the acting forces and the 
magnitude of all but two, we can at once write down two equations of condition between 
these two unknown forces, by means of which their magnitude may be determined. 

Notation. — We always measure the numerical value of the angle of inclination of any 

piece yr^w tJie vertical through the apex. This angle we denote in 
general by 6^, and denote by subscripts the piece to which it refers. 
Thus, Fig. 9, let ab^ ac^ ad and ae be four pieces meeting at the apex 
a. Then the angles of inclination of these pieces are measured from 

^,; ^ the vertical line Fi Fj through the apex, the numerical value of the 

least angle being always taken. Thus Bah is the angle baVx. not baV%, 
6^ is the angle caVi, ffad is the angle daV2. 6^ is the angle eaV^. 
It is, however, necessary that we should always introduce the 
sines and cosines of these angles with their proper signs in the ex- 
pression for the algebraic sum of the vertical and horizontal components. For this 
purpose we adopt the following conventions : 

A compressive strain in a piece is always plus, a tensile strain minus. This convention 
we have already introduced in the preceding chapter. 

Any force acting vertically upwards^ as for instance, a reaction, is plus ; when it acts 
downwardsy as for instance, a weight, it is minus. 

The cosine of 6 is plus when the piece in question lies below the horizontal through 
the apex. Thus, Fig. 9, cos B^ is plus and cos B^ is plus. Similarly cos B^ and cos B^ 
are minus. 

The sine of B is plus when the piece lies to the right of the vertical through the apex. 
Thus, Fig. 9, sin B^^ and sin B^ are plus, while sin B^^ and sin B^ are minus. 

The reader will observe that this is equivalent to always reckoning the angle B from a V% 
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around from right to lefty as indicated in Fig. 9^ Thus V% ah^ is the first quadrant^ for 
which sine and cosine are both positive. The second quadrant is h^Vx^ for which sine is 
positive and cosine negative. The third quadrant is V^ahxy for which cosine is negative 
and sine negative. The fourth quadrant \% h^aV^y for which cosine is positive and sine 
negative. Hence our rule just given. If we adhere strictly to this notation, we shall 
always be able to write down the various terms in the algebraic sum of the vertical and 
horizontal components with their proper signs. If then we find any strain minus, it will 
denote tension ; if plus, compression. 

General Formulae. — Suppose we have three forces, /i,/^,/',, acting at the Fig.io 
point Ay Fig. 10, in equilibrium. Then if we resolve each of these forces into 
a vertical and horizontal component, the algebraic sum of the vertical compo- 
nents must be zero, and the algebraic sum of the horizontal components 
must be zero. Adhering to the notation just described, the signs of these 
components in any particular case will take care of themselves, and we can 
write down the general equations : 




For the vertical components, 

/\ cos di -f P^ cos ^2 + P% cos 6^5 



^8 -f etc. = o. 

For the horizontal components, 

Px sin B^ + /a sin B^ -f P^ sin B^ -j- etc. = o. 

If now Px is known, we have two equations containing * two unknown quantities, 
P^ and /sj and hence these forces can be easily found. 

It is evident, then, that the method is applicable to any apex of any framed struc- 
ture, where all the acting forces at that apex are known, except two only. 

B. ILLUSTRATION OF GENERAL PRINCIPLES. 

Let US apply the foregoing principles to the same example, as in the preceding chap- 
ter, and thus check the results there obtained by the graphic method of resolution of 
forces. 

APPLICATION TO A ROOF TRUSS. 

DWJENSIONS. — We take the same dimensions as before, page ii, and refer to Fig. 7. 
The angle, then, which the upper bays make with the vertical through any apex is about 
63° 26'. o* The angle for any bay of the horizontal tie is 90®. The angle for all the 
parallel braces aby cdy ef Fig. 7, is 33*^ 41. -^ The angle for the brace be is also 33° 41'/' The 
angle for the brace ^^ is 12° 31'.^; " 

For the apex BCy for instance, we have for the bay Cby Bet, = 6^^ 26', and according 
to our convention, cos Bet is minus, because the piece Cb lies in the second quadrant, and 
sin Bcb is plus for the same reason. 

Calculation.' — Remembering, then, always to take the sines and cosines with their 
proper signs in the general formulae for the algebraic sum of the vertical and horizontal 
components, and also recollecting that upward forces are positive and downward forces 
negative, we can proceed to the calculation. 

The numerical values of the sines and cosines are easily found to be as follows : 

T7 xL i_ I cos ^ = 0.44724 I , f cos S = o 

For the upper bays, < . ^ o 7 lower bays, i . ^ 

^^ ^ *\sin B z=z 0.89441 -" ' ( sin * = I 



braces parallel to aby | "^^ ^ ^ ^'^^^^ 
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for be I COS « = 0.83212 ^ ( COS S = 0.97623 

(sin S = 0.55460 I sin ^ = 0.21672 

We are now ready to apply our principles. 

Take the left hand apex, Fig. 7. Here we have the reaction /?, the weight W^y and 
the strains in Ba and La^ forming a system of forces in equilibrium. We have, then, for 
the algebraic sum of the vertical forces, 

-^ + JTi -f ^^ cos ^A, -f Z^^ cos ^Xfl = o • • . . W • 

and for the algebraic sum of the horizontal components, 

Z^^ sin ^Xfl + ^^ sin ^^ = o . {p) 

From ((i) we find, since La is horizontal, and hence cos djj^ = o, 

strain m Ba = ^ (i) 

cos ^ Ba 



From (p) we find 

—Ba sin B^ol 

ha 



strain in Z^ = ; — 2 (2) 

sin dr ^ ' 



Inserting numerical values, and observing our notation and conventions, we have, since ^ = + 3200, 
Wx — — 400, cos Oifci = — 0.44724, and sin Gxa = I, 

strain in Ba = - 32oo -f 400 ^ ^ ^^ i^^ 

- 0.44724 

Hence Ba is in compression. 

.tndninZa = " 6a6o x 0.89441 = _ 5600 lbs. 

I 

Hence La is in tension. 

Let us pass to the next apex. Here we have for the algebraic sum of the vertical 
Donents, 

w 



components 



have 



IV^ + Ba cos B^a + Cb cos ^c* + ^b cos B^h = o 
ana lor the horizontal components, 

Ba sin B^a -^ Cb sin B cf, + ab sin Bab =z o 

Inserting in equation (c) the value of Ba cos B^, as found from equation (a), we 

cfroin ;n ^A - ^2 sJn Bg, W^ sJn Bet 

strain in aa = -; — tj z n — - — n ~ — 7Z a — r^ (3)« 

sin B^t cos Bd, — cos Bat, sin Ba, sin {Bat — ^cb) ^^ 

In the same way we find from equation (d), 

efro;« ;« rA ^^ sin B^ W^ sin Bgt 

strain in C^ = ; — n : — 773 n — : (4). 

sm Bet sin (Bat — Bet) ^^' 

Inserting numerical values, we have 

^ . . . —800x0.89441 —715,528 ^ ^^^,.„ 

stram in ab = -T-7 — 5 — -, ^ — ;< = - - - — = + 720 lbs. 

sin (33" 41 — 1 16 34 ) — 0.99230 

Hence o^ is in compression. (Observe, that the angles Oat and Ocb are reckoned as shown in Fig. 9, page l(^ Thus 
©C6 = Ii6'» 34'.) 

We have in like manner 

strain in C» = + 6260 - ~ ^^ "" o 5 54^0 _ ^ ^^^ _ 447 = + 5813 Ibt. 

— a9923o 

Hence Cb is in compression. 
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At the first lower apex, Fig. 7, we have for the vertical components, 

ab cos 0^ + be cos ^^ = o {e) 

and for the horizontal components, 

La sin ^£0 + ^^ sin ^a» + *r sin ^^c + ^ sin ^xc = o (/) 

From the first of these equations we obtain 



ab cos dfo, 



strain m d^ = 5-^ (0 

cos ft ^-^^ 



and for the second, 



— La sin ^£0 — ab sin ^a* — ^^ sin ^5© 

sin ^'jtc 



strain in Z^: = — ^ " ^ ^^^^^^^^^^ ^g^ 



Inserting numerical values, we have 

^ . . . 720 X — a832i2 „ 

strain m «• = — ^ ^ — = — 720 lbs. 

— a832i2 * 

Hence if is in tension. 

Also, 

Strain in Z^ = S^oo x - i - 720 x - 0.55460+ 7^0 x 0-55460 

H- I 

= — 5600 + 399 + 399 = — 4802 lbs. 
Hence Z^ is in tension. 

At the apex CD^ Fig. 7, we have for the vertical components, 

JV9 + Cb cos Oqi, h- be cos 0i^ + cd cos dcd + ^d cos ffx^=o . . . . . - {g) 
and for the horizontal components, 

Cb sin 0cb + *^ sin S^^ + ^^ sin ^cd + -^^ sin ^xw = (A) 

From these two equations we have, after reduction, 

strain in cd = ^' ^'" ^^ + f ^'" ^^ " ^"^ (7) 

— Sin (e/jDtf — t/«,) 

Also, 

*. • • n^ C^ sin ^C6 + ^^ sin 8f^ + cd sin O^d /o\ 

strain in Da = ^^^—- ; — ^-~ (8) 

— sm 0j^ 

Inserting numerical values, we have 

strain in n/ = " ^^ "" 0.89441 - 720 sin (116^34' - 326''i9^ 

— sin (ii6'34 — 33*41 

= - 716 - _j20 ^ ^ j^, 
— 0.99230 

Hence ct/ is in compression. 

Also. ^^^.^ .^ ^^ _ 5813 X - 0.89441 -- 720 X - as546o -h 1081 x 0.55460 

— 0.89441 



_ - 5199205 -f 399 4- 599 = + 4696 lbs. 
— 0.89441 



Hence Dd is in compression. 
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By comparison with the formulae already found, we can now write down the formulae 
for the remaining pieces at once, without first writing down the equations of condition. 
Thus at the second lower apex, Fig. 7, we have lat once, by simply referring to the for- 
mulae already found for be and making the proper changes in the subscripts, 

^ . . , cd cos Bed . V 

strain in ^. = - -^3^-^ (9) 



In like manner, referring to equation (6), 

^ . . , — Lc sin die " cd sin 0^ — de sin 0^^ 
stram in L,e = : — ji 

cm H- 



sin 6i 

Inserting numerical values, we have 



(lO) 



^ , . . , — io8i X — a832i2 „ 

^ strain in ae = r = "- Q24 lbs. 

• — 0.97623 ^ ^ 

^ . . , — 4S02 — 1081 X — 0.55460 -h 024 X a2i672 
strain in L^ = ■ 

+ I 

= — 4S02 H- 599 H- 200 = — 4003 lbs. 

In similar manner, for the apex DE^ Fig. 7, referring to equations (7) and (8), we can 
write down at once, • 

strain in ./ = ^* ^'" ^^ + t ^'" ^f^ " ^'^> (n) 

strain in ^/ = ^^^ ^'" ^^ + ^^^'" ^^ + <^ ^'" ^^ (12) 

Inserting numerical values, we have 

.train ia ,/= - 800 x 0.89441 - 9^4 sin (..6'34' - 347°a9') 

— Sin (116 34 — 33 41) 

^rTll^UlL^ + .443 lbs. 
—0.99230 ^"^ 

. . ^ . 4696 X — 0.89441 — 924 X — 0.21672 -h 1443 X 0.55460 
strain m Ef = 0.89541 

^ - 4200 + 200 -H 800 ^ ^ ^5^^ j^^ 
— 0.89441 

At the centre apex in the lower flange. Fig. 7, we have, since by reason of the sym- 
metry of the frame and the symmetrical loading the strains in all the pieces of the right 
half are equal to those in the left, 

2 fe cos 6j^ + ff cos djy, = o. 
Or 

^ . . -^, — 2/5? cos ^r* (j^\ 

strain in /y= — 5 — - vZ) 

■^■' cos Ujy, 

Inserting numerical values 

* • • ^^' - 2 X 1443 X - 0.83212 _ -.__,. 
strain mff = ;— = — 2401 IDs. 
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A comparison with the sixains found for the same case in Chapter I. shows a satisfactory agreement in the results of 
the two methods. Thus : 





Ba 


Cb 


Dd 


Ef 


La 


Lc 


Le 


ah 


be 


cd 


de 


'f 


Method of Chapter I 


+ 6280 


+5816 


+4700 


+ 3580 


-5624 


-4832 


-4024 


+ 720 


—720 


+ 1060 


—928 


+ 1452 


Method of Chapter II; 


+6260 


+5813 


+ 4696 


+ 3577 


— 5600 


—4802 


-4003 


+ 720 


— 720 


+ 1081 


-924 


+ 1443 



Comparison with Preceding Method.— We see that the application of the present 
method to the case chosen is much more difficult than the graphic method of Chap. I., in 
that it involves much calculation and requires very careful attention to avoid errors. The 
present method, therefore, does not adapt itself readily to cases where the various pieces 
have different inclinations, although, as we shall see hereafter in the applications of Sec- 
tion II., there are many cases of frequent occurrence in practice where the application of 
the method is quick and easy. When the calculations are performed with proper care, the 
results are more accurate than by the graphic method. This latter, however, by the proper 
choice of scales, gives results practically correct. 

One important point of difference we may note here, however, which holds good for 
all analytic methods as compared with graphic — that is, the graphic method gives indeed 
a general method of solution, but, in any case, only particular results^ while the analytic 
method gives general results or formulae which hold good for all similar cases. Thus the 
formulae we have obtained hold good for all trusses of the pattern of Fig. 7, no matter 
what their dimensions. We have, in any case, only to insert the special numerical values, 
and the formulae give us at once the strains for that case. 

In solving, then, any particular case, we solve at the same time all others like it, while 
the graphic method must be applied anew for every fresh case. This is generally true of 
all graphic methods. 

If it were required to compute a large number of trusses, therefore, of different dimen- 
sions but same type, the present method would possess perhaps practical advantages 
superior to the graphic. Each method has thus its particular advantages, and the engineer 
should be able to choose in any case, that which leads most directly and easily to the re- 
quired results. Illustrations of the use of this method will occur in Section II., wherever 
it is advantageous to make use of it. 

The Method identical with the Method of Sections. — We have stated at page 

5 the principle that if the truss is divided in two at any point, by a section cutting only three 
pieces, the strains in these pieces are in equilibrium with the outer fbrces acting upon each 
portion into which the truss is divided. We can therefore write down two equations of 
condition for the cut pieces, expressing the condition that the sums of all the horizontal 
and vertical components are zero, and thus if only the strains in two pieces are unknown, 
we can find them. The formulae thus obtained would be precisely identical with those 
already found, and we can therefore, if we choose, call the present method the analytic 
method of sections, instead of the analytic method of resolution of forces. 

Thus by the application of our principle we have for the apex BCy Fig. 7, the 
equation (tr), page 18, viz.: 

H^2H- Ba cos B^ + Cb cos ^c* + ^* cos B^^ = o 

But we have already found for the preceding apex, 

i? -f IV1 + Ba cos B^ + La cos ^^a = O- 



t 
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If we find the value of Ba cos Bbh ^tova this, and insert in the first equation we have, since 
for the second apex cos B^ is minus, 

IT, + i? + IV1 + La cos 6^ + Ct cos ffcb + ai cos 6^^, = o, 

which is precisely the same equation as we should obtain by the method of sections, and 
expresses the condition that the vertical components of the cut pieces La, Cd, and ad, are 
in equilibrium with the outer forces. The two methods are therefore identical, and 
whether we had proceeded from the principle that all the forces at any apex are in equi- 
librium or from the principle just stated of sections, we would have obtained in either case 
precisely the same results and equations. 

Algebraic Representation of the Strain Diagram. — We can write down all the 
formulae obtained for the various pieces directly from the strain diagram Fig. 7 {a), without 
stating the equations of condition at all Since the present method and the graphic method 
of Chapter I. are both based upon precisely the same principle. Fig. 7 (a) is simply the 
graphic interpretation of our algebraic work. The simple trigonometrical solution of the 
various lines in the strain diagram Fig. 7 (a), will therefore give us at once the formulae of 
this chapter. Thus a little inspection of the strain diagram will suffice to make evident 
that 

at sin {Oat —,^cb) = W^sin Oct- 

This is the same expression as equation (3) page 18. So for the other pieces. 

Any one therefore familiar with the graphic method of Chapter I., can readily deduce 
from the strain diagram itself the trigonometrical formulae for the strains in the various 
pieces. 

Questions for Examination. 

What is the fundamental principle upon which the method of the preceding chapter depends ? Give 
and explain the notation adopted. How are angles of inclination measured ? What sign has a force when 
acting upwards ? downwards ? from left to right horizontally ? from right to left ? What sign denotes com- 
pression ? tension ? Show how to apply the principle. Write down the general equations of condition for 
three forces in equilibrium. 

Describe the notation of Fig. 7. How do you designate any piece ? any apex ? any apex weight ? In 
equation (i) page 18, show how to insert the numerical values with proper signs. Do the same for equation 
(4)» page 18. For equation (6), page 19. Show how to deduce equation (7) from equations (^) and W, page 
19, and go through the process of reduction. Show how equations (9) and (10) may at once be written down 
by reference to equations (5) and (6). Do the same for (11) and (12), page 20. Show how to write down 
equation (13), page 20. What can you say of the method of this chapter as compared with that of the pre- 
ceding ? What is the principle of the method of sections ? Show that the present method is identical. 
Show how to obtain from the strain diagram, Fig. 7 (a), the trigonometrical results of the present chapter. 



CHAPTER III. 

METHOD OF MOMENTS— ALGEBRAIC SOLUTION. 

A. GENERAL PRINCIPLES. FORCES IN THE SAME PLANE, DIFFERENT POINTS OF APPLI- 
CATION. 

Moment, Lever Arm, Centre of Moments. — The " moment " of a force with refer- 
ence to any point is the product of the force into its ** lever arm^ The point with reference 
to which the moment is taken is called the " centre of moments'' The lever arm of a force 
is the length of the perpendicular let fall from the centre of moments upon the direction 
of the force. For this purpose the force must be considered as prolonged in direction if 
necessary. 

Thus in Fig. ii, if we have a bent lever BAC^ with its fulcrum .at A^ acted upon at 
C by the force P^ and at B by the force /,, the lever arm of Pi with refer- 
ence to A is Acy the perpendicular to the direction of P^ prolonged, and 
the moment of Px with reference to A is P^ x Ac. In like •manner the 
lever arm of P^^x^ Ab and its moment /j v. Ab, 

Fundamental Principle. — The methods of solution of the two pre- 4 — ^^'i^'^''''^" — "^ 
ceding chapters are based upon the first two fundamental principles of 
equilibrium, viz. : that if any number of forces acting upon a rigid body are in equili- 
brium, the algebraic sum of the vertical components must be zero, and the algebraic 
sum of the horizontal components must be zero. That is, all the forces tending to raise 
the body vertically must be balanced by those tending to move the body downwards, and 
all those tending to shove it horizontally in one direction must be balanced by all those 
tending to shove it horizontally in the other. 

The method of solution of the present chapter is based upon the third fundamental 
principle of equilibrium, viz. : 

If any number of forces ^ in the same plane and acting upon the same point or at different 
points of the same rigid body, are in equilibrium, t/te algebraic sum of the moments must be zero. 

We may therefore call the present method the " method of moments." As the solu- 
tion is algebraic, it is the " algebraic method of moments." 

Significance of Moment. — In Fig. 12 suppose we have a lever ab resting upon a ful- 
crum at Ay and acted upon by the forces Pi and P2. Suppose that there m^i^si 
is equilibrium. Then, according to our principle, we must have the p « a s 



algebraic sum of the moments of the forces equal to zero. [. I ^ 

Now when any force, acting alone, would tend to cause rotation '•^^^ | • j 
in the direction of the hands of a watch from left to right, thus Z"""^, ^*** ^^^^ * 

we call its moment positive. The opposite direction is negative. In general when one 
force tends to cause rotation in one direction and the other in the opposite direction, we 
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must add their moments algebraically with opposite signs. Thus in the case of Fig. 12 we 
should have 

Px y^ Aa — P^ Vs Ab = o. 
or, Px X Aa = P, x Ab, 

Suppose that Ab is 2 feet and Aa 3 feet. Then we could, by our principles, replace P^ 
by a parallel force at a distance from A of only i foot, provided the new force is twice as 
great, or equal to 2P%, because its moment 2/3 x i would then be equal to the moment of 
the old force, /j x 2, and our equation above would still hold good. In like manner we 
can replace Pi by a force 3/i at a distance from A ot i foot. Suppose Pi and /, thus 
replaced by forces 2/, 2i^d 3/i, asi shown in the Figure. Since now the lever arms are unity, 
tAe new forces themselves are the former moments. 

We see then the significance of a moment. The moment of a forccy with reference to 
any pointy is the magnitude of an equivalent parallel force at a unit's distance from that point. 

We can thus reduce any number of forces to their equivalents at a unit's distance, and 
then the algebraic sum gives the resultant force at that distance. Our principle simply says 
that for equilibrium this resultant should be zero. 

From our equation above, we have 

^» - ^» Aa' °' A - Td 

That is, when any number of forces are in equilibrium the forces are to each other 
inversely as their lever arms. 

Position of Centre of Moments Indifferent. — It makes no difference where- 
abouts in the plane of the forces we take the centre of moments. The principle holds 
good ior any point in the plane. 

Thus in Fig. 12 we have really three forces in equilibrium, viz.: /i,*/j, and the upward 
reaction of the fulcrum R. R did not appear in our equation becausie we took the centre 
of moments at A^ and therefore its lever arm was zero. 

Let us take the centre of moments at b. Then we have 

Pix. ab •- R X Ab=:Oy OT R = Pi ^. 

Ab 



We have also, taking the centre of moments at a^ 

R y. Aa — P^ X ab =z o, or R = P^ 



From the last of these we have, since ab = Aa + Ab, 



ab_ 
Aa 



j^^p^ Aa^Ab ^ 
Aa 

But we have already found, for the centre of moments at Ay 

p ^ p Ab 
Aa 
We shall have then 

Pa^P^P^P^^^p ^^ + ^^ 
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This is the same as we have just found for R when the centre of moments was at a. 
In the same way we can show that 

/I + /li - /I + /^i ^ - /^i — ^^ » 

which is the same as found for i?-when the centre of moments was at b. In both cases, 
then, we have the same value for /?, viz. : /\ + /2> or the reaction is equal to the sum of 
the weights, as should be the case. 

We can therefore take the centre of moments anywhere in the plane of the forces we 
choose. 

Pair. — Two forces having different points of application, but in the same plane, equal 
in magnitude and parallel, and having the same direction, are called ^pair. Thus in Fig. 
13, the two equal and parallel forces, P^ /i, are called a pair. Suppose we take any point 
to the left of b, as for instance a, as a centre of moments, then we shall have for the com- 
bined moment, Fis.13 

P^ X ac -{^ Px X ab = P^ {ac + ab) = P^ {ab + *^ + ab) 



= P^ {2ab + be) — 2/\ [ab + -^V 



If we take any point as d^ to the right, as the centre of moments, we have for the com- 
bined moment 

- P^ (cd -^bd) = - /\ {2cd ^-bc) = - 2P1 (cd -f ~Y 

If we take any point as / between the forces as the centre of moments, we have for the 
resultant moment . 

/i X ^/ - /\ X W = P^ {cl - bl) = Pi {be - bl - bl) 



= /i {be - 2bl) = 2^1 (y - b/\ 



We see, therefore, that wherever the centre of moments is taken, the moment of a pair 
is equal to the moment of the sum of the forces 2/\ = P2 acting at a point midway be- 
tweeen them. A pair can therefore be replaced by a single force, P2, equal to the sum of 
the two forces and parallel to them, acting at a point midway between them. 

Uniform Load. — Any uniformly distributed load can be regarded as a system of 
pairs, symmetrically placed with reference to the centre of the load. 

Thus let Fig. 14 represent a beam fixed horizontally in the wall at the left, whose 

length is /, and let a load of / pounds per unit of length be distributed over a distance of 

jB'is.UL ^ units from the right end. This load is then composed of a number 

a of unit loads, each of which is equal to /. Consider the two ex- 
treme ones, right and left. These form a pair, and can therefore be 
replaced by a weight of 2/ acting at the centre of the loaded portion. 
The same holds true for the next pair right and left, and so on. T/ie 
whole load can then always be replaced by the sum of all the unit loads^ or the whole load, pa, 
applied at the centre of the loaded portion. The moment of this force with reference to any 
point not covered by the load is the same as the moment of the load itself. Thus the moment 
with reference to a point distant x from the left end is, from the Fig., if the point is not 
covered by the load, 




■<*. 
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If the point is at the left end of the load, we have x ^ I — a^ and the moment is 

J. ^ P^ 
pa x - =^ - — . 

'^ 2 2 

If the point is covered by the load, or ;r > / — /z, we have the loaded portion on the 

right equal to / — jr, and hence the load on the right of the point equal to / (/ — x). Its 

I ^ X 
lever arm is , hence the moment of all the right hand unit weights is 

/(/-x)» 



In any case, then, wherever the centre of moments, the moment of any system of 
uniform loads is equal to the moment of the sum of these loads when concentrated at the 
centre of the system. 

Couple. — ^Two forces in the same plane, having different points of application, parallel 
and equal in magnitude, but having opposite directions, are called a couple. 

Thus the two forces P, P^ in Fig. 15, form a couple. If we take any point to the 



Tii;.15 



M. 



♦P 



left, as ^1, as a centre of moments, we have for the resultant moment 
P X ab — P y. ac ^ ^ P{ac -^ ab) r=i — P x be. 



If we take any point to the right, as dy as a centre of moments, we have 

P X cd - P X bd= - P (bd - cd) - ^ P y. be. 

If we take any point between the forces, as /, we have 

-Px 1:/- P ybl= -• P (e/ + b/)= - P X be. 

The moment, therefore, of a couple is constant, wherever the centre of moments is 
chosen, and equal to the product of either force into the distance between the forces. 

A couple, then, can only be replaced or balanced by another couple in the same plane. 
The forces of the new couple may have any magnitude, provided the distance between 
them is so chosen that the product of either force into this distance is constant and equal 
to the moment of the first couple. 

Method of Application of Principles. — We have already seen (page 5) that if 
a truss is properly braced, and has no superfluous pieces, it is always possible to divide it 
at any point in some direction, such that not more than three strained pieces whose strains 
are unknown shall be cut. Also that the strains in the pieces cut must hold in equilibrium 
the outer forces acting upon either portion of the truss. According to our principle, then 
the algebraic sum of the moments of the strains in the pieces and of the outer forces must 
be zero. Now, in any case the outer forces are always given, or they must first be found 
before we can attempt to determine the strains. There are, then, at most, only three 
unknown strains to be determined, 7/tJS.y the strains in the pieces cut by the section. Now 
as we can take the centre of moments anywhere we please, we have only to take it at the 
intersection of two of the pieces, and we shall have at once the moment of the strain in 
the other, balanced by the sum of the moments of the outer forces, because the lever arms, 
and therefore the moments of the other two cut pieces, will be zero. 

We have thus the following rule : 

Conceive at any point a seetion eompletely through the truss, cutting not more than three 
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pieces the strains in which are unknown. In order to find the moment of- the strain in any 
one of these pieces y take the centre of moments at the intersection of the other two. 

The moment of the strain in this piece must be equal to the algebraic sum of the 
moments of the outer forces acting upon either portion into which the truss is divided. 

T)ie resultant moment of rotation of the outer forces y divided by the lever arm of the 
piece y gives the strain in the piece. 

It is evident that the section may cut more than three pieces whose strains are un- 
known, in fact any number, provided all but tliat one in which the strain is required meet at 
a common point. We have only to take this point as the centre of moments. 

Notation. — We denote the lever arm for any piece in general by the letter / with 
subscripts denoting the piece. Rotation with the hands of a watch is positive, the con- 
trary direction of rotation is negative. A compressive strain is denoted by a plus sign, a 
tensile by a minus sign. 

Since now, the outer forces are all known, both in direction, magnitude and points of 
application, we can Easily write down their moments in any given case with the proper 
signs according to the direction of rotation which they severally cause. It remains only 
to give a rule for determining the proper sign to give to the lever arm of the piece the 
strain in which is required, in order that a minus sign in the result may indicate tension, 
and a plus sign compression. 

Proper Sign for Lever Arm. — Thus let Fig. 16 represent a 
portion of any truss subjected to the action of known outer forces, not 
shown in the Figure. Suppose we wish the strain in cd. Taking a section 
through cdy ce and bCy we find the centre of moments for cd at Cy the in- 
tersection of the other pieces cut. 

Unless otherwise stated, we shall always consider the state of equili- 
brium of the left hand one of the two portions into which the truss is divided, and write 
down the algebraic sum of the moments of the outer forces acting upon this left hand 
portion. 

We have, then, 

{Algebraic sum of moments of the \ 
outer forces acting upon the left > = o. 
hand portion j 

Now in order to always insert the lever arm with its proper sign, we have the follow- 
ing rule : 

Whatever the inclination of the cut piece the strain in which is desired, consider yourself 
standing upon the piece at the cut endy facing the apex of the left hand portion from whence 
the piece radiates. If then the centre of moments lies upon the left handy the lever arm is 
minus. If upon the right handy- 1 lie sign of the lever arm is plus. 

Thus in Fig. 16, for cd we have the lever arm 4f minus, because the centre of moments 
e lies on the left when we face the apex c ; hence, 

{Algebraic sum of moments of outer \ 
forces acting upon the left hand por- > = o. 
tion ) 

Let, for instance, the resultant moment of the outer forces upon the left hand portion 
be minus. Then it acts to cause negative rotation, as shown by the arrow in Fig. 16, from 
right to left. Now we may consider the left hand portion, a c e by ^s ^ bent lever with its 
fulcrum at e. The outer forces cause revolution from right to left, or negative rotation. 
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This rotation is resisted by the strain in cd acting at c. This strain must, therefore, act 
away from the fixed apex r, as shown by the arrow in the Figure, and must, therefore, be 
tensile. 

This is precisely the same result as we should get by our rule, and the sign of the 
strain in ^rf would come out minus. 

Thus, ** 

cd Y. — led -^ algebraic sum of moments = o. 

But in the case supposed, the algebraic sum of the moments of the outer forces acting 
on the left hand portion is minus ; hence, 

— f rf X 4f = + sum of moments, 

where the right side of the equation is essentially plus. We have, therefore, 

moment 



r£/= - 



'or 



As the result is minus it denotes tension. If we observe, therefore, the above rule and 
notation, the signs of the strains will take care of themselves, and will denote the character 
of the strains. 

B. ILLUSTRATION OF GENERAL PRINCIPLES. 

Let us choose as an example to illustrate these points, the same truss which we have 
already become familiar with in the preceding chapters, represented in Fig. 7.* 

^ APPLICATION TO A ROOF TRUSS. 

Lever Arms. — It is necessary first to find the lever arms of the various pieces. This 
in any case is a simple question of trigonometry. The lever arms for the upper bays. Fig. 
7, are evidently the perpendiculars drawn to those bays from each opposite lower apex. 
For the lower bays we have the perpendiculars let fall upon these bays from each oppo-^ 
site upper apex. For each brace, the lever arm is the perpendicular to the direction of 
the brace drawn through the left end Ay where rafter and tie intersect. This will be evi- 
dent by considering sections through the truss and applying our rule. 

Thus suppose a section cutting Cb^ be and Lc^ as indicated by the broken line, or Ddy 
dc and Lc, Then by our rule, the point of moments for Lc is the apex CD^ the point of 
intersection of the other two pieces. For Cby it is the second lower apex. For bcy it is 
the apex ABy or the left end of the truss. The bays Ba and Cb have evidently the same 
lever arm. , 

If we pass a section through Efy ff, f'e' and Le' it cuts, to be sure, more than three 
braces. The strain inf'e' can, however, be easily found, since it is equal to ef by reason 
of the symmetry of the frame and loading. If this were not the case we could easily find 
it by working toward it from the right end. The intersection of the unknown pieces Ef 
and Le' is at the left end, and this is therefore the centre of moments ior ff. 

We can easily find, then, the lever arms for the various pieces by simple trigonometrical 
computation. 



* The student will find the method of moments of this chapter applied in detail to Bridges and Roofs of various 
kinds in ** Dach und Bmcken-ComtrucHonm^'' by A, RitUr, Hanover. 1873, a translation of which, under the title of 
** Elementary Theory and Calculation of Iron Bridges and Roofs,*' by II. R, Sankey, has been published by E. & F. N. 
Spon. 
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It is unnecessary to explain this work in detail. The lever arms thus computed are as 
follows : 

For the lower bays, 

La Lc Le 

, lever arms = 3.125 6.25 9«375 ft. 

For the upper bays, 

Ba Cb Dd Ef 

lever arms = 3.727 3.727 7-454 11.151 ft. 

For the braces, 

ab be cd de ef ff 

lever arms = 6.934 6.934 13.869 16.2 20.803 25 ft. 

Lengrth of each lower bay = 8J ft. 
Horizontal projection of each upper bay = 6.25 ft. 

Calculation. — Let us first calculate the lower bays. Conceive La cut,* The 
centre of moments is then at the apex BC^ Fig, 7. Let R be the reaction at the left end. 

Then, 

R X l^ •{- La X liM = o (i) 

Inserting num<!rical values, and having regard to our notation and rule for sign of lever arm, we have, since the 
rotation due to R is positive and the lever arm is positive according to our rule, because the centre of moments is on the 
right hand as we look towards the apex A^ 

-h 2800 X 6.25 + La y. 3.125 = o. 

Hence, 

, 2800 X 6.25 . „ 

La ■= — = — 5600 lbs. 

3.125 

Zji is therefore in tension. 

For Lc we have by our rule, page 27, the centre of moments at the apex CjD, whether 
we pass a section cutting Cb, be and Lc, or Ddy cd and Le. 

We have for the general equation of equilibrium, 

i? X /j, -f Jf^, X /|p-^ + Zr X /^ = o (2) 

As the centre of moments is on the right of Lc, according to our rule, page 27, it is 
plus. 

Inserting numerical values, and having regard to the signs for positive and negative rotation, we have, since R 
causes positive rotation and W^ negative, 

2800 X 12.5 — 800 + 6.25 -H Zr X 6.25 = o. 
Hence, 

— 2800 X 12.5 + 800 X 6.25 o lu 

Lc = -r—^ = — 4800 lbs. 

6.25 

Le is therefore also in tension. 

* Let the section cut Za, ab and Cb, Of these three pieces the two not desired meet at the apex BC, This, 
therefore, is our centre of moments for La, For Ba^ in like manner, take a section through Ba^ ab^ be and Lc, 
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For Le we have, in like manner, 

ie X /ij + H^a X /w; + H^8 X /r, + ^ X ^x* = O, . , (3) 

Inserting numerical values, 

2800 X 18.75 — 800 X 12.5 — 800 X 6.25 + Z> X 9.375 = o. 



Hence, 



— 2800 X 18.75 + 800 X 12.5 + 800 X 6.25 ,, 

Le = — ? = — 4000 lbs. 

9-375 



Let us now calculate the upper bays. 

For the bay Ba^ the centre of moments is at the first lower apex. The general equa- 
tion is 

R X Is ■\' Ba X l^ = o (4) 

According to our rule, the lever arm for B^ is minus, because looking towards the 
apex Af the centre of moments lies on our left. " * 

Inserting numerical values, 

2800 X 8.33 — Ba X 3.727 = a 

Hence, 

_ 2800 X 8.33 . ^ ^ ,. 
Ba = ^ = + 6260 lbs, 

3.727 
Ba is therefore in compression. 

For the bay Cby we have the same point of moments ; but when we pass a section 
through Cbf ab and La^ the weight W^ acts upon the left hand portion also, as well as i?. 
Hence, 

y? X /jj + W^a X /|p, H- C* X /c» = o (5) 

Inserting numerical values, we have, since R causes positive rotation and W^ negative, and since the lever arm 
for Cb is negative, 

2800 X 8.33 — 800 X 2.08 — C3 X 3.727 = o. 
Hence, 

Cb = 2800 X 8.33 -.800 X 2.08 ^ ^ ^gj^ j^ 

3.727 

For the bay Dd^ the centre of moments is at the second lower apex. The lever arm, 
according to our rule, is minus. The general equation is 

/? X /j, H- JT, X /^^ 4- W^8 X V^ 4- Z>^ X /2M = o (6) 

Inserting numerical values, 

2800 X 16.66 — 800 X 10.416 — 800 X 4.166 — Dd X 7.454 = a 
Hence, 

Dd = ^800 X 16.66 — 800 X 10.416 — 800 X 4.166 _ , ^^^ 11^ 

" 7.454 

For the bay Efy we have the centre of moments at the centre of the lower tie. The 
lever arm is minus according to rule. We have, then, 

/e X /jj + fT, X /^^ + ifi X 'it, + fr4 X /|p^ + £/ X /^ = o. . . . (7) 
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Inserting numerical values, 

2800 X 25 — 800 X 18.75 — 800 X 12.5 — 800 X 6.25 — Ef X 11.151 =ro. 



Hence, 



Ef = "^ ^8Q^ X 25 — 800 X 18.7s — 800 X 12. S — 800 X 6.2s _ , g 

11.151 



Let US now calculate the strains in the braces. For the brace ab^ and indeed for all 
the braces, the centre of moments, according to our rule, is at the left end. The lever arm 
for ab is minus according to rule. The general formula is 

W^» X 'ir, + ^* X 4^ = o (8) 

Inserting numerical values, we have, since W^ tends to cause positive rotation, and the lever arm is minus, 

800 X 6.25 — ^3 X 6.934 = o. 



Hence, 



ab = ?ooj<_6^5 = ^ 721 lbs. 
6.934 



For the brace bc^ we have, according to rule, the lever arm plus, because it lies on the 
right when we face the apex on the left from which it radiates. We have, for the general 
formula, 

JTa X /|p^ H- ^r X 4. = o (9) 

Inserting numerical values, 

-h 800 X 6.25 4- ^ X 6.934 = a 
Hence, 

^^-800x6.25 =_7„i|„. 
6.934 

For the brace cd^ the lever arm is minus, and we have, 

»^ X /|p, + W^s X /|p, + rrf X 4| = o (10) 

Inserting numerical values, 

+ 800 X 6.25 + 800 X 12.5"— (^ ^ 13.869 = a 



Hence, 



^^^^8oox 6.25 + 800 X I2.S ^ ^ j^j 1^ 

13.869 



For the brace dey in like manner, the lever arm is plus. We have then, 

JT, X /|p, 4- PTs X /|p, + rf^ X 4. = o (11) 

Inserting numerical values, 

4- 800 X 6.25 + 800 X 12.5 + fl> X 16.2 = o. 
Hence, 

dt = - 800 ^^■^'i - 8«> ^ "-5 = _ ^6 Ibi. 

16.2 

For the brace ef, the lever arm according to rule is minus. We have, 

JT, X /^, + fF, X /w, + fF* X /»; + <?/ X /^ = o. (12) 
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Inserting numerical values, 

+ 800 X 6.25 + 800 X 12.5 + 800 X 18.75 — </ X 20.803 = o. 

Hence 

. 800 X 6.25 + 800 y 12.5 + 800 X 18.75 

</= — ^ '-^ = + 1442. 

^ 20.803 

For the brace ^' we pass a section cutting Ef^ff\ f'e\ and Le^, Since the point of 
moments is on the right, according to our rule, the lever arm iox ff is plus. The lever arm 
for/" V is also plus. The strain in f'c i.;, by reason of the symmetry of frame and loading, 
equal to that already found for ef. We have then 

W^ X /jfr^ + H^8 X /^^ 4- IV, X /^^ 4- y V xlfe^ff'^lff. = o . . . . (13) 

Inserting numerical values, 
800 X 6. 25 + 8CX3 X 12.5 + 800 X 18.7s + 1442 X 20.803 -^ ff X 25 = o 

Hence, 

800 X 6.25 4- 800 X 12.5 + 800 X 18.75 -h 1442 X 20.803 _ iu 

ff = — — -_ — 2400 lbs. 

Remarks. — These results compare favorably with those found for the same case in 
the two preceding chapters. The student will do well to select another example and com- 
pute it thoroughly, according to our method, paying special attention to the rules for 
determining the centres of moments and the signs for the lever arms, and checking his 
results by the method of Chapter I. Only in such way can he obtain mastery of the 
method. He would do well also to remember that time cannot be better spent than in 
getting familiar with the principles in these first four chapters. When we pass to appli- 
cations in the second section, he will then find no difficulty in following the text, and will 
not be confused by the special details peculiar to different structures. 

Comparison of Methods. — Much use will be made of the present method in this 
work. We shall call it hereafter the " method of sections, ^^ We see that it is general in its 
application to all properly braced structures — that is, all framed structures which have no 
superfluous pieces. As compared with the analytic metho'd by resolution of forces, of the 
preceding chapter, it will be seen that its application in the case chosen is much simpler 
and involves much less calculation. Still, for trusses in which the pieces have various 
inclinations, all different, the computation of the lever arm is tedious, and the graphic^ 
method of Chapter I. commends itself as specially adapted to such cases. Indeed it is the 
special advantage of the graphic method, that it is entirely unaffected by irregularities of 
form and loading which necessitate much calculation by the other methods. 

The present method can, however, in all cases, be used as a check upon the accuracy 
of the results obtained by the graphic method, to great advantage, inasmuch as it gives the 
strain in any piece without reference to any others of the frame. 

Thus in the example Fig. 7, after having found all the strains by the graphic method, as 
shown in Fig. 7 (^), we can compute the strain in the last piece of that Figfure, Le^ by the 
present method of moments. If this is found to agree with the strain given by the graphic 
method, we may have confidence in the accuracy of all the others, because any error would 
have been carried along from piece to piece, and would have showed itself in the last. 



METHOD OF MOMENTS.^ALGEBRAJC SOLUTION, 



Questions i'or Examination. 



33 



What is meant by the moment of a force ? Define lever arm. Centre of moments. Illustrate. What 
is the fundamental principle upon which the method of sections is based ? What is the significance of 
a moment ? Illustrate. Prove that for equilibrium the moments are inversely as their lever arms. Show 
that the position of the centre of moments is indifferent for equilibrium. Illustrate the application of the 
principle to a frame. Give the rule for finding in such case the centre of moments for any piece. If the 
moment of a piece is known, how can you find the strain ? What sign denotes compression ? Tension ? In 
what direction is positive rotation ? Negative ? Illustrate. Give the rule for determining the proper sign 
for the lever arm of a piece. Illustrate. In Fig. 7, point out the lever arm for the various pieces. Show 
how they may be calculated. State the signs which these lever arms ought to have for the various pieces. 
Write down the general equation for equilibrium of any upper bay, and point out what sign each term 
should have when numerical values are introduced. Do the same for any lower bay. For any brace. 
Show how to find the strain in the brace j^'. Write the general equations for^ and O. For La, Show 
what signs each term ought to have when numerical values are introduced. What can you say of the pres- 
ent method as compared with those of the two preceding chapters ? What is a pair f A couple ? By what 
can a pair be replaced ? A couple ? Show how to find the moment at any point for a uniform loading. 

3 
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CHAPTER IV. 

METHOD OF MOMENTS.— GRAPHIC SOLUTION. 

A. GENERAL PRINCIPLES. FORCES IN THE SAME PLANE, DIFFERENT POINTS OF 

APPLICATION. 

General Proplem. — We have seen in the preceding chapter that in order to find 
the strain in any piece of a framed structure we have simply to divide the algebraic sum 
of the moments of all the outer forces by the lever arm for this piece. The centre of 
moments for both piece and outer forces is at the intersection of the other pieces 
cut by an imaginary section which completely divides the truss into two portions and cuts 
the piece the strain in which is required. The outer forces acting upon the left hand 
portion of the truss are alone considered. ' « 

We see-, then, that in any case, the problem to be solved is, — What are the moments of 

these outer forces ? If the algebraic sum of these is once found, we have only to divide by the 

lever arm of the piece in order to find its strain. The object of the present chapter, therefore, 

is to deduce a graphic method for finding the algebraic sum of the moments of the outer forces. 

Position of Resultant. — Suppose we have any number of forces. Fig. 17, given in 

'i8:*i7 ^ direction and magnitude, and acting at different points of application 

p / r in the same plane. 

^Nv,^^ "~::=^^c^^vp If we lay these forces off to scale, the one after the other, and 

^/^^'Tn^^'*/ * thus form the force polygon (a)^ the line necessary to close this polygon 

will be, as in Chapter I, the resultant to scale, and given in direction. 
But we do not know whereabouts in the plane of the forces, in Fig. 
17, this resultant should act. 

In the present case a ready method suggests itself at once. 
Thus we can consider /j as acting at any point in its line of direc- 
tion, and so also for /*,. The resultant of /\ and P^^ then, we can 
consider as acting at the intersection a of P^ and /j, prolonged if 
necessary. But the resultant of P^ and /j is giVen in the force polygon (a) in direction and 
magnitude by the diagonal 02, because that diagonal closes the polygon commenced by 
the forces Px and P^, At a then, parallel to 02 below, we can draw a line representing 
the direction of the resultant of P^ and Z^, and produce it till it meets P^, prolonged if 
necessary, at b. At b we can consider' the resultant of R^^ and P^ acting, or the resultant 
of /j, P^ and P^. But 03 in the force polygon {a) below gives this resultant in direction 
and magnitude. Parallel to 03 then draw a line through b till it meets P^^ prolonged if 
necessary, at c, ^ 

Thus c IS a point in the plane of the forces through which the direction of the result- 
ant passes. In the force polygon (a), 04 is this resultant in direction and magnitude. 
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Parallel to 04 draw a Ihie through c^ and it will represent the resultant in proper posi- 
tion and direction. This resultant, taken as acting in the direction obtained by following 
around the force polygon in the direction of the forces, or in the direction from 4 to o, as 
shown by the arrow, will hold the forces in equilibrium. v\%aa 

If in the opposite direction, it will replace the forces (see 1 

page 10). 1, 

The Preceding Method not General. — This method of «o'-^ Ik /b 

finding the position of the resultant, though sufficiently obvious, is ^/'vtlj^.^sij^-;^^ 
evidently not general in its application. Thus, suppose the forces 
were all parallel or inclined so slightly as not to intersect within 
the limits of the drawing. In such case the method would fail. 
It is necessary, therefore to find some method which shall avoid 
this difficulty. 

General Method for Finding Position of Resultant. — 

In Fig. 18 we have four forces given : required to find the resultant 
in direction, magnitude and position. 

We shall evidently find the first two from the force polygon 
as before. Thus lay off the forces to scale in Fig. 18 (a), one after the other, and we shall 
have the resultant given in magnitude and direction by the closing line 04. If this result- 
ant acts in the direction from 4 to o, obtained by following around the polygon in the 
direction of the forces, it will hold the forces in equilibrium. In the opposite direction it 
will replace the forces. 
^ It remains to determine Wi^ position of the resultant in the plane of the forces. 

For this purpose we choose a point O at any convenient point, and draw the lines Oo 
and O^ This point thus chosen we shall hereafter call a ^^ pole.'' Now, since every line 
in the force polygon represents a force, by thus choosing a pole and drawing lines to 
the extremities of the resultant, we have resolved the resultant into the two forces^ Oo and O4. 
This is evident from the fact that these two lines close the polygon, and hence, taken 
as acting from 4 to (? and O to o, as shown by the arrows, hold the forces /J, /», /j, P^ 
in equilibrium. But these same lines make a closed polygon with 04, and taken in the 
direction shown by the arrows, replace the resultant when acting in the direction necessary 
for equilibrium. As the pole O can be taken anywhere, we can thus resolve the resultant 
into any two directions we wish. 

Let us then consider the resultant as replaced by the two forces Oo and O/^. Any- 
where in the plane of the forces above, Fig» 18, draw a line 5© parallel to Oo^ and pro- 
duce it till it meets /i, produced if necessary, at a. The resultant of 5© and Px will pass 
through a and be parallel to 5i, in the force polygon, since Sx in the force polygon is ttfe 
resultant of /j and 5©, given in direction and magnitude. Through a then draw a line 
parallel to Sx and produce to intersection b with P^, The line 5j in the force polygon is 
the resultant of 5©, P^, and P^, Parallel to this line draw S% through b above, and produce 
to intersection c with P^. The point c will be the point where the resultant of Sf^ P^ P%y 
and P^ should act. The force polygon gives the direction of this resultant as well as its 
magnitude. It is S^. Parallel to this draw Sj above, and produce to intersection d with 
P^, Finally through dy draw a line 5* parallel with 5| in the force polygon. 

Proceeding in this manner, we thus find for any assumed position of 5o in the plane 
of the forces, the proper corresponding position for 5|. Since now, S© and 5*4 are com- 
ponents of the resultant, and each may be considered as acting at any point in its line of 
direction, we have only to prolong them and their inter sectiojt gives a point through which 
the resultant must act. Through the point ^, therefore, draw a line parallel to the 
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line 40 in the force polygon, and it will represent the resultant in proper direction and 
position. Acting as shown by the arrow it causes equilibrium. The magnitude of the 
resultant is given to scale in the force polygon. 

Position of Pole and of 5i Indifferent. — A little inspection will make it appar- 
ent that our method is general, no matter where in the plane of the forces we take 5© as 
acting, that is no matter where the point a is taken. Thus if a had any other position 
upon the direction of /i, if everything else remained unchanged, we should evidently 
obtain a polygon every side of which would be parallel to' that shown in Fig. 18. The 
new 54 would then be parallel to that line in the present Figure as also S^ Their 
intersection would, therefore, lie in a point upon the direction of the resultant as 
drawn. 

Also any other position of pole would give different directions for the lines 5o, 5i, S^ 
etc, but the intersection e of the end lines would still lie in the same line. 

Pole, Equilibrium Polygon, Closing Line, Strings.— The point O we call the 
*^ poW in the force polygon. It may be taken where we please. The polygon abed 
above ive call the ^^equilibrium polygon'' In the present case it is evidently the shape a 
string would take if suspended at any two points, as A and B, in Sq and S^ respectively. 
The strains in the string would be tensile. We denote these strains OOy (7i, (?2, etc., by 
•Si, Sly 5i, etc., and call them " strings.'' In general, forces may act up as well as down, in 
which case some of the strings might represent compressive strains, and our polygon 
above would contain struts as well as strings. 

Let us suppose, in Fig. 19, that we take any points, as A and B^ upon the strings Sq 

^^•^® ^ and 54, and suppose them to be made fixed. The force 5o 

^ f r^*84 acting at A we shall then have to replace by two forces, one 

^"IfJTJ Tj7^'^ parallel to the resultant, and one through AB. So also for S4,. 

A»^^^l^^^' \ *\ D The sum of the two components parallel to the resultant must 

*• '^ be equal and opposite to the resultant, and the component in 

^ the direction AB must be resisted in the present case by a 

(^^ strut or compressive piece AB. This resolution we can make 

at once, by drawing through O in the force polygon a line 
c^--^^ parallel to AB. The line AB we call the " closing line." Thus 

«f H^--' "^'^' we see from Fig. 19 (a) that the sum of the components 4L and 

^*44 -to equals the resultant 04. 

Y In any case then we can fix any two points of the polygon, 

as A, By by drawing the closing line. A line through O parallel to this in the force 
polygon gives the components into which 5o and S4 are resolved. We must consider, 
tlien, the entire polygon AabcdB, with its closing line, as a frame in equilibrium^ and 
can apply to it the principles of Chapter I, Thus take the apex A. Here we have the 
force r in equilibrium with the strains in AB and Aa. Following round in the force 
polygon from Z to o and so around, we find by our rule, page 13, Aa in tension and L in 
compression. So also for the other end B, we find Bd in tension and L in compression. 
The components r and r' act opposed to the resultant which replaces the forces, and the 
forces at A and B parallel to L are equal and opposite, hence there is no motion of the 
entire frame in any direction. 

Recapitulation; Force and Equilibrium Polygon for any Number of 
Forces in a Plane. — Suppose then we have any number of forces, as /'j . . . P^, Fig. 
20. Our method is as follows : 

1st. Form the force polygon. Fig. 20 {a)y by laying off the forces to scale, one after the 
other in any order. The line 05 which closes the polygon is the resultant in magnitude 
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and direction. When it acts in the direction from 5 to o, obtained by following round in 
the direction of the forces, it will cause equilibrium. In the opposite direction it will re- 
place the forces. 

2d. Choose a pole O at any convenient point, and draw the 
strings 5*0) Si . . • S^, 

3d. Form the equilibrium polygon by drawing anywhere in the 
plane of the forces a line parallel to 5o until it meets /i, prolonged 
if necessary, at a. From a a line parallel to S^ till it meets P% at b. 
From by a line parallel to S% till it meets P^ at c. From c a line par- 
allel to 5^ till it meets P^ at d. From d a line parallel to S^ till it 
meets P^ at e. From e a line parallel to S^. The first and last 
strings of this polygon intersect at a point upon the resultant. 
Moreover, any two strings^ as ab and cdy intersect at a point upon the 
resultant for the forces P^ and P^ acting between these strings. The 
intersection of ab and de gives thus a point upon the resultant of /^i 
P^ and P^. These resultants may be found in magnitude and direc- 
tion from the force polygon (a). 

4th. Fix any two points in the extreme strings of the polygon by drawing the closing 
line AB. Resolve 5© and ^5 into forces r and Z, and r' and Z, respectively parallel and 
perpendicular to the direction of the resultant. This is at once done by drawing the line 
OL in the force polygon parallel to AB. Then OL is the force to scale, acting at each end 
of the closing line AB^ and Lo is the component r, and 5Z the component r\ If these 
forces are to replace 5© and ^5, they must act as shown by the arrows, in directions oppo- 
site to those obtained by following round in the direction of the forces in the force poly- 
gon. Thus 5*0 acts from O to o for equilibrium. Following round, we obtain, then, r act- 
ing from L to o, and L acting from (9 to Z, as the directions necessary to replace 5©. In 
the same way we find, since ^5 acts from 5 to O for equilibrium, 5Z and LO as the direc- 
tions for / and Z at the rigHt end of the closing line. 

5th. Conceive now the forces Sq and ^5 removed, and replace them at the points A and 
Bf by r, Z, and / artd Z, and we have a frame-work, AabcdeB, which, acted upon by 
the forces Pi ... P^ and r, Z, / and Z, is in equilibrium. Applying the principles of 
Chapter I. to the apex A, where we have r, Z, and the strain in Aa in equilibrium, we find 
the strain in A B in this case, compression. So also for the apex B. The strains in all the 
strings are tensile in this case. The magnitude of these strains can be found to scale from 
the force polygon (a). 

Culmann's Principle. — Suppose we have a single force P^ Fig. 21. The force 
polygon {a) becomes a straight line equal by scale to /j. Let us 
choose a pole O anywhere, and draw the strings Sq and Si. This 
is the same thing as resolving the force Pi into two components 
parallel to Sq and Si. These components are given in direction 
and magnitude in the force polygon {a). Parallel to them draw 
lines 5o, 5i, through the point of application A of the force Pi. 

Now draw from the pole O a line OH perpendicular to 01. 
This distance OIfy we call the "pole distance.** 

In the plane of the forces take any point whatever having any 
position, as ^?i, or az, and draw through this point the ordinates biCi, b^^, etc. Now the 
moment of Pi with reference to any point, as ^j, is /j x Aai. But referring to the force 
polygon {a)y since all lines are parallel, we have by similar triangles. 
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That is, /A/ moment of the force Pi, with reference to any point, is equal to the ordinate 
through this point, parallel to Pi, included by the two components into which Pi is resolved, 
multiplied by the pole distance in the force polygon. 

This principle we call Culmann's principle. It has, as we shall see, direct apph'cation 
to the equilibrium polygon. For any point situated to the left of Pi, the moment is by 
convention minus. For any point to the right it is plus, provided the force Pi acts upward 
as represented. If it acted downward, the moments to the right would be minus, and those 
to the left plus. 

Graphic Representation of Moments of any Number of Given Forces. — 
Significance of Equilibrium Polygon. — We are now able to solve the problem pro- 
ns.M posed in the beginning of this chapter, and find 

graphically the moments of any number of forces. 
Thus, suppose we have any number of forces. Pi 
• -.Pi, Fig. 22. 

1st. Form the force polygon (u) ; choose a pole 
O, and draw the strings, 5^, .S^ . . . .S^. 

2d. Form the equilibrium polygon, produce the 
two end strings, draw the direction of the result- 
ant, and draw a closing line L anywhere, as AB. 
3d. Parallel to AB draw OL in the force polj^on 
(d). It will be to scale the strain in the closing 
line, and the segments into which it divides the resultant, viz., Lo, and ^L will be the 
forces r and r' at AB_, parallel to the resultant. Draw (^iV perpendicular to the resiiltant. 
Let us suppose the upward force r resolved in the directions AB and S,,. The force 
polygon gives at once this resolution. Referring then to Culmann's principle, preceding, 
we see the moment of r for any point k in the ordinate parallel to the resultant is equal to 
the pole distance OH multiplied by the ordinate through k, included hy AB and ^o. Since 
the pole distance OH is constant, this ordinate is itself proportional to the moment. 

The pole distance must of course be measured to the scale of force in the force polygon, 
since every line there represents a force. The ordinate must be measured to the scale of 
distance assumed in Fig. 22. 

The ordinate, then, included between A B and S^, is proportional to the moment of r for 
any point whatever, in the plane through which this ordinate passes. This ordinate to the 
scale of length, multiplied by the projection of 6|) in a direction perpendicular to the 
resultant, ox OH taken to the scale of force, gives the moment of r for any point in the 
plane through which the ordinate passes. 

Suppose we wish the combined moment at a point p upon the closing line of all the 
forces left or right of this point. Since we may regard the polygon AabcdeB as a frame, 
the strains in which hold the outer forces in equilibrium, then according to the principles of 
the preceding chapter, if we suppose a section cutting AB and ab, and take the point of 
moments at the intersection m, the moments of the strains in AB and ab with reference to 
this point will be zero. Hence the moment of the outer forces r and /*,, with respect to this 
point, must be zero also, since there is equilibrium. But since the combined moment of any 
number of forces is equal to the moment of the resultant, the moment of the resultant of 
r and Pi with respect to m must be zero. The resultant of r and Pi must therefore pass 
through m. This is in accordance with the property of the equilibrium poly|;on already 

*Th« student xaxj here skip to "Applicktioo to Pualld Forces," page 40, U he finds what follows here to be st 
fint (Ufficult of compreheiiston. 
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enunciated, that the intersection of any two of its lines is the point of application for the 
resultant of the forces at the apices between those lines. Thus the intersection m of AB 
and ab is the point of application for the resultant of r and P^. This resultant is given in 
the force polygon by Zi. (The student should join L and i by a line.) 

Suppose this force acting aim to be resolved into a force parallel to the resultant 
and a force along the closing line. These components are given in the force polygon by 
L'l and Z'Z, respectively. The moment of the latter is zero, because it passes through the 
point/. The moment of the former is, by Culmann's principle, equal to the ordinate /n 
multiplied by the pole distance, or the perpendicular from O upon L'l. That is, by the 
projection of Si in a direction perpendicular to the resultant, or by the distance OH'. 

If we should take the point <? as a centre of moments, the moment of L'L would not 
be zero, unless we should prolong ad to intersection m' with a line through o parallel to Z. 
If we consider the force Li acting at tAis point, and resolve it as before, we should have 
the moment equal to the ordinate on multiplied by the same distance, OITy in the force 
polygon. 

We can proceed in similar manner for any other point upon the closing line AB. We 
have thus learned two important properties of the equilibrium polygon : 

1st. The intersection of any two of its lines gives a point upon the resultant of the inter- 
mediate forces. 

2cL The ordinate parallel to the resultant of all the forces^ multiplied by the projection in 
the force polygon perpendicular to this resultant of the string cut by this ordinate^ gives the 
combined moment of all the outer forces^ right or left, with respect to that point on the closing 
line through which the ordinate passes.* 

Ordinates must always be measured to the scale of length, and the projection in the 
force polygon to the scale of force. 

Position of Pole a Matter of Indifference. — It evidently makes no difference 
where the pole is taken. If, for instance, in Fig. 22, the pole were in the same line OH^ 
but at a distance of 20Hy the ordinates in the equilibrium polygon would only be one half 
as great, and hence the product would remain unchanged. 

Application to a Beam. — Let AB, Fig. 23, be a beam or other rigid body, acted 
upon by forces /\ . . P4, and holding these Fiff.«3 

forces in equilibrium. Required to find the 
reactions at the supports and the combined 
moment of all the forces right or left of any 
point, with reference to that point. 

1st. Form the force polygon {a). Choose 
a pole O and draw 5o, . . . S^. 

2d. Form the equilibrium polygon 
AabcdB, and draw the closing line A'B\ thus 
fixing the points vertically beneath the ends of 
the beam. Then Zo is the reaction at the left end A, and 4Z is the reaction at the right 
end B. If the beam rests upon supports upon which the pressure is vertical only, then bo 
and ^ are these vertical reactions, and aL and Lb are the horizontal forces of displacement 
which must be resisted by a horizontal outer force ab equal to their sum, at the right end. 

Now to find the moment at any point of the beam we must first make the closing line 
parallel to the beam, so that any point on the closing line will be a point on the beam also. 




* There are many other interesting and important properties of the equilibrium polygon, which may be found in 
" Elements of Graphical Statics," DuBois — Wiley & Sons. Upon these properties the entire science of graphic statics 
is based. The above are, however, all of which we shall need to make use in this work. 
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This we can easily do. Thus in the force polygon {a), the reactions Zo and 4Z being 
known, take the pole anywhere in the line LO' parallel to the beam, and draw 5'f, S'^ etc. 
With this new pole 0\ we can now form a new equilibrium polygon a', b\ c\ etc., the clos- 
ing line of which will correspond with the beam if we draw the first string S\ through the 

left end A. 

Then according to our principles, the moment at any point k of the beam is equal to 
the ordinate kn parallel to the resultant, multiplied by Olf or by the component perpen- 
dicular to the resultant of the string 5'i. So for any other point. 

Application to Parallel Forces. — The outer forces acting upon framed struc- 
tures are generally weights and the reactions of supports due to these weights, and there- 
fore in a majority of practical cases, it is required to investigate a system of parallel forces. 
Suppose we have a number of parallel forces, P^ . . Pit Fig. 24. 

1st. Form the force polygon (fl). This becomes in this case a 
straight line 04. 

2d. Choose a pole O and draw 5^ 5i . . S^. 
3d. Form the equilibrium polygon abed. 

4th. Fix any two points, as A and B^ by drawing the closing line 
AB. Parallel to AB in the force polygon draw the line L. Then Lo 
and 4Z are the upward reactions which must be applied at A and B to 
produce equilibrium. Their sum is equal to the resultant, as should be. 
Now the resultant will act -at ^, and be parallel to the forces and 
The pole distance is the perpendicular from the pole O upon the direc-* 
The projection of each of the strings S^ 5i, etc., in this direction is con- 
stant and equal to the pole distance OH. 

From Culmann's principle, the moment at any point ATof the reaction F, is therefore 
the ordinate Km measured parallel to the resultant, multiplied by the pole distance H. 
But according to the same principle, the moment of the force Px is equal to the ordinate 
ntn X H. Hence, the combined moment, since Facts up and P^ down, is HfJCtn —nm) = 
If X Kn. 

For parallel forces then, ^ny ordinate of the equilibrium polygon parallel to the resultant 
is directly proportional to the moment of the forces with reference to any point in that ordi- 
nate^ whether on the line AB or not. 

The moment itself is equal to the ordinate to the scale of length, multiplied by the 
pole distance to the scale of force. 

We see, also, that the ordinate included between any two lines of the equilibrium polygon 
prolonged^ gives in the same way the moment of the force at their intersection^ with reference 
to any point on that ordinate. Thus mn multiplied by H^ gfives the moment of Px with ref- 
erence to any point on Km^ as Kj or «, or m. 

Example i. — A few examples will make the above principles clear and show their 
application to practical problems. 

Let AB^ Fig. 25, be a beam subjected to two unequal weights Px and P, applied at 

any two points. Required the reaction at the supports A and 
By also the moment at any point of all the forces right or left of 
that point, when equilibrium exists. 
1st. Form the force polygon {a). 

2d. Choose a pole O, and draw the strings S^ Sx and S^ and 
the pole distance H. 

3d. Construct the equilibrium polygon by drawing a line par- 
allel to Si) till it meets /|, produced if necessary, at a. From a 
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a line parallel to S^ till it meets P% at b. From b draw a parallel to 5^, and prolong it in- 
definitely. Drop verticals from the ends A and B of the beam, and draw the closing line 
AB\ Parallel to A'B' draw OL in the force polygon. 

Then Ij:> and 2L are the reactions at the ends A and jff, and acting upwards they hold 
the weights in equilibrium. The supports should, therefore, be below the beam at each 
end. 

The moment at any point AT of the beam is equal to the ordinate nnty multiplied by the 
pole distance H, 

Example 2. — It is well to observe that the order in which the forces are taken, 
makes no difference as to the results, although the Figure obtained xig.86 

may be very different. 

Thus let us take the same example as before, but number the 
forces in inverse order. 

We form the force polygon as before, choose a pole and draw 
Si), Sx and 5^. Now parallel to S^ we must draw a line till it meets 
Px at a. [Note that Si, must always be prolonged to intersection 
with /i.] Then from a a parallel to Sx till it meets P% at b. Then 
from b a parallel to S^. Draw the closing line AB\ A parallel to it in (d) gives the re- 
actions Zo and 2L as before.- Since So acts from (? to o for equilibrium, Zo must act up to 
replace' it. Hence the support at A is below. So also for 2Z. Since S^ acts from 2 towards 
O for equilibrium, 2L must act up to replace \ty and the support at -5 should be below also. 

In general, always take the directions of the reactions opposed to the directions of So 
and Sn, for equilibrium, obtained by following round the force polygon. 

As to the jnoments, we see that the moment of the left reaction with reference to 
any point, as AT, is mn x H. But the moment of P^ with reference to the same point, is 
op X H. The difference then of mn and op, gives us the same ordinate as in the first exam- 
ple. The lower ordinates subtracted from the upper, will give us the same Figure as be- 
fore. 

We see, therefore, that whenever we obtain a double Figure, as in the present case, 
it shows simply that we have taken the forces in inconvenient order. We have only to 
change the order, to obtain the moments directly from the polygon. 

In Fig. 25, we have a comprehensive picture of the way in which the moments change 
for every point of the beam from end to end. 

Closing Line Parallel to Beam ; Choice of Pole Distance. — It makes no dif- 
ference what inclination the closing line may have, because, as we have seen, the ordinate 
in the equilibrium polygon parallel to the resultant, multiplied by the pole distance, gives 
the combined moment with reference to any point on that ordinate, of all the forces right 
or left. 

We can, however, if we wish, always render the closing line parallel to the beam 
itself, and this it is sometimes desirable to do. We have only first to find by preliminary 
construction, the reactions, or the point L where the parallel to the closing line in the 
preliminary force polygon intersects the force line (Figs. 25 and 26). If then we take a 
new pole anywhere upon a line through this point, parallel to the beam, the closing line 
will be parallel to the beam. 

As to choice of pole distance, we have only to so choose the position of the pole as 
to give good intersections for the polygon. The multiplication may be directly performed 
by properly changing the scale in the equilibrium polygon. The ordinate to the new 
scale will then give the moment at once. Thus if our scale of length in Fig. 25 is five 
feet to an inch, and the pole distance in the force polygon measured to the scale adopted 
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for forces is, say, ten pounds, we have only to take fifty moment units to the inch as the 
scale for the ordinates, and they will then give the moments directly. 

Example 3. — Beam with any Number of Weights. — Suppose we have any 

number of weights as /i . . /i, Fig. 27. 

The method of procedure is as follows : 

1st. Construct the force polygon (a). Choose a pole O and 
draw the strings 5© . . . S^. 

2d. Construct the equilibrium polygon. 

3d. Draw the closing line through the points yl', B', vertically 
beneath the supports. 

A parallel in the force polygon gives the reactions at the end, 
Zo and 4Z. These reactions must always act so as to replace the 
strains in those lines of the equilibrium polygon which meet at A 
and B. Thus at A\ Lo must replace the strains in A'B' and A* a. 
In the force polygon below, we see that A^a or S^ for equilibrium, acts from O to o. 
Hence Lo must act opposed, or up. In same way, strain in dB' or 5| acts from 4 to O 
for equilibrium, hence 4Z must act opposed, or up also. The supports at A and B must 
then be below. 

Knowing the reactions, we can now make the closing line parallel to the beam if we 
choose, by simply taking a new pole anywhere upon a line through L parallel to the beam, 
and making a new equilibrium polygon. No advantagewould.be gained by such con- 
struction in this case. 

The moment at any point is given by the ordinate, in the equilibrium polygon, par- 
allel to the resultant or to the forces, multiplied by the pole distance H. • 

Example 4.— Beam with a Single Weight. — Let the weight /i. Fig. 28, act at any 
point of the beam AB. Then the equilibrium polygon is A'aff. The vertical reaction at 
the ends of the beam are Lo and iZ, both acting up, and hence the 
supports must be below the beam. 

We see at once that the moment is greatest at the weight, and 
decreases both ways to zero at the ends. 

Example 5. — Beam with Weights Beyond Both Sup-" 

PORTS. — Observe in the construction of the equilibrium polygon 
that Sq is always prolonged //// it meets /j. Also that the closing 
line A'B* always unites the two points vertically below the sup- 
ports. The equilibrium polygon AaB* is then easily drawn. 

The reactions require special notice. Thus, the reaction at B is the resultant of the 
strains in the lines Sx and Z, which meet at B. This, as shown by the force polygon, is 

\L. Since S^ has the direction from i to O for equilibrium, the 
reaction \L to replace Si and L must act up. The support at B is 
therefore below the beam. Again, the reaction at A is the resultant 
of the strains in Sq and L which meet at A', This is given in the force 
polygon by Lo. But Sq acts from O to o for equilibrium. The reac- 
tion, then, in order to replace Sq and Z, must act opposed to this 
yi8-«© direction, or down. Hence the support at A must be above the 
beam. The reaction at B is then greater than the weight Pi by the 
amount of the reaction Fat A^ just as should be the case. 

The moment at any point is given, as always, by multiplying the 
ordinate in the equilibrium polygon into the pole distance H. 

Example 6.— Beam with One Downward and One Upward Force Between 
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THE Supports. — Here we need only call special attention to the fact that as P% acts up, 
and is less than Pi, 5^ in the force polygon lies between S^ and 5i. 
The reactions areZo and 2Z, and obtaining the directions of 5o and 
S^ for equilibrium, we see that one of the reactions must act up in 
this case and the other down. 

We see also that if P% should be taken less, so that 2 falls below 

L in the force polygon, the reaction at B would be upward also, 

and the support there would have to be below the beam. The stu- 

Fic.81 dent would do well to sketch the construction for 

/j^^^^^^^o_J^^ jPj greater than /i. 

vf^ — ^^ ^^ ^^ point o we see that the moment is zero. At this point the mo- 

*S ment of Fis equal and opposite to the moment of /i. At o, then, we would 

have a "point of inflection,** or the beam would be concave upward as far as o, and from con 

convex upward, as shown in Fig. 31. At o the two curves would have a common tangent. 

Example 7.— Beam Same as Before, both Forces Equal. — Laying off the force 
polygon, the first force extends from o to i, Fig. 32 (a), and the 
second from i back to o again. Choosing, therefore, a pole O and 
drawing 5o, 5i, ^2, we find that S^ and S% fall together. The direc- 
tions of 5o and S^ for equilibrium are shown by the arrows. 

Constructing the equilibrium polygon, and drawing the closing 
line AB and its parallel L in the force polygon, we see that the re- 
action at -/4, or the resultant of 5© and L is Zo, and the reaction at 
By or the resultant of S^ and Z, is also Zo. The reactions V and V 
are therefore equal. This is in accordance with our principle, page 
26, that a couple can only be held in equilibrium by another couple. 
As to the direction of these reactions, taking S^ as acting as shown 
by the arrow for equilibrium, F, in order to replace, must act up. In like manner V must act 
down. The support at A should be below and B above. At o we have the moment zero. 
Here then is a point of inflection, and the beam has the deflected shape shown in Fig. 31. 

The moments at any point are, as always, given by the ordinates multiplied by the pole 
distance H. We see that the moment is greatest at each force, and zero at o and the two ends. 

Example 8. — Beam with two Equal Weights beyond the Supports. — Fig. 

^ Fifl;.88 33 needs no explanation, except to call attention to the reactions. 

Thus the reaction at A is oZ acting down. At B^ it is the result- 
ant of S^ and Z, or 2Z, acting up. 

We see from the ordinates in the equilibrium polygon, how the 
moments vary from point to point. 

We repeat here, that the order in which the forces are taken in 
all these examples, is indifferent, as also the position of the pole. 
The student will do well to work out cases to 
scale and satisfy himself that this is so. 

Example 9. — Beam with a Couple Beyond the Supports. 

— Observe that 5i), Fig. 34, is produced till it intersects Px in the equi- 
librium polygon. Then S^ to P,, then ^2 parallel to 5o. The closing 
line A'B is then drawn. A parallel to it in the force polygon {a) gives 
Zo acting down as the reaction at A and oZ acting up as the reaction 
at B. Between B and /» we see that the moment is constant, be- 
cause S^ and S% are parallel. This is the graphical interpretation 
of our principle, page 26, that the moment of a couple is constant 
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for any point in the plane. We see, also, that since S^ and S% intersect at an infinite 
distance and the resultant of 5i, and ^ is zero in the force polygon, that the resultant- of 
a couple is an infinitely small force situated at an infinite distance. 

Example io. — Beam with a Vertical Weight Beyond Each Support.— Here 

we would call attention, Fig 35, to the construction of the equi- 

■^■"^ librium polygon. We draw a parallel to 5> in the force polygon 

A ^ till it meets Pi at a. From a a parallel to 5i till it meets Z", at b. 

■ t j I Through b a parallel to S^. Prolong 5% and S^ till they meet the 

i I \^ verticals through B and A stB" and A'. BA' is the closing line. 

This gives us in {a) Lo acting up for reaction Kat A, and 2L 

acting up for reaction V at B, 

If we had taken the forces in inverse order, we should have 
got a double figure, as in Fig. 26. 

Example ii. — Uniform Loading. — A uniform load may 
,,'^ be considered as a system of equal and equidistant weights 

very close together. 

Thus, in Fig. 36, the load area, which is a rectangle whose height is the load per unit 
of length, and whose length is the length of the beam, 
maybe divided into any number of equal parts. The 
area of each of these parts we may consider as the 
weight which acts at its centre of gravity, and lay it 
oS to any assumed scale in the force polygon. Since 
the reaction at A and B must be equal, we take the 
pole in a horizontal through the centre of the force 
line. The closing line will then be parallel to the 
beam, and OH = OL. 

Now draw the strings 5^ 5i . . . S^, and then con- 
struct the equilibrium polygon. It is evident that the 
points abcde, etc., of the polygon will enclose a curve 
tangent to ab, be, cd, de, etc., at the points midway between, that i 
division of the load area meet the sides of the polygon. 

The ordinates to this curve, multiplied by the pole distance H, give the moment at 
any point of the beam. 

It will be seen, however, that this method is deficient in accuracy, because the lines 
ab, be, etc., are so short, and there are so many of -them. Any error in direction is thus 
carried on, and even the most extreme care would fail to produce accurate results. 

Fi^.37 We may avoid this objection by taking fewer lines 

of division. 

Thus, suppose, Fig. 37, we divide the load into only 
two portions, x and l-x. The entire weight over the 
portion x can be considered as acting at the centre e^ 
of the load-area x, page 25. The same holds good for 
the load over l-x. We thus have two forces, /*, and /V 
Taking the pole as before, so that the closing line shall 
be parallel to the beam, construct the equilibrium 
polygon A'abB". The curve of moments required will 
be tangent a.tA',c and B, as shown by the dotted curve, 
and may therefore be sketched in. We may thus determine as many points of tangency 
as we wish, and sketch the curve with considerable accuracy. 



, where the lines of 
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We may, however, devise a still better method. It is evident that the curve required 
is symmetrical with respect to the vertical through the centre of the beam. If we can 
determine what this curve is, it may be possible to construct it directly without using the 
force polygon at all. 

Now we see that no matter where the load area is supposed to be divided, we shall 
have always. Fig. 37, 

* 2 2^ ' 2 

That is, no matter where the line of division, the horizontal projection of the line ab 
of the equilibrium polygon is constant and equal to J/. But the line ab is a tangent to the 
curve required. But if from any point on the line A'dvf^ draw a line aby limited by the 
line B'd, in such a way that its horizontal projection is constant, the line ab will envelop a 
parabola. 

This may easily be proved analytically as follows : — Let the load per unit of length be /. Then the entire load 

pi 
is //and the reaction at each end is — . 

The moment at any point distant jt, Fig. 37, from the left end, is then. 






2 



but since P' is always equal to/ur. 



2 2 

This is the equation of the cunre of moments when the origin is at ^'. For the centre of the beam, x = — > *iid 
we have, therefore, the ordinate to the curve at the centre, ^- — 



If we take the origin at IT, we have, 



2 8 



hence, 



?-^=f(4-0-K4-^)' 



or 



aj'« = ±y 
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which is the equation of a parabola referred to its vertex. 

We have, therefore, the following construction : 

In Fig. 38, lay off a perpendicular eK to the beam at its 

centre, and make it equal by scale to^. Through A, B, a 

o - W\ 

and AT, construct a parabola, having its vertex at K. The 
ordinate to this parabola at any point of the beam will give 
the moment at that point, to the same scale as. that by which 

eK was laid off. The distance Kd is equal also to ^, because 

H I Pl^ A J v^ ir^ Pi^ /'* Pl^ 

ed, or the moment of the reaction is ^ X - = <--,and^tf -^A = A^=-- ^ = .^. 

224 4 




8 



8 



The distance ed then is equal to 
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How TO Draw a Parabola. — Since in any case we know, then, the distance ed^ we 

can always draw the lines Ad and Bd^ Fig. 39. If then we 
divide Ad into any number of equal parts, as say, six, and 
Bd into the same number of equal parts, and number these 
parts in the one case away from d^ and in^the other case to- 
wards dy we have only to draw lines joining any two points 
having the same number, and these lines will all have 

the same horizontal projection equal to — . They will, there- 

fore, enclose the parabola required. Tangent to these lines we may stretch the curve. 

A better method, because more accurate, is to plot the ordinates to the curve, from its equation, 




I 
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by inserting for a;, measured from the left end different values, as — A — ^t — 1» etc., and finding the corresponding 
values for the ordinate y. 

Example 12. — Beam Loaded Uniformly Beyond the Supports. — Let the beam, 

Fig. 40, be loaded uniformly beyond the support B, If we divide the total load into say 
four equal parts, and consider each weight acting at 
the point midway between the points of division, we 
may form the force polygon and then draw the equi- 
librium polygon as shown. 

Take the pole in a horizontal through o. Then 
5o will be parallel to the beam and be equal to H. 
We obtain the equilibrium polygon A'abcdB', and 
A'B is the closing line. This gives us Zo for the 
reaction at Ay acting down, and 4Z. for the reaction 
at By acting up. The ordinate at any point, multi- 
plied by Hy gives the moment. 

Again, we see that the polygon abcdB is properly 
a curve, tangent to aby bty etc, at the points where the lines of division prolonged meet these 
sides. The polygon approaches this curve more nearly, the greater the number of parts 
into which we divide the load. 

It is better, to insure accuracy, to plot this curve, which is, as before, a parabola, by 
points. 

Thus, if the loaded portion is /, we have for the moment at any point distant x from 

the right end the moment y z=zi—. 

Inserting different values for Xy we can find the corresponding moment and lay it off to 

scale. The moment at B is then ^—. Laying this off from ^ to -5* by scale, we can join 

BAy and thus obtain the equilibrium polygon. The ordinate at any point taken to the 
scale adopted gives then at once the moment at that point, i.e,y the pole distance is unity. 

Example 13. — Beam Loaded with Concentrated Equal Weights, Equi-Dis- 

TANT. — Let the distance from the ends to the nearest weight be equal to the distance 
between the weights. 

Take the pole as before. Fig. 38, so that the closing line shall be horizontal. We can 
then construct the polygon abcdcy Fig. 41, the ordinates to which, multiplied by the pole 
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distance, give the moments. As the weights are concentrated, we have not in this case a 
curve, but a true polygon. We meet, however, the same practical difficulties of construc- 
tion as in Fig. 36. 

These difficulties may be overcome, as in that case, by constructing the parabola for 
an equal uniform load, and then remembering that the poly- iie.41 

gon required is inscribed in this parabola^ that is, has its angles ai 
upon the curve. 

We can then construct the parabola for an equal uniform ^^""-Si?*^^ * 
load, as directed, page 44, and where the weights intersect the ^ -B-St-ril^j;^ 
curve, we have the points abcd^ etc. The polygon can then ^'''^V-''-? 




be drawn. The moment for the point of application of any ^'''^ 

weight then is given by the ordinate to the curve. The mo- s\i-^^ 

ment for a point between any weight is given by the ordinate to the polygon^ and not to ^ 

the curve. 

To construct the parabola, we take the total weight upon the beam and divide by the 
length. This gives us the equivalent uniform load per unit of length /. We can then 
plot the parabola by points from its equation 

// px" 

"^2 2 

by inserting for x the distance of each weight from the left end in terms of /. The mo- 
ment is then given directly by ^. We can lay off the values for ^ thus found, to scale, and 
the force polygon is unnecessary, since the pole distance is thus assumed as unity. 

The above is sufficient to enable any careful student to thoroughly master the method. 
We see that in any case we can easily find, by a graphical construction, the moment of 
all the outer forces acting upon any rigid body, right or left of any point, and this was the 
problem proposed for solution at the beginning of this chapter. The student should at 
first draw all the examples with parallel ruler. Afterwards he can sketch merely by eye 
for purposes of elucidation only. 

B. ILLUSTRATION OF GENERAL PRINCIPLES. 

Let us choose as an example to illustrate the application of these principles the same 
truss as that already discussed in the preceding chapter. 

APPLICATION TO A ROOF TRUSS. 

Let Fig. 42 represent the truss. The end weights can evidently be disregarded in the 
force polygon, since they act directly upon the supports. This is also shown in Fig. 7 
{a)y where the end weights have no effect upon the strains, and the Figure is the same as 
though they were left out, provided the reaction is taken at 2,800 lbs. instead of 3,200 lbs. 
In the methods of Chapter II. and Chapter III. also, the same is the case. In general, a 
weight upon the support has no effect upon the truss, and can be disregarded. 

Numbering the weights then as in Fig. 42, we can construct a force polygon (a), and 
then the equilibrium polygon, as shown. This, however, is not advisable, for reasons already 
given. It will be more accurate to assume the pole distance as unity, thus discarding the 
force polygon altogether, and construct the parabola from its equation 



// 



r = — ;r — 

•^ 2 
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as directed in Example 13, page 40. 
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Putting then x = -/, -/, -^/, -^/, etc, we obtain for the moments at the points of appli- 
cation of the weights, and, therefore, for the apices a, b, c, d, etc., upon the curve, the 
ordinates, 

^ = iis^' m*'- ^f'- li^"- «'■ 



a 
c 



E 
L 



N^ 



(d) 




^\^\\\\\s 



'«r^ 



•z-- 



H 



^ 



•r 



^ 



The total weight acting upon the truss in the present case, including the end tueights, 
is 6,400 lbs.* The length of the span / = 50 feet. Hence / = -^-? = 128 lbs. 
We have, then, for 



x= -I 
8 



y 



I' 



i' 



y = 17500 30000 37500 40000 moment units. 

Laying these off to any convenient scale, we determine very accurately the points abcd^ 
Fig. 42. The other half of the polygon is precisely similar. 

* Observe that in calculating^, or the equivalent load per unit of length, all the weights must be taken. 
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The ordinates to this polygon will gfive, to the scale adopted for moment units, the 
moment for any point of the truss, of the outer forces left or right of this point. Thus 

the moment with reference to k^ of all the forces right or left, is km^ Fig. 42, We find by 

2 
scale km = 21666- moment units. In the same way, the moment for the next lower apex 

is 3S0CX) moment units to scale. The moment at the next lower apex, or for the centre 
of the span, is 40000 moment units, since it is vertically beneath the weight W^. 
Now our rule is, as before, Chapter III., page 27, for any piece, 

Strain x lever arm -f'JS moments of outer forces = o. 

The second term is given by our ordinates to the polygon to scale. We have then 
only to divide these by the lever arm for any piece in order to obtain the strain. 

As regards the centre of moments for any piece, we must observe the rule. Chapter 
III., page 27, viz. : Cut the truss entirely through by a section cutting only three pieces, 
the strains in which are unknown. For any one of these pieces take the point of moments 
at the intersection of the other two cut. 

For the proper sign of the lever arm, we have, as before, the rule of Chapter III., page 
27, viz.: Considering only the left hand portion of the truss, thus divided in two, imagine 
yourself standing at the cut end of the piece in question, and facing that apex of the left 
hand portion from whence it proceeds. Then if the centre of moments is on the right 
hand, the lever arm is plus. If on the left, it is minus. 

The lever arms for this case have been calculated for each piece, and are given in 
Chapter III., page 29. 

As always, a moment causing rotation in the direction of the hands of a watch is posi- 
tive, in the reverse direction, negative. 

Observing these conventions, a minus sign in the result will indicate tension in a 
piece ; a plus sign, compression. 

Let us first find the strain in the lower bays. For La^ the centre of moments is at 

the first upper apex BC^ according to rule. The moment for this point is given by the 

ordinate na^ or is 17500 moment units. Considering always the left portion, this moment 

is positive, because the reaction — the only force acting on that portion— acts up. The 

lever arm is, according to the rule, plus, because the centre of moments lies on the right of 

the piece when we look towards^. This lever arm has been found to be 3.125 feet 

(page 29). 

We have, then, 

La X 3.125 4- 17500 = o, 

Or 

La— '-^ — = — 5600 lbs. 

3.125 

In similar manner we have 

Lc X 6.25 + 30000 = o, 



Or 

For Le^ we have 
Or, 



Lc =• -- ^ = — 4«oo lbs. 

6.25 ^ 

J^^ X 9.375 + 37500 = o, 

Le = — ^-^ — = — 4000 lbs. 
9.375 



so 
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Let us now find the strains in the upper bays. For the bay Ba^ the centre of mo- 
ments is at k. Since, when we cut Ba and La^ the only force acting on the left hand 
portion of the truss is the reaction, the moment at k is the moment of this reaction. That 
is, it is the ordinate from k to the line^^ of the polygon produced. It is therefore positive, 
and larger than km^ which gives the combined moment of the reaction and first weight. 

We find it by scale to be 23333— moment units. The lever arm of Ba is negative, because 

the centre of moments ^lies on the left as we look along the piece facing A. 
We have then 

— Ba y. 3.727 + 23333- = o, 

Or. 

Ba = ?^M3 = 4. 6260 lbs. 
3727 

In like manner, for Cb we have the moment Km = 21666-. Hence, 

3 
2 

— Cb X 3727 -f 21666- = o, 

Or, 

^, 21666 o ,, 

Cb = = 4- 5813 lbs. 

3.737 ^ ^ 

In the same way we have 

— Dd y. 7.454 4- 35000 = o. 
Or, 

/>^== 35000 ^ ^ 4691 lbs. 

Also, 

— Ef X II. 151 -f 40000 = o. 
Or, 

40000^ 3587 lbs. 
•^ II. 151 ^^ ' 

For the braces, the point of moments is at -^. Taking a section through Cb^ ab and La^ 
we have acting on the left hand portion only the weight at BC^ which causes a moment 
about A. But the moment of this weight with reference to A is, by our principles, the 
ordinate through A ^ which meets ab produced. This moment is positive. We take it off to 
scale = 5000 moment units. The lever arm for ab is given on page 29. It is negative by 
our rule. We have, then, 

^ ab X. 6.934 4- 5000 = o. 

Or. 

^* = 1^ = + 721. 
6.934 

In like manner, for be the moment is positive and the same as for ab, but the lever arm 

is positive, and equal to the lever arm for ab. 

We have, then, 

be =^ — 721 lbs. 

Again, for the brace cd, the moment is the sum of the moments of the weights at BC 
and CD with reference to A, because when we cut Dd, cd, and Lcy both of these weights 
act upon the left hand portion. This moment is given to scale by the ordinate through A 
which meets the line be in the equilibrium polygon produced. It is to scale 15000. 
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We have, then, since the lever arm is minus, 

^ cd X 13,869 4- 15000 = o. 
Or, 

cd = -^5000 ^ ^ j^gj ,j^^ 
13,869 

For the brace de we have the same moment, because only the same weights act upon 
the left hand portion, but the lever arm is positive, and equal to 16.2 feet. 

We have, then, 

de X 16.2 4- .15000 = o. 
Or, 

^ ^ ^ 15000 ^ ^ j^^ 

16.2 ^ 

For the brace ef^ in like manner, the moment is positive and equal to the ordinate 
through A^ limited by the line cd ol the equilibrium polygon,, produced. This ordinate to 
scale is 30000 moment units. The lever arm is negative. We have then 

— ef X 20.803 4- 30000 = o. 
Or, 

^-^ = l5^= + ^442lbs. 

For the brace ff* we have the same moment, but the lever arm is positive, and equal 
to 25. But the piece, f'e\ which is also cut, has also a moment with respect to A which 
must be taken into account. Since, by reason of the symmetry of frame and loading, 
the strain in f'e' is the same as that already found for ef^ and its lever arm is the same ; its 
moment is also + 30000. 

We have, then, 

#■' X 25 4- 60000 = o. 
Or, 

ff' = ^ 2400 lbs. 

These values are precisely the same as those already found for the roof truss in the 
preceding chapters. 

Remarks upon the Method. — The present method is convenient for finding the 
strains in the upper and lower bays, but it should never be used for the braces. We see from 
Fig. 42 that in prolonging the sides aby be, etc., of the equilibrium polygon till they meet 
the vertical through A, which is necessary in order to find the moments for the braces, a 
little variation in direction will make considerable difference. As the sides aby bc^ etc., are 
short, they do not give direction accurately enough. 

In fact, of all our four methods, none are so well adapted to the case of Fig. 42 as the 
method of Chapter I., checked in one or two of the last pieces by the method of Chapter 
III. The more irregular the frame the more advantageous is the graphic method of 
Chapter I. For girders with parallel flanges, like most bridge trusses, however, the method 
of the present chapter is very extensively used for the upper and lower flanges, and is in 
such cases very easy of application. 

Questions for Examination. 

State the general problem which it is the object of the present chapter to solve. Show how to find the 
position of the resultant for any number of forces applied at different points, without the aid of the equilib- 
rium polygon. Explain why the method is not general. Explain the general method, Fig. 18. What is 
the " pole " in the force polygon ? Show that the position of the pole is a matter of indifference. What is 
the equilibrium polygon, Fig. 19 ? Show how to fix any two points A, B, What is the closing line ? Apply 
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these principles to any number of forces, Fig. 20. What is Culmann's principle ? Deduce it Apply it to 
the equilibrium polygon, Fig 22. What is the pole distance ? To what scale must it be always taken ? In 
what direction should the ordinate in the equilibrium polygon be taken ? To what scale ? What are the 
two important properties of the equilibrium polygon ? Does it make any difference where the pole is ? 

Apply these principles to a beam, Fig. 23. Show their application to parallel forces. Fig 24. Sketch 
and explain Example i. Show that the order of the forces makes no difference. Show how to make the 
closing line parallel to the beam. Sketch and explain Example 3. Also Examples 4, 5. Point out the reactions 
in Example 5, in what direction they act, and why. Do the same for Examples 7, 8. In Example 9, show 
that the moment of a couple is constant. Explain how to find the reactions. In all the cases show how to 
find the moment at any point. 

Explain the method as applied to uniform loading. Show how and why it is inaccurate. Point out 
how to overcome this objection. Prove that the curve of moments is a parabola, and deduce its equation. 
Show how to construct a parabola. Apply these principles to Example 12. Explain the reactions in this 
example. Apply the method to Example 13. 

Show the application of our principles to the roof truss, Fig. 42. Why are the end weights disregarded ? 
What is the equation for the parabola ? How do you find the load / per unit of length ? What is it in this 
case ? Why are the end weights not disregarded in finding / ? Point out the ordinates which give the 
moments for the lower bays. Show how to find the strains from these moments. What is the rule for 
determining the centre of moments for any piece ? Illustrate. What is the rule for the proper sign for the 
lever arm ? Illustrate. In what direction is positive rotation ? Negative ? What is the sign for a weight ? 
For a reaction ? Illustrate these rules in their application to find the upper bays. 

What is the point of moments for the braces ? Why ? How is the ordinate found which gives the 
moment for the brace ab ? Point out the ordinate for cd and de. Explain how to find the strain in ff\ 
What can you say as to this method compared to the others ? Why is it not accurate as applied to the 
braces ? What method is best for irregular structures and loading ? Is the present method ever advan- 
tageous ? In what cases ? 

State the fundamental principle of the graphic method by resolution of forces. Illustrate by an ex- 
ample. State the fundamental principle of the analytic method by resolution of forces. Illustrate its appli- 
cation, and give rules for properly determining the signs of the various terms in the equations resulting. 
State the principle of the algebraic method of moments. Illustrate and give rules for signs. Illustrate the 
application of the graphic method of moments. 

TEXT-BOOKS ON GRAPHIC STATICS. 

The student will find the graphical method of Chapters I. and IV., as well as many other applications 
and principles, explained and treated in the following works : 

Culmann, A^— " Die Graphische Statik." With Atlas of 36 Plates. Zurich, Meyer & Zcller. 1866. 

[I. Part, 1864 : Elements and Graphical Investigations of Structures. Also a second edition, 

first volume, 1875, with 17 Plates. General Principles, second volume, to follow shortly. This 

is the pioneer work on the subject, and also the most complete.] 
Bausckinger, — "Elemente der Graphischen Statik." With Atlas of 20 Plates. Miinchen, 1871. [A 

more popular presentatioir of the subject, requiring less mathematical preparation to read.] 
Oti^ K, Von,—** Die Grundztlge des Graphischen Rechnens und der Graphischen Statik." Prag. 1872. 

[English translation by G. S. Clarke. A small elementary treatise.] 
Favaro, Antonio, — **Lezioni di Statica Grafica." Padua, 1877. Pp» 650. 

Levy. — " La Statique Graphique et ses Applications." Paris, 1874. With Atlas of 24 Plates. [Prin- 
ciples and numerous applications.] 
Du Bois^ A, J, — ** The Elements of Graphic Statics, and their Application to Framed Structures." 

Pp. 400. With Atlas of 32 Plates. New York, John Wiley & Sons. 
Clarke, G, 5'.— •* The Principles of Graphic Statics." Pp. 138. With Atlas of 11 Plates and numer- 

ous illustrations in Text. E. & F. N. Spon, London. 
Greene, Charles E, — "Trusses and Arches Analyzed and Discussed by Graphical Methods." John 

Wiley & Sons, New York. 
Bow, R, H, — ** Economics of Construction in Relation to Framed Structures." E. & F. N. Spon, 

London. 
The literature of graphic statics is now quite extensive. Our space forbids mention of monographs and 
papers. A more complete list may be found in the author's treatise above, which was the first systematic 
presentation in English. The preceding list comprises all the text-books upon the subject proper known to 
the author. 
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SECTION 11. 

PRACTICAL APPLICATION OF PRECEDING METHODS TO VARIOUS STRUCTURES. 

INTRODUCTORY. — CLASSIFICATION OF STRUCTURES. 

Plan of this Section. — The preceding section includes all the methods used in tjie 
solution of framed structures. They are, as we have seen, four in number — two graphic 
and two algebraic. Special cases lead sometimes to modifications of these general 
methods, which we shall point out in their proper place. In the present section we shall 
discuss more in detail the various forms of framed structures most frequently met with, 
and, in doing so, shall sufficiently indicate the application of our principles to enable the 
reader to easily solve any other case not specially treated. We shall choose for each form 
that method or modification, or that combination of methods, which in each case seems most 
advantageous. The student familiar with the principles of the preceding section can easily 
apply any other method or combination, which seems to him to offer superior advantages 
as to accuracy or facility. 

The choice of any method for any special case is in some measure a matter of indi- 
vidual preference. While, therefore, we shall adopt those methods which seem to us the 
best suited to the case in hand, or which are most generally in use, the student will under- 
stand clearly that he is by no means confined to such method unless it commends itself 
to him as, on the whole, the best. 

Classification of Structures. — We may divide all those structures of which we shall 
treat into two classes : those which sustain the action of a permanent load, or unvarying 
forces, and those which are subject to stresses of variable amount. To the first class 
belong, Roof Trtisses, Cranes, Cantilevers^, and in general all those structures which have to 
sustain a " dead load," such as their own weight and exterior forces of constant amount, 
such as the weight of roofing, snow, etc. To- the second class belong bridges, which have 
to sustain, besides a " dead load " proper, consisting of their own weight and outside forces 
of constant amount, also the action of a "live load," such as that of moving cars or 
vehicles, cattle, and men. 

Roof Trusses. — Roof trusses are of almost innumerable forms. It will be unneces- 
sary to discuss each form. The principles which apply to one apply to all, without varia- 
tion. The selection of a few well-chosen cases will suffice for all. Such cases will be 
found in the next chapter. 

Truss Element. — The truss element is in all cases a triangle. No rigid frame-work 
can be made which does not consist of a repetition of the triangle. Any frame of three 
sides is rigid. Its shape cannot be altered without altering the lengths of its sides. Any 
frame-work of more than three pieces can thus alter its shape, unless divided into triangles 
by diagonals which constitute the bracing. 

Superfluous Pieces. — ^The conditions of equilibrium are three, viz. : ist. The alge- 
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braic sum of the vertical components must be zero ; 2d. The algebraic sum of the hori- 
zontal components must be zero ; 3d. The algebraic sum of the moments of the forces must 
be zero. As in any framed structure, we know, or must first independently determine, all 
the outer forces or stresses, it follows that these outer forces must be held in equilibrium 
at any point of the frame by the strains in not more than three pieces. If there are only 
three pieces, we can always write down three equations of conditions between the strains 
in these pieces, and therefore determine them. If there are more, the problem is inde- 
terminate ; there are more unknown quantities than there are equations of conditions 
between them. 

At any point, therefore, of any properly framed structure, it should be possible to 
make, in some direction, a section, cutting the structure entirely in two, which shall not 
cut more than three pieces, the strains in which are mcessarify unknown. Of course it 
may cut any number of pieces, provided it is possible to find independently the strains in 
all but three. Any framed structure which violates this rule is improperly framed, and has 
superfluous pieces. 

Bridge Trusses. — We may divide all bridge trusses into two classes, those in which 
the upper and lower members, or " flanges," are horizontal or parallel, and those in which 
the flanges are not parallel, and modifications of these. 

I. GIRDERS WITH PARALLEL FLANGES. 

In the first class ihere are two pure types which admit of many varieties. These are 
the triangular and the quadrilateral types, so called from the character of the bracing. 
Warren Girder. — The " Warren" girder, Fig, 43, is an example of the pure trian- 
gular type. Its bracing consists always of equi- 
lateral triangles. When the triangles are not 
equilateral, but isosceles, or have, indeed, any other 
___^^^,^^_^^_^^_^^_^^_^_^_____ shape, the truss is simply a " triangular truss." A 
j|\ /\ /\ /\ /\ /\ /\ /\ /P" common form is to make the height, or distance 
V v.. y . V V V. V V j^^^ centre to centre of flanges, half the length of 

bay, in which case the angles of the braces with the flanges are 45°. This truss is of more 
frequent occurrence in England than in this country. 

Double Triangular-Lattice Truss. — The triangular is the simplest form of truss, 
consisting simply of repetitions pf the single truss element, or triangle. When, owing to 
the great length of bays, we have two systems of triangulation, as shown in Fig. 43, by 
the dotted lines, the truss becomes the " double triangu- -wx*.** 

lar " or " triple triangular," as the case may be. 

When there are in general more than three sys- 
tems, and the braces arc riveted to each other at their 
intersections, we have what is known as the " lattice " 
girder or truss. Fig. 44. A few lattice girders executed 
in wood are still to be found. With these exceptions, 
this style of truss may be said to be almost unknown in America. 

Fink Truss. — This is essentially a triangular truss with the lower chord left out, Fig. 
45. The span is trussed or supported at the centre by a strut and ties from each end. 
Then the half spans, if sufficiently long to need it, 
are trussed as shown in the Figure. Again, the 
r manner, 
c to be 
found in this country, but it is not now generally regarded with favor by bridge builders. 
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* ^^rr~><L I J><t'/^ quarter spans may be trussed in similar 1 

^•^"''^ ^"^'"^ and so on. A number of these trusses a 
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These are, in general, all the modifications of the simple triangular type as applied to 
bridges. 

Quadrilateral Type. — It is evident that if such a structure as Fig. 43 is subjected 
to the action of a live load, some of the braces may be sometimes extended and sometimes 
compressed, according to the position of the moving load. It is not advisable, from a 
practical point of view, to subject the same piece to alternating strains of different char- 
acter. Such action tends to deteriorate the material of which the piece is made, and 
shorten its life in the structure. 

This has given rise to various constructions, in which each piece i§ required to sustain 
a strain of only one character, although this strain may indeed vary considerably in 
amount. In Fig. 43, the difficulty may be met by having each brace, when necessary, 
double, consisting of a hollow cylindrical piece for compression, enclosing a tie rod to take 
the tension. 

Such considerations have led to the quadrilateral type of truss, in which each piece 
takes only stress of a certain character. 

Quadrangular Truss. — Howe, Pratt, Murphy-Whipple. — A very common form 
is shown in Fig. 46. We may call it a single quadrangular, because it has but one system 
of bracing, and the panels are rectangular in form. 

When the vertical pieces sustain only com- 
pression, and the inclined pieces tension, it is 
known as the " /V«// " or " Murphy Whipple " 




system. In this shape it is often constructed of ^^^l^ |\ |\ |\ I /l y/| /I /^ 



iron, and is then an advantageous form, because 

the shortest braces are compressed. As a long piece in compression always requires extra 

material to stiffen it and prevent it from doubling up or ''buckling," this tends to save 

material. 

When the vertical pieces are in tension and the inclined braces in compression, the 
form is known as the " Howe ** system. This is still often executed in wood and iron com- 
bined. The long braces are made of wood and the verticals of iron rods. This is again 
an advantageous use of material, as wood is comparatively cheap and best used in com- 
pression, while wrought iron is dearer and better adapted for tension. 

Counter Braces. — Where in any quadrangular system the action of the live load tends 
to cause in any inclined brace a strain opposite in character to that which it is designed to 
take, a brace in the direction of the other diagonal is inserted, as shown by the dotted 
braces in Fig. 46. Thus a load which tends to shorten one brace or diagonal cannot do so 
without elongating the other. If, for instance, the braces in full lines in Fig. 46 will 
take only tension, and buckle up under the action of a compressive stress, the dotted 
braces will be called into action. Such braces are called ^^ count er-br aces.'' The strain in 
a counter-brace is, therefore, due entirely to the action of the live load. The dead load 
causes no strains in it whatever. The main braces, therefore, in any case, are those braces 
which are called into action by the dead load. The counter-braces, those which are called 
into action by the live load only. 

Screwing up Counter-Braces. — By properly screwing up the counters of such a 
truss as Fig. 46, the girder may be held down to that deflection which would be caused by 
the live load when it covers the whole span, and the girder thus rendered very rigid. The 
live load as it comes on would then act simply to relieve the strains in the counters with- 
out adding anything to those existing in the braces themselves. Under such circum- 
stances, all the pieces sustain always a steady strain, except the counter-braces, and in 
these the strain, though fluctuating in amount, is always the same in character. 
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Double Quadrangular— Whipple Truss.— When the bays in Fig. 46 become 
very long, we may divide them up, and thus obtain the double quadrangular system of 
Fig. 47(tf), or, as it is called sometimes, the " Whipple " truss. In the same way we may obtain 
triple quadrangular, etc. All such systems as Figs. 44 and 46 may be called multiple sys- 
tems. The pure types are the triangular and quadrilateral, from which they are derived 

Fir.ATca) by multiplication of the system of bracing. 

This is a very common form of truss. A 
modification of it of European origin is shown in 
Fig. 47(*). 

If h represents the height and / the length of span, the best length a of the portion 
AB is given by 

a = 0.006 / + 1.08 A. 

The object of the variation is of course to effect a saving of material, but it may be doubted 
whether the design would compare favorably with the Whipple truss as executed in 
America with pin connections. Two such bridges are in existence in Vienna, over the 

Fig.47(») Danube, each about 200 

feet span. 

Another modification, 
known in Germany as 
the Schwedler truss, con- 
sists in curving the ends 
AC, Fig. 47(^). In this truss the length of the portion AB is given by the formulae 
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where / is the span, g the dead weight, and / the live load per unit of length. The height 
h at any distance x from the end of the curved portion is given by 



k = ^/ [/ 



I + ^ + I 
g 
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where h^ is the height of the straight portion. All the pieces are, of course, straight, and 
only the apices of the portion AC lie in the curve given by the above equation. The 
height is so regulated by these equations that no counter-braces are required in the por- 
tions AB. 

Post Truss. — A well-known form of double quadrilateral is that known as the 
^^Post'' truss, Fig. 48. In this truss the ties are made 
to slope at an angle of 45°, and the struts at an angle of 
18° 26' with the vertical. The dimensions, therefore, 
are taken so that the height being equal to one bay 
and a half, the ties extend across one bay and a half 
and the struts across one-half a bay. The apices in one chord are midway between 
those of the other. 

Baltimore Bridge Co.'s Truss. — A modification of the single quadrangular system 
is shown in Fig. 49. It is known as the Baltimore Bridge Co*s Truss, 
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Its peculiarity consists in the way in which a large bay is divided into two smaller 



ones by inserting half-braces and suspending ties. 

Kellogg Truss. — This is another modification of 
the simple quadrangular. The object, as in all modifica- 
tions, IS to diminish the length of bay in a long span 
with the least material. The construction is shown in 
Fig. 50. For this purpose additional ties are run from 
the top of each post to the centre of the bay or panel, 
dotted lines. 
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The counter-braces are shown by 



BOLLMAN Truss. — A compound system consisting of a suspension system combined 
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with a stiffening truss of the simple quadrangular type, is known as the Bollman truss, 
Fig. 51. A tie is run from each end directly to each loaded apex, thus forming a suspen- 
sion system, which is stiffened by a quadrangular truss. 

The above comprise all the best known varieties of quadrangular truss, as applied to 
bridges. 

Continuous Girder. — When a girder with parallel flanges is extended over more than 

Fig.58ux) two supports it is called 

a continuous girder. Fig. 
52 {a). 

The bracing may be 

of any character, either triangular or quadrangular, single or multiple, properly arranged 
so that each system shall transfer pressure directly to the supports. Thus if a double 
system is adopted in Fig. 52 {a)^ as shown by the dotted lines, we must introduce verticals 
over each support. A 
system shown in Fig. 
52 {b\ has been patented 
by Gerber, in Germany, 
in which the girder is 
continuous over the sup- 
ports and hingedhtyonA 
the supports. The system is claimed to have all the advantages for long spans of the 
continuous girder, so far as saving in material is concerned, without the disadvantages of 
the latter system. It shows on strain sheet considerable gain over the simple girder in 
the parallel flanges, amounting to over 25 per cent., and is equally simple and certain in 
its calculation and construction. The distance of the hinges from the centre supports 
should be, for long spans of over 200 feet, about 0.2 of the centre span. 

In the case of a succession of long spans the system is worthy of more attention than 
it has heretofore received, as it offers some advantages over the discontinuous girder. 

Deck and Through Bridge — Lateral Bracing. — In all these forms, and in bridge 

trusses generally, the system may be so arranged as to allow the live load to traverse 
either the upper or the lower chord. A truss in which the live load traverses the lower or 
tension chord, is called a *^ through'* truss. If the truss in this case is not high enough to 
admit of cross-bracing over head, it is called a ^^ pony** truss. Such trusses are necessa- 
rily short. If over 100 feet in length they are apt to be deficient in lateral stability. If 
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the live load traverses the upper or compression chord, it is called a " deck bridge." A 
bridge consists essentially of two or more trusses placed side by side over the interval to 
be spanned, and connected together at either top or bottom, or both, by horizontal or late- 
ral trussing, usually of the quadrangular type. The object of this bracing is to support 
the trusses and stiffen the structure against the action of the wind. The same principles 
apply to it as to the main trusses, and it is calculated in similar manner. From apex of 
one truss to apex of the other, floor beams are laid across, upon which the flooring is put. 

II. GIRDERS WITH INCLINED FLANGES. 

Girders whose flanges are not parallel, are named according to the general shape of 
truss, rather than the character of bracing adopted. They are used in general where, 

owing to the length of the span, the height of a girder with horizontal 
chords would be excessive. 

Fig. 53 represents a girder with a curved upper flange and 
straight lower flange. The bracing is usually of the quadrilateral 
type. The well known Kuilenberg bridge in Holland is of this class. For long spans 
there is a saving of material over the girder with parallel flanges. The curve of the upper 
flange is usually that of a parabola. 

Bowstring Girder. — The bowstring girder, Fig. 54, consists of a curved upper chord, 
usually parabolic or circular, and straight horizontal lower chord. 11^.54 

The bracing may be of any character, generally quadrilateral. It 
IS a very common form, and very well adapted to bridges of long 
span. It may sometimes be inverted, so that the bottom chord is arched, in which case 
we may call it the inverted bowstring. 

Double Bow or Lenticular. — The double bowstring or bowstring suspension, or 
lenticular truss. Fig. 55, consists of two arched flanges, so arranged that the thrust of the 
x:ic.56 one outwards is balanced by the pull of the other inwards. The brac- 

ing may be of any sort. The roadway may pass through the centre or 
be above or below the truss. Of this class are the famous Saltash 
bridge, and the bridge over the Rhine at Mayence. In Germany, this shape is known as 
the Pauli truss. 

The form of the Pauli truss is so arranged that the maximum strains in the flanges 
shall be constant. For this purpose the depth at any point distant x from the end is 
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where / is the span and h^ the depth at centre. 

This truss has all the advantages of the double bowstring, and is said to be from 4 to 
17 per cent, more economical of material. It is often found in Germany, the most note- 
worthy example being the Mayence bridge, which consists of four spans of about 345 feet 
each, and 24 ^mailer ones of from 52 to 87 and 115 feet. 
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Braced Arch. — The braced arch, as its name implies, consists, Fig. 56, of an arched 
chord stiffened so as to resist the action of the live load by bracing in various ways. The 
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bracing maybe of either the triangular or quadrilateral types. The system admits of many 
modifications, as shown in Figs. 57, 58 and 59. 

In Fig. 59 we have two parallel arches, braced together. This is the system of the 
braced arch over the Mississippi at St. Louis. 

Many other modifications may be devised. The braced arch may be divided into 
three kinds in which the distribution of strains are entirely different. 

Thus we may have, ist, the arch hinged or free to turn at the crown and at both 
ends ; 2d, the arch hinged at ends only ; 3d, the arch without hinges. The St. Louis arch 
is of the latter kind. 

Suspension System. — A very common form of suspension bridge is that shown in 
Fig. 60. A cable is stretched from towers at either end, over which it passes to anchorages 
where it is made fast. The office of this cable is to sus- ^^^ Fig.6o 

tain the total load. The system is stiffened by a hori- 
zontal truss of ordinary form, and by stays extending 
out from each tower. 

This is the system of the suspension bridge at Niagara, of the East River bridge at 
New York, and of many others erected by Roebling. This system also admits of many 
modifications. Thus Figs. 56, 57, 58, 59, all become suspension systems when inverted. 

Object of Section IL — It is not the place here to discuss the relative merits of 
these different forms, nor the conditions which lead to the adoption of one or the other 
in any special case. These will be alluded to as we discuss in turn each typical form. The 
object of the present section of this work, therefore, is to so apply the principles of Section 
L, to selected cases, as to enable the student to readily determine the strains in any of the 
preceding structures, or any modification of them. In doing this, we shall have occasion 
to make such comparisons as shall enable him to appreciate the special advantages of each 
form. 

Questions for Examination. 

What is the plan of Section II ? Into what two classes can we divide framed structures ? What 
structures belong to the first class ? To the second ? What is the truss element ? Why ? When has a 
structure superfluous pieces ? Into what two classes may we divide bridge trusses ? What two pure types 
compose the first class ? Sketch the Warren girder. The double triangular. The lattice. The Fink truss. 
To what type do all these belong? What is the quadrilateral type ? What object gives rise to it ? What is a 
counter brace ? What is the action of a counter brace ? Sketch and distinguish between the Howe and 
Pratt truss. By what other name is the Pratt truss known ? Why is the Pratt truss constructed of iron ? 
Why is the Howe truss constructed of wood and iron ? What can you say about screwing up of counter 
braces ? Sketch the double quadrangular truss. Sketch and describe the arrangement of the Post truss. The 
Baltimore Bridge Co.'s truss. The Kellogg truss. The Bollman truss. What is a coirtinuous girder ? What 
is a deck bridge ? A through bridge ? Describe the office of lateral bracing. What is a multiple system ? 

Sketch the MacCallum truss. The bow string girder. The lenticular truss. By what other name is 
this known. Sketch different forms of braced arch. What three kinds are there ? Sketch the suspension 
system. What modifications does it admit of ? What are the objects of the present section of this work ? 
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The method which we adopt for all structures of this class is the Graphic method of 
Section I., Chapter I., checking in every case our results by the calculation of the 
strains in one or two pieces, by the method of moments of Chapter III., Section I. The 
method is so simple and general in its application, that but little remains to be added to 
the remarks of Chapter I, Section I. 

Bent Crane. — In Fig. 6i we have given the frame diagram and strain diagram for a 

bent crane, bearing the load P at the peak. The notation is 
the same as on page ii. The student should follow out the 
[j^ strain diagram carefully with reference to determining the proper 
character of the strains in the various pieces. Thus he will 
observe that the strains in the braces alternate in character 
up to gh ; at this point the strains in gh and hi are of the 
same character. From hi on they alternate again in character. 
All the lower flanges radiate from B and are in compression. 
All the upper flanges radiate from A and are in tension. Observe also that the strain 
diagram could have been laid off equally well upon the right of the weight line, 
BA^ in which case the letters B and A should be interchanged, and all the upper 
flanges would radiate from the top of the weight line, and the lower flanges from the 
bottom, as shown by the dotted lines. In general the strain diagram may thus be laid 
off upon either side of the weight line. 

Observe, also, that to obtain accurate results in such a case, the frame should be 
drawn carefully to as large a scale as possible, as the braces Aa and the flanges Ba and 
Ab^ etc., are very short. It may even be desirable to calculate the slope of these pieces 
from the given dimensions of the frame, and plot their directions by ordinates, so as to 
obtain longer lines of direction. The scale for the strain diagrams should, on the other 
hand, be taken as small as is consistent with reading off the strains to the desired degree 
of accuracy. 

Finally, the strain m Am may be calculated by moments. For this purpose the lever 
arm of Aniy with reference to C, may be calculated or measured directly from the frame 
to scale. 

In all cases the student should determine the character of the strains 
in each piece as he makes the strain diagram, and not wait until it is com- 
pleted. When it is all completed the strains may be taken off to scale. 

Cantilever Crane. — In Fig. 62 we have represented a cantilever 
crane. The same remarks apply as in the preceding case. It is given as an example for 
the student to solve, in accordance with the preceding remarks. 
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French Roof Truss. — In Fig. 63 we have represented what is sometimes known as 
the " French Roof Truss." The bracing is formed by supporting each principal rafter at 
its middle point by a strut, cdy perpendicular to the rafter, and two tie rods, one from each end. 
If the half rafter is still too long, we insert the perpendicular struts ab and ef at the quarter 
points, as shown in the Figure, and join the ends to the centre by ties be and de. This system 
of trussing is repeated as often as may be requisite. The form is a very common one, and we 
have chosen it as an illustration because there is in it at the 
apex BC an apparent indeterminacy and violation of our rule, 
page 5> which is apt to cause trouble to the beginner. 

Thus the student will find no difficulty in constructing 
the strain diagram and finding the strain as given in the 
Figure as far as apex BC. When we arrive at this apex, how- 
ever, we have the strains in Bb and be already determined, 
and the known apex weight at BC^ in equilibrium with three 
unknown strains, viz, : ed, de, and Ce, The problem would, 
therefore, seem to be indeterminate. Such it would really be, had we not other conditions 
which must be satisfied. 

Thus, from the symmetry of the truss and loading, the strains in be and de must be 
equal in amount and the same in charaeter. We therefore really know de also, and there 
are at the apex BC only two unknown forces, viz, : cd and Ce, This is evident at once 
when we consider that we may resolve each weight into a component along the rafter and 
a component perpendicular to the rafter. The first will cause no strains whatever in the 
Fig.64 bracing. Therefore, so far as the bracing is concerned, we have the 

rafter subjected to normal forces as shown in Fig. 64. Now all these 
normal forces are equidistant and symmetrically placed with respect 
to the centre. It is evident at once, then, that the pieces be and rfr, 
which are equal in length, and slope equally in opposite directions, must be strained equally. 

If, in the strain diagram of Fig. 63 we draw a line through c parallel to cd, and a line 
through C parallel to O, and prolong both indefinitely, then a line parallel to de must 
close the polygon, and must, moreover, be so inserted as to be equal by scale to be in the 
strain diagram already found. Moreover, it is evident that this line cannot be inserted as 
shown by the dotted line e'd\ Such a line, while it closes the polygon, and is equal by 
scale to be, would give the strain in de of an opposite character from that found for be. This 
the student will easily see by following round the polygon and referring the directions thus 
obtained to the apex BC^ according to our rule, page 13. 

There is, therefore, in the present case no real indeterminacy. We might also avoid 
the difficulty by going to the top apex DE. Here, since the weight is at the centre span, and 
the rafters and ties have equal inclinations in each direction, half the weight causes the 
strains in Zyand fg, and the other half the strains in the corresponding pieces upon the 
other side.* We can thus begin at the top and work down to the apex BC, and thus find 
Ce and de directly. Every case of apparent indeterminacy should be susceptible of similar 
treatment. 

Curved Pieces. — Whenever curved pieces occur, as they sometimes do in roof 
trusses, the direction of the stress should be taken in the line connecting the two ends. 
Such pieces are subject to a bending strain as well as to direct compression or tensici, and 
must be proportioned accordingly. The method of proportioning the cross-section of 
pieces to resist the strains to which they are subjected will be taken up in Part II. of this 
work. In all such cases as Figs. 61 and 62, the pieces in the curved flanges are always 
straight, and are chords of the curve in which the apices are situated. 

* Note that we should also have to calculate and take into the diagram the horizontal force at DE, 




•»M', jk. • . 



64 



ROOF TRUSSES. 



Wind Forces. — Roof trusses have not only to sustain the weight of roofing, snow, 
etc., but also the pressure caused by wind. This is often, especially in the case of large 
trusses, placed at considerable intervals apart, very great. The action of the wind, 
moreover, m^y often be to cause in certain pieces strains opposite in character to those 
caused in the same pieces by the dead load. The calculation of the strains caused by 
wind forces is thus often of considerable importance, and ought never to be left out of 
account in designing iron roofs of large span. 

When a horizontal current of wind strikes against an inclined surface, it is deviated 
from its original direction and causes a normal pressure upon that surface. This normal 
pressure, owing to the fluidity of the air, is found to be greater than the normal component 
of the pressure upon a surface at right angles to the wind. 

Thus, Fig. 65, if P is the pressure of the wind in lbs. per sq. ft., upon a surface perpen- 
J^*** dicular to its direction, the normal component of this pressure 
~/\;n "7 upon a surface inclined at the angle i to the horizon, is not P sin 
' p \^/ i as it would be by the resolution of forces, but is found by ex- 
j/j\ periment to be given by the experimental formula 
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P^ = Psini. 

If we take the maximum pressure of the wind against a surface perpendicular to its 
direction, as 50 lbs. per square foot, we shall probably allow sufficient margin for the 
heaviest gales in our latitudes. The highest pressures, according to Unwin, do not exceed 
55 lbs. per square foot, and the accuracy of these observations is stated by him as 
" doubtful.*' 

Taking, then, the greatest pressure of wind to be anticipated at 50 lbs. per square foot 
we have, from our formula, the normal pressure per square foot upon surfaces inclined at 
various angles to the horizon, as follows : 



AHGLV OF HOOF 
WITH HOBUOM. 



HOBMAL PBESSUBB 
PSR LBS. 



AHOLS OF BOOF 
WITH HOBIBOX. 



KOBXAL PRBPBUBB 
FEB LBS. 



5' 
10" 

IS" 
20" 

25'> 

35* 
40' 



6.5 
12.1 

17.5 
22.9 

28.1 

37.6 
41.7 



45^ 

65' 
70" 

8o' 
90' 



45.1 
47.6 

49-5 
50.0 

50.7 

51.5 

50.5 
50.0 



From this Table we can find by interpolation the normal pressure upon a roof having 
any angle of inclination to the horizon, due to a gale of wind which would cause a pressure 
of 50 lbs. upon a square foot of surface perpendicular to its direction. 

Again, in order to find the pressure from the velocity, let v be the velocity of the 
current in feet per second, and / be the pressure of the current in lbs. per square foot 
upon a surface perpendicular to its direction. Then, if w is the weight of the fluid in lbs. 
per cubic foot, we have, according to hydraulic principles, 

where A is the " head " due to the velocity, or 

7^W 



/ = 



^ 



* This formula is given by Unwin, ** Irtm Bridges and Roofs,*' London, 1869, and is by him attributed to Hutton. 
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Since for ordinary atmospheric air, w = 0.08 lbs., approximately, 

^ 32 \20/ 

If the wind impinges upon a surface oblique to its direction, the intensity of normal 

(V sin i\* 
) ; V being the velocity and / the angle of surface with direction of 

wind. From the formula/ = f — j we have the following Table : 



V»1jOCITT IX FEET 
FEB 8ECOKD. 



VELOCITY IN MllXa 
FEB HOUB. 



FBBMUBB IH LBS. 
BqUXBB FOOT. 



10 



6.8 



0.25 



27.2 
40.8 



20 13.6 1. 00 

40 

60 

70 

80 

90 



47.6 



4.00 

9.00 

12.25 



54.4 
61 2 



16.00 
20.25 



100 68.0 25.00 

no 74.8 

120 81.6 

130 88.4 

150 102.0 



30.25 
36.00 
42.25 
56.25 




Application to a Root Truss.— Let Fig. 66 represent a roof truss. Let the span 
be 50 feet and height 12.5 feet. The length of 
each rafter is then 27.95 feet. Suppose that the 
truss supports 8 feet of roofing, that is, that the 
main trusses, of which Fig. 66 is one, are placed 
8 feet apart. Then the area of roof supported 
by one rafter is 27.95 x 8 = 223.6 square feet. 

Now the inclination of the rafter to the 
horizon is 1 = 26° 34'. From our Table, then, we have the normal wind pressure = 29.6 
lbs. per square foot. The total normal wind pressure upon one side of the roof due to the 
wind is, then, 223.6 x 29.6 = 6,619 ^^s. This pressure we divide into four equal parts of 
1,655 lbs. each, or say, in round numbers, 1,600 lbs. Let us suppose the wind blowing upon 
the left side. Then we have a normal pressure of 1,600 lbs. at each of the apices ABy BC 
and CA and a normal pressure of 800 lbs. at the left end and top apex. Since all the 
pressure from the centre of one bay to the centre of the next is supposed to be concen- 
trated at the intermediate apex, we have at the top and bottom apex only half as much 
pressure as at the other apices. 

It remains to determine the reactions. As soon as these are known, we shall know 
all the outer forces which act upon the truss, and can then proceed to diagram the 
strains. 

Determination of Reactions. — The action of the wind, blowing horizontally upon 
the left, is to slide the entire truss off of its supports. The truss, if it is necessary, should, 
therefore, be fastened at the ends to the wall. In general, the weight of the truss and its 
roofing is sufficient to cause friction enough to keep it in place. If not, it can easily be 
fastened. Large iron trusses may sometimes be put upon friction rollers at one end, so 
as to allow for changes of temperature, in which case the other end must be fixed. 
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We have then two cases ; ist, when both ends are fixed ; 2d, when one end only is 
fixed and the other is upon rollers. 

I. REACTIONS WHEN BOTH ENDS ARE FIXED. 

In this case, the two reactions are parallel to the normal wind forces, and can easily 
be calculated. Thus if we take moments about the left end Ay Fig. 67, we have the 
moment of the reaction R^ balanced by the sum of the moments of the forces, or* 

^8 X AH = Pi X Ab -h P^ X Ac + P4 X Ad + Pfi X Ae. 



Fls.07 




Or we may take the resultant of all the forces 
acting at the apex c, and therefore 

R^ X AH= {P, + Pi + Pt + Pi + P5) X Ac. 

The reaction R^ at the right end, is thus 
easily found. Of course, the reaction 'at the left 
end is found by subtracting -^2 fronn the sum of 
^ • the forces. The reactions being thus known, we 
now know all the outer forces acting upon the 
truss. We can, therefore, form the force polygon 
and then proceed to construct the strain diagram. 
Thus the force polygon is the line 01 2345, Fig. 67. The reaction R% is the distance 
$L, and the reaction is Ri the distance oL. 

II. REACTIONS WHEN ONE END IS FIXED AND THE OTHER ON ROLLERS. 

Suppose the left end is on rollers. Fig. 68. Then the reaction at the roller end must 
be vertical. Since, then, we know its direction, we can easily calculate it by taking mo- 
ments about the right hand end. Thus 

Ri X AB = Pi X Ba + Pi X B6 + Pt X Be -h Pi X Bd + Pfi X Be. 

The lever arms Ba, Bb, etc., can be easily found from the given dimensions of the 

Figure. Or we may consider the resultant of all the forces acting at the apex where P^ 

acts. Hence 

R^ X AB = {Pt + /i + A + ^4 + Ps) X Be. 

Having thus found Ri, Ri may be easily found. Thus, if we lay off the forces /\, Pt, etc., 
to scale, as shown in Fig. 68 (a), and then lay off 
oZr vertically to scale equal to ^1 already found, 
the line L$ necessary to close the polygon is 
the resultant ^2 ^^ magnitude and direction. 
The force polygon is then closed and we can 
proceed to form the strain diagram. 

But the wind may blow upon the fixed end 
side, in which case the strains in the pieces 
may be very different. Instead of supposing 
the wind to blow on the right side, let us sup- 
pose the left end fixed and the right on rollers, 
Fig. 69. Then the reaction ^1 is inclined and -^2 J^ust be vertical. We can, therefore, 
easily calculate ^2 t>y taking moments about the left end A. Thus 




*The lever arms Alf, Ad, Ac, etc., are understood^ of course, to be y^nt perpendiculars from A to R-%, P^, Pt, etc. 
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R^ X BA := P^ X Ab -h Pz y^ Ac + P^ y. Ad -{• P^ y^ Ae, 
Or, 

R^y BA ^ {P^ + P, + Pg + ^4 + -Ps) X Ac. 

If, then, we lay off the wind forces to scale in Fig. 6g{a\ and lay off SL vertical and 
equal to R^^ already calculated, the line Lo necessary to close the polygon is the reaction 
Ri in magnitude and direction. We can now pro- 
ceed to form the strain diagram. 

The student can now easily diagram the strains 
for the three cases of Figs. 67, 68 and 69. In each p 
case we have given the strains in the first two pieces, a^ 
Ba and La, in order to call attention to the fact that 
the first half weight Pi has no influence upon the 
strains. Thus in Fig. 69 we have acting at the apex 
Ay the reaction Ri and the force /\. We have, then, 
in the force diagram (^^), to join i and L by lines 
parallel to Ba and La. 

We see at once from Figs. 69 and 68 that the strain in La, for instance, is much greater 
when the wind blows on the fixed end side than when it blows on the roller end. This is 
evident, because when it blows on the roller end it tends to shut up the truss and thus 
relieve the tension in La. If the forces were great enough, we might even have compres- 
sion in La, that is the intersection a, Fig 68(^), might fall to the right of L. 

Complete Calculation of a Roof Truss. — We see then that the complete calcu- 
lation of a roof truss consists of two parts, ist. We must find the strains due to the 
greatest dead load or weight of truss, together with roofing, snow load, etc. 2d. We must 
find the strains in each piece due to wind force, as already detailed. Here again, in case of 
rollers, we may have in any piece two strains, according as the wind comes on from right or 
left. If both these strains are of the same character as the dead load strain, we should 
add the greatest of them to the dead load strain to obtain the greatest strain in the 
piece. If one of these is of the same character as the dead load strain, we add it. 
As to the other, if it is less in amount than the dead load strain, it will only tend, when 
the wind blows, to relieve the strain due to dead load by that amount ; but if it is greater 
than the dead load strain, it will cause a strain of opposite character, and the piece should 
be counterbraced for the difference. If both the wind strains are of different character 
from that caused by the dead load, we need only consider the greater of the two. If this 
is les3 than the dead load strain, it will produce no effect, except sometimes to diminish the 
strain in the piece. But if it is greater, it will cause strain of an opposite character, and the 
piece should be counterbraced for the difference. In all cases the wind has great influence 
upon the strains, and it should always be taken into account in the designing of large spans. 
Curved Roofs. — For a curved roof, such as Fig. 70, the inclination of the surface 
exposed to the wind is different at every apex, and is always to be taken as tangent to the 

Fi^.7o curve at each apex. In such a case as Fig. 70, it may 

— -7^-^-^.^^ often happen that the wind causes strains in certain 

"^^-^^^^^ pieces opposite in character to those caused by the dead 
^^*^ load. We give in Plates i to 7 a larg^ number of 
roofs of various kinds, with their strain diagrams.* For the sake of generality, acting 
forces and reactions are often taken as inclined. The student cannot do better than to 
follow out the strain diagrams for a number of cases, until he feels himself thoroughly master 
of the method, and can determine the character of the strains in each case. 

♦ These Plates are copied from ^*^ Economics of Construction^* Bow, London, 1873, 
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What is the method adopted for the structures treated of in the preceding chapter ? What class of struct- 
ures are there discussed ? What points are illustrated by Fig. 6i ? What considerations should determine 
the choice of scales in such a case ? Show how to apply the method of moments. In Fig. 63, what apparent 
difficulty is there and how may it be overcome } How are curved pieces to be treated ? 

What is the effect and action of wind ? Show the application to a roof truss. What two cases may we 
distinguish ? Show how to determine the reactions for each case. Show how to lay off the force polygon 
and how to form the strain diagram for each case. State and illustrate the method for complete calculation 
of a roof truss. Show how the method is applied to curved roofs. 

EXAMPLES.* 

1. If the pole of an equilibrium polygon describe a straight line, show that the corresponding sides of 
the successive equilibrium polygons will intersect in a straight line which is parallel to the locus of the pole. 

2. A system of heavy bars, freely articulated, is suspended from two fixed points ; determine the mag- 
nitudes and directions of the stresses at the joints. If the bars are all of equal weight and length, show that 
the tangents of the angles which successive bars make with the horizontal are in arithmetic progression. 

3. If an even number of bars of equal length and weight rest in equilibrium in the form of an arch, and 
^1, ^a> • • • • ^fti be the respective angles of inclination to the horizon of the ist, 2nd, .... nth bars count- 

ing from the top, show that tan «•+ 1 = tan a,. 

in — I 

4. Four bars of equal weight and length, freely articulated at the extremities, form a square A BCD, 
The system rests in a vertical plane, the joint A being fixed, and the form of the square is preserved by means 
of a horizontal string connecting the points ^and D. If l^be the weight of each bar, show, ist, that the 

stress at C is horizontal and = — ; 2d. That the stress on BC at B is W^-^ and makes with the vertical an 

2 2 

angle tan-*— ; 3d. That the stress on AB dA B\s W — — and makes with the vertical an angle tan- * -. 

4th. That the stress upon AB at ^ is — IV \ 5th. That the tension of the string is 2 IV. 

5. Five bars of equal length and weight, freely articulated at the extremities, form a regular pentagon 

ABCDE, The system rests in a vertical plane, the bar CD being fixed in a horizontal position, and the 

form of the pentagon being preserved by means of a string connecting the joints B and E, If the weight of 

W 
each bar be W, show that the tension of the string is — (tan 54* -f 3 tan 18"), and find magnitudes and 

directions of the stresses at the joints. 

6. Six bars of equal length and weight (= W), freely articulated at the extremities, form a regular 
hexagon. 

First, if the system hang in a vertical plane, the bar AB being fixed in a horizontal position, and the 

form of the hexagon being preserved by means of a string connecting the middle points oi AB and DE^ show 

W 
that, 1st, the tension of the string is 3^; 2d., the stress at Cis — - and horizontal ; 3d., the stress at D 

2^3 
is IVy — and makes with the vertical an angle tan"* 2 ^3. 

Second, if the system rest in a vertical plane, the bar DE being fixed in a horizontal position, and the 
form of the hexagon be preserved by means of a string connecting the joints 6' and /% show that, ist., the 

tension of the string is IV ^2 ; 2d., the stress at Cis IV y^— and makes with CB an angle sin- W -L. . 

3d., the stress at Bis Wy 1- and makes with CD an angle sin"*v^-l. 

Third, if the system hang in a vertical plane, the joint A being fixed, and the form of the hexagon be 
preserved by strings connecting A with the joints E, D and C, show that, ist., the tension of each of the 



* The following Examples are taken from ** Applied Mechanics " by Henry T. Bovey, Montreal, 1882. It is 
believed that the intelligent student can solve them by an independent application of preceding principles. 
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strings A£ and AC'\a ^a/J; 2d., the tension of the string AD is 2W^ and determine the magnitudes and 
directions of the stresses at the joints, assuming that the strings are connected with pins distinct from 
the bars. 

7. Show that the stresses at Cand F, in the first case of Ex. 6, remain horizontal when the bars AF, FE 
BC, CD, are replaced by any others, which are all equally inclined to the horizon. 

8. An ordinary jib-crane is required to lift a weight of 10 tons at a horizontal distance of 6 ft. from the 
axis of the post. The post is a hollow cast-iron cylinder of 10 ins. external diam. ; find its thickness, assum- 
ing the safe tensile and compressive stress to be 3 tons per sq. in. 

The hanging part of the chain is in four falls ; the jib is 15 ft. long, and the top of the post is 12 ft. 
above ground ; find the stresses in the jib and tic when the chain passes, (i)— along the jib ; (2)— along 
the tie. 

The post turns round a vertical axis ; find the direction and magnitude of the pressure at the tie, which 
is three feet below the ground. 

9. If the post in the preceding question were replaced by a solid cylindrical wrought-iron post, what 
should its diam. be ; the safe inch-stress being 3 tons as before ? 

10. The horizontal traces of the two back-stays of a derrick-crane are x and y feet in length, and the 

angle between them is a : show that the stress in the post is a maximum when ^Q^ y^"" ) = _, being the 

cos y 

angle between the trace jt and the plane of the jib and tie. 

11. The inner flange of a bent crane (Fig. 61, page 62,) forms a quadrant of a circle of 20 ft. radius, and 
is divided mio four equal bays. The outer flange forms the segment of a circle of 23 ft. radius. The two 
flanges are 5 ft. apart at the foot, and are struck from centres in the same horizontal line. The bracing con- 
sists of a series of isosceles triangles, of which the bases are the equal bays of the inner flange. The crane is 
required to lift a weight of 10 torts. Determine the stresses in all the members. 

12. A braced semi-arch is 10 ft. deep at the wall, and projects 40 ft The upper flange is horizontal, is 
divided into /our equal bays, and carries a uniformly distributed load of 40 tons. The lower flange 
forms the segment of a circle of 104 ft. radius. The bracmg consists of a series of isosceles triangles, 
of which the bases are the equal bays of the upper flange. Determine the stresses on all the members. 

13. Three bars, freely articulated, form the equilateral triangle ABC. The system rests in a vertical 
plane upon the supports i9and Cin the same horizontal line, and a weight, IV, is suspended from A. Deter- 
mine the stress in BC, neglecting the weight of the bars. 

14. A triangular truss of white pine consists of two equal rafters, AB, AC, and a tie beam BC\ the 
span of the truss is 30 ft., and its rise is yi ft.; the uniformly distributed load upon each rafter is 8,400 lbs., 
and a weight of 10,000 lbs. is suspended from the centre of the tie-beam. Determine the dimensions of the 
rafters and tie-beam, assuming the safe tensile and compressive inch stresses to be 3,300 and 2,700 lbs., 
respectively. 

15. A triangular truss consists of two equal rafters, AB, AC, and a tie beam BC, all of white pine ; 
the centre D of the tie-beam is supported from ^ by a wrought-iron rod AD; the uniformly distributed load 
upon each rafter is 8,400 lbs., and upon the tie-beam is 36,000 lbs. Determine the dimensions of the diffierent 
members, BC being 40 ft. and AD 20 ft. 

What will be the effect upon the several members if the centre of the tie-beam be supported upon a 
wall, and if for the rod a post be substituted, against which the heads of the rafters can rest ? 

16. A triangular truss of white pine consists of a rafter AC, a vertical post AB, and a horizontal tie- 
beam AC; the load upon the rafter is 300 lbs. per lineal ft. ; AC z= y) ft., AB = 6 ft. Find the resultant 
pressure at C. 

How much strength will be gained if the centre of the rafter be supported by a strut from B ? 

17. The rafters of a roof are 20 ft. long, and inclined to the vertical at 60**; the feet of the rafters are 
tied by two rods, which meet under the vertex, and are tied to it by a rod 5 ft. long ; the roof is loaded with a 
weight of 3.500 lbs. at the vertex. Determine the stresses in all the members. 

18. The feet of the equal roof rafters AB, AC, are tied by rods BD, CD, which meet under the vertex 
and are joined to it by a rod AD. If IV and IV are the distributed loads in lbs. upon the rafters, and if 5 

is the span of the roof in feet, show that the weight of metal in the ties in lbs. is \ S cot. /?, / being 

6 / 
the safe inch stress in lbs., and p the angle ABD. 

19. A roof truss consists of two equal rafters inclined at 60" to the vertical, of a horizontal tie-beam of length 
/, of a collar beam of length — , and of a queen-post at each end of the collar-beam ; the truss is loaded with 
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a weight of 2, 6co lbs. at the vertex, a weight of 4,000 lbs. at one collar-beam joint, a weight of 1,200 lbs. at the 
other, and a weight of 13,500 lbs. at the foot of each queen. Determine the stresses in the members. 

20. A frame is composed of a horizontal top-beam 40 ft. long, two vertical struts 3 ft. long, and three 
tie-rods, of which the middle one is horizontal and 15 ft long. Find the greatest stress produced in the 
several members when a single load of 12,000 lbs. passes over the truss. 

21. An equilibrium polygon is drawn for a series of parallel loads at given distances. Show that, 
1st By properly drawing the closing line of the polygon a bending moment curve is obtained which corre- 
sponds to any position of the series of loads on any given beam ; 2d. So long as the closing line lies on the 
same two polygon sides, its positions for any given beam form the envelope of a parabola ; 3d. The centre 
of the beam corresponding to a given closing line bisects the distance between the verticals through the 
intersection of the polygon sides, and the point where the closing line touches the parabola. 

22. Vertical loads of 4, 3, 7, and 2 tons are concentrated upon a horizontal beam of 20 ft. span, at dis- 
tances of 3, 7, 12, and 15 ft, respectively, from the left support. Prove generally that the vertical ordinate 
intercepted between a point in the corresponding equilibrium polygon and a closing line whose horizontal 
projection is the span of the beam, represents on a certain determined scale the bending moment of a section 
at any point. Find its value by scale measurement for a section at 9 ft. from the left support, using the fol- 
lowing scale : For lengths, \ inch = i foot ; for forces, \ inch = i ton ; the polar distance = 5 tons. De- 
termine graphically, by means of the same diagram, the greatest bending moment that can be produced on 
the same section by the same series of loads traveling over the span at the stated distances apart 
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CHAPTER II. 

STRUCTURES WHICH SUSTAIN A LIVE AS WELL AS A DEAD LOAD— BRIDGE 

TRUSSES. 

GENERAL PRINCIPLES. 
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Shear — Definition of. — Let Fig. 71 represent a beam fixed horizontally at one end 
and sustaining a load at P, at the other. Imagine the beam cut completely in two at any 
point, and then consider what forces are necessary in order that the separated portion may 

still retain its place and perform its duty. We know that before the 
section was made all the fibres above the neutral axis were extended, 
and all below were compressed. We can replace these forces by a link 
above and a strut or compression piece below, as shown in Fig. 71. But 
these alone are not sufficient. The link and strut prevent the right 
hand portion from turning about the section under the action of the 
weight P, and that is all. In order to prevent the right hand portion 
from falling vertically we must apply an upward force at the section equal and opposed to 
P, as shown in Fig. 71. The weight P,v/e call the " shearing forced' and the equal and op- 
posite force at the section, the " resistance to shear,'* or " shear." 

The shearing force is so called, because its action is to cause one section to slide upon 
the next, just as if the separation were effected by cutting with a pair of shears. 

We may then define shear, as that force which at any section tends to make that section 
slide upon the one immediately following. 

Thus, in Fig. 72, which represents a horizontal beam, AB, subjected to the action of 
outer forces i?i, P^ /i, /j, R^^ the shear at any section between the 
left end and P^ is constant and equal to the reaction R^^ R^ acting 
up at the left end tends to slide each section upon the next, until 
we come to P^. Here we have Rx still tending to slide, the section 
up, but Px tends to slide it down. The difference or algebraic sum 
is then the shear for any section between Pj and P^ Thus the or- 
dinates to the shaded area below, give to scale the shear at any 
point of the beam AB, 

When, therefore, the section is vertical, and the outer forces all vertical, we may de- 
fine shear as the algebraic sum of all t/ie outer forces acting upon the beam, right or left of the 
section in question. 

If any of the outer forces are not vertical, we must resolve them into components par- 
allel and perpendicular to the vertical section, and take the former in the algebraic sum. 
In general, to find the shear in a section taken in any direction, resolve all the outer 
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forces into components, perpendicular and parallel to the plane of the section, and the al- 
gebraic sum of all the latter, right or left of the section, will be the shear in that section, 
or the force tending to slide it upon the next consecutive section. 

Framed Girder — Horizontal Flanges — Shear. — If in any framed structure we 
conceive a section dividing the structure into two portions, it is evident from the above 
that the strains in the cut pieces must hold the shear in 
equilibrium. This principle we have already proved in 

Chapter II., page 21. Thus in Fig. 73, conceive a section 

cutting ab^ be and cd. Then the strains in these three ^ 

pieces must hold the shear in equilibrium. ^^U t 

The shear in the present case is the algebraic sum of all 
the outer forces left or right of the section, because the sec- 
tion and forces are all vertical. In taking the algebraic sum we adhere to the conventions 
of Chapter II., page 16, and take, therefore, upward forces as positive, and downward 
forces as negative, and consider always only that portion of the truss on the left of the sec- 
tion. This must be carefully noted, for if we took the right hand portion, our conventions 
should be reversed. The shear, then, in the present case, is + i?i — /i — /j* ^^d the 
strains in the cut pieces aby bc^ and cd^ must hold this shear in equilibrium. 

But if the flanges are horizontal, as in Fig. 73, the vertical components of their strain 
is zero. That is, they cannot take any part in resisting the shear or tranverse action of 
the forces, and simply answer the purpose of the link and strut in Fig. 71. The brace be 
must then resist the shear, and hence the vertical component of its strain must be equal 
and opposed to the shear. 

•Thus according to the conventions of Chapter XL, page 16, that is, taking compression 
as plus, and tension as minus, and measuring th^ angle B made by any brace with the ver- 
tical always around from right to left, as shown in Fig. 9, page 16, and considering always 
the left hand portion of the truss, 

strain in ^^ x - cos ^^c + -^1 — -^i — ^a = o, 
or 

strain in be — "" ^ — ^ "" } "^ — V. = shear x sec Oi^ . 



— cos ^ 



be 



That is, for horizontal flanges and vertical loads, the strain in any braee is equal to the 
shear multiplied by the seeant of the angle whieh the brace makes with the vertical. 

The angle should always be measured, as directed in Fig. 9, page 16. There may 
arise some uncertainty as regards the proper sign for this angle 6. Thus, Fig. 73, if 
we measure the angle 6 round from the vertical through ^, the sec. of d is minus, but if we 
measure from the vertical through 3, the sec. of 6 is plus. This uncertainty will be re- 
moved if we remember that since we are considering only the left hand portion of the truss, 
we must always measure the angle for any braee from the vertical through that end of the 

braee BELONGING TO THE LEFT HAND PORTION. 

Thus in the present case, for instance, the sec. of B for be is essentially minus, because 
measured as above it lies in the second quadrant. (See Fig. 9, page 16.) If all the weights 
are equal and equidistant, -^1 will be greater than P^ + P%y and the shear will be plus. We 
shall have then the strain in bCy essentially plus, denoting that be is in compression. 

In like manner, for the brace bd^ the shear would be the same as for bc^ but as the 
angle is to be measured from vertical through b the left hand end, the sec. of for bd 
will be plus. 
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We have then, 

strain in bd x cos 0^^ -v R^ — P\ — P^ -= o\ 
or 

strain in W = — shear x sec. ^^. 

We see at once that the strain in bd will be tension, and equal in amount to the com- 
pression just found for be. 

We can easily deduce the same result directly from the principle of moments, Chapter 
III., page 23. Thus the flanges ab and cd^ Fig. 73, being parallel, their point of intersec- 
tion is at an infinite distance. Taking this point as a centre of moments, we have for the 
lever arm of ac^ 00 cos B, The lever arms of -^1, /\ and P^ are each 00 . Then according 
to our rule, Chapter III., page 27, 

strain in ^^ x 00 cos Oj^^ — R^^ + /i 00 -f- /'j 00 = o ; 
or 

strain in 3^ = ^- ^-^ — ^—^- — ?^-?^= shear x sec. B^ 

00 cos ^ftc 

Resultant Shear. — .If the flanges are not horizontal, they will themselves take some 
of the shear, and only what is left is to be resisted by the braces. This remainder we call 
the " resultant shear'' 

Thus, for instance, Fig. 74, if we take a section cutting ab^ be and ed, the strains in 
• these pieces are in equilibrium with the shear. 

The shear is from the preceding, R^ — /J — P,. But the 
flange ab resists a portion of this shear equal to the vertical com- 
ponent of the strain in it. The flange ed being in the present 
case horizontal, has no vertical component. The flange strains 
can always be found by moments independently of the braces. 
Let us suppose ab to be thus found, and to be compression. The 
vertical component of its strain is then, 

strain in ab x cos B^. 

The angle B is to be measured as already noticed, always from the vertical through the 
left end oi the piece, as directed in Fig. 9, page 16. We have then for the strain in cb^ 

strains in ^^ x — cos B^ 4- R\ —Pi — P^ + ab cos ^^5 = 0; 
or 

cf..o;« ;« ^A - -{+ Ri-Pi''Pt + ab cos B^) w . u a 

strain in cb = — ^ ^ i \ ^^ = resultant shear x sec. ft*. 

- cos 6'eft ^ 

That is, the strain in any brace is equal to the RESULTANT SHEAR multiplied by the secant 
of the angle which the brace makes with the vertical. 

Action of Live Load. — When a structure is designed to resist the action not only 
of a constant dead load, but also of a moving or live load, which may have various posi- 
tions, it is evident that the strains in the pieces will vary according to the position of the 
live load. It is of great importance, therefore, to determine what position of the live load 
gives the greatest strain in any particular piece. Comparing, then, this greatest strain due 
to live load with the strain in the same piece due to dead load, if they are both of the same 
kind, the total maximum strain in the piece will be the sum of both. If they are of differ- 
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ent kinds, and the live load strain exceeds the dead load strain, the pieces must be counter- 
braced for the difference. But if the dead load strain is greatest, no counterbracing is 
necessary, because the action of the live load then is simply to relieve the strained piece 
of a certain amount of its dead load strain. 

The live load may also often cause in the same piece strains of different kinds, some- 
times compression and sometimes tension, according to Its position. 

Distribution of Live Load Causing Maximum Flange Strains.— In any prop- 
erly framed structure, such as we shall discuss hereafter, we can always divide the frame by 
a section at any point, cutting one brace and two ilanges. Taking then the point of mo- 
ments at the intersection of the other two pieces cut, we have the moment of the strain in 
the flange balanced by the sum of the moments of the outer forces right or left of the sec- 
tion. Since, then, the lever arm for the flange is constant, the strain in any flange will be 
greatest when the live load is so disposed as to give the greatest moment possible. It is 
required, then, to find that distribution of load which makes the mo- 
ment at any point a maximum, t "»■' 

This is easily found. Thus irt Fig. 75, suppose we have a uni- 
formly distributed moving load of m lbs. per unit of length, coming 
on from the right. Let it cover the distance l-x, the end of the load 
being at a distance x from the left end. Then for the reaction R at the left end, we have 
by moments, 

Rl= m{l-x) X '"-, 

because the weight m (/-x) of the loaded portion can be considered as concentrated at the 
middle point of the loaded portion (Chapter III, page 25), 
The reaction at the left end is, therefore, 

2/ \ 

The moment at any point distant a from the left end, if a is greater than x, is 



Substituting the value of R above, 



'21 2 ' 



From this equation we see at once, that if x remains unchanged, the moment is great- 
est when a = X, because when a = x the second term becomes zero, while for a less than 
X the second term disappears, and for a greater than x the second term is essentially nega- 
tive. As the load comes on, therefore, the moment at the end of the load is greater than at any 
other point FOR THAT POSITION OF THE LOAD. 

But we can put the preceding equation after easy reduction In the form 



•i.^ 2/ 

We see at once from this equation that for any given values of a and /, the moment 
will be greatest when x = o. That is, the moment at any point is the greatest possible when 
the load covers the whole span. 
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No Special discussion, therefore, is necessary in order to find the methods of loading 
which give the greatest strains in the flanges. We have only to suppose the live load to 
cover the whole span, just like the dead load. Thegreateststrainsin the flanges will then be 
found when we suppose the girder fully loaded with both dead and live loads. This holds 
good whether the flanges are parallel or inclined, provided the girder is a simple girder, 
i. e., not continuous over more than two supports. 

Graphic Interpretation of Equation for Maximum Mo- 
ments. — From the preceding principle we can easily find the maxi- 
mum moment at any point. Thus let the moving load per unit of 
length be m and the dead load/. Then the total load is (/ + «)/. 

The reaction at each end is, therefore, -^ '-- , and the maximum 

2 

moment at any point distant x from the left end is, 

M^„= + ^±±J^ ^ _ (/ + «) 1*. 



nc.7« 



mum Mi^ 



This is the equation of a parabola, Fig. JT, whose middle ordinate at the centre of the 

span aC = + (/ + ff)-^, which passes through the ends of the girder Fif.77 

A B 

A and B, and has its vertex at C. The same result has been already ' 
obtained in Chapter IV,, page 45. If, therefore, we draw a parabola 

through A and B, whose middle ordinate aC is by scale + {/ + f) -5-, the ordinates to 

this parabola will give the maximum moments at any other point of the beam. 

Application to a Framed Girder.— In the case of a framed girder. Fig. 78, the 
load consists of a succession of concentrated apex loads and the parabola becomes a poly- 



Flc-TS 




gon whose apices are at the intersections of tlte weights with the 
curve. 

To find the greatest strain in ab. Fig, 78, we first locate the 
point of moments at c (Chapter III., page 27). Then the ordinate 
</" gives the momentat c. This moment, divided by the lever arm 
for aby gives the strain in ab. In order to obtain the strain with its 
proper sign, plus for compression and minus for tension, observe 
the rule for the sign of the lever arm, Chapter III., page 27, and re- 
member that the moments are all positive. 

Again, for the strain in the flange cd, the point of moments is at b.. From this point 
then, we drop the ordinate g k, to the polygon. The moment is given to scale \>y g k. 
Generally, we draw the ordinate through the point of mmmnts for the flanges in question. 

Distribution of Live Load Causing Maximum Shear. — The strain in any brace 
is, as we have seen, found by multiplying the shear, or resultant shear, by the secant of the 
angle which the brace makes with the vertical, regard being had to the conventions of pos- 
itive and negative forces, and the direction in which 9 is measured, and the definition of 
shear, pages 78 and 80. 

In order to find the maximum strain which can ever occur in any 
brace, we must then find that position of the live load which gives the 
greatest shear for that brace. 

This we can easily do. Thus, Fig. 79, let the load as before come 
on from the r^ht. 
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8? 



Then the left hand reaction is as before, 



-#v — . 

2/ 
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This reaction is the shear for any and all points between the left end and the 
end of the load. For any point distant, a, from the left end, where a is greater than jr, the 
shear is , 

Sa = — ^j-^ - m (a-x). 

We see at once that this is less than the reaction by the amount tn (a-x), and that the 
shear will be greatest when a = x. That is, (Ae shear at any point is greatest when the load 
reaches from that point to the farthest support. When the load reaches from the point to 
the nearest support we have tfie greatest shear of opposite character. 

The same holds good for resultant shear. 

Graphic Interpretation of Equation for Maximum Shear. — The equation 
which gives the greatest shear at any point distant x from the left end, as the load comes 
on from the right, is then 

Max. Shear = \ ^ . 

2/ 

• This is the equation of a parabola, Fig. 8o, having its vertex at the right end B^ and 

fnl 
the ordinate AC ^i the left end equal by scale to — , or half the live load. 

The ordinates to this parabola at any point give the maximum 
shear when the load comes on from the right. A similar para- 
bola, indicated by the dotted line, gives the maximum shear for 
any point when the load comes on from the left. 

Application to a Framed Girder. — In the case of a 
framed girder. Fig. 8i, we have only to remember that we must 
measure the ordinate from the end of the load, when the load reaches beyond the brace to the 

middle of the bay. Thus for the brace aby Fig. 8i, we must 
measure the ordinate cd. This is necessary, because each 
apex weight is equal to the load from centre to centre of bay, 
and the greatest shear on ab occurs when all the apices are 
loaded as far as b. According to our rule, page 79, the strain 
in ab would be minus or tension when the load reaches from 
the right end to half a bay beyond b. 

If the load comes on from the other end, the shear is 
given by the ordinate at the same point to the dotted para- 
bola. This shear is of opposite kind, and hence will cause compression in ab. 

For each brace, then, we have two positions of the load, one giving greatest positive 
and the other greatest negative shear. The strains due to these shears must be compared 
with the strains caused by dead load, as detailed on page 81, before we can find the great- 
est strains or tell whether the brace should be counterbraced. 

When the flanges are not parallel we must find the strains in the flanges ^J^/and cb by 
moments, and we can then find the resultant shear, as directed on page 80. 

Shear Caused by Dead Load. — If a beam or girder sustains a uniformly distributed 
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load over its whole extent of/ per unit of length, the total load will be// and the reaction 
at each end ^. The shear at any point distant x from the left end, is then 



- pi - 






Shear = ^ 

2 



Px. 
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This is the equation of a straight line, as shown in Fig. 
82, the end ordinates being — , and the ordinate at the centre 

being zero. 

Combined Action of Dead and Live Loads. — Suppose then that we wish to find 

the maximum strain that can ever occur in the brace ab^ Fig. 83. 

We first draw the diagram for dead load 
shear, as shown. Then the diagram for moving 
load shear, as directed on page 83. Then when 
the moving load reaches from the right end up 
to the middle of the bay, be, we have, by drop- 
ping an ordinate from this point, on as the posi- 
tive shear. For the dead load the positive shear 
^ at the same point is ok. The greatest positive 
shear for the brace ab is then ^. The greatest 
strain in ab will be then found by multiplying 

this shear by the secant of the angle which the brace makes with the vertical. This strain 

will be minus or tensile for aby because from the equation 

strain x cos B^ + shear = o ; 

shear is upward, or by convention positive, and cos ^^^ is also by convention pos- 
Dbtain 




since the 
itive, we obtain 



strain in ab ^ — shear x sec. 6^. 



This rule must always be applied in order to determine the character of the strain in 
any brace. 

If the live load comes on from the left and reaches to the middle of the bay fc, the 
shear is negative, because the load is greater than the reaction. This negative shear is 
given by the ordinate om to the dotted parabola. It would cause compression, therefore, 
in ab. But the dead load shear is still positive and equal to ko. This causes, therefore, 
tension in ab. Now as the dead load acts all the time, and its positive shear ko is greater 
than the negative shear mo due to dead load, the strain upon ab will still be tension, even 
when the load comes on from the left. 

For a brace de, however, we see that the negative live load shear is greater than the 
positive dead load shear. The difference between the two multiplied by the sec. da^ would 
then give the greatest compression in de. We should counterbrace de then, and also db. 

In general^ only those braees need to be counterbraced, in which the live load strain is 
greater than the strain of opposite kind due to the dead load. 

At the point 5 on the diagram the positive dead load and negative live load shears 
are equal. Beyond this point 5 on either end, no counterbracing then is required. Be- 
tween this point and the centre, on each side, the braces must be counterbraced for the 
difference between live and dead load shears. 

Instead of multiplying the shear by the secant, we may draw through k the line ka 
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parallel to ab, and through n the line na. Then ka is the strain in ab to scale, because kn 
sec. (f = ka. Or if we properly change the scale of the diagram, the ordinate ht will give 
the strain directly to the new scale. 

By means, then, of a diagram similar to Fig. 83, or the corresponding method of calcu- 
lation, we may find the maximum strains in the flanges of any framed girder. By means 
of a diagram similar to Fig. 83, we-may find the maximum strains in the braces, provided 
the flanges are horizontal. 

To find the maximum strains in the braces when the flanges are not horizontal, we 
must first find by moments the two flange strains at any apex for that position of the load 
which gives the maximum brace strains at that apex. We can then find the resultant 
shear, as directed on page 80, and then finally can determine the strains in the braces. 

Concentrated Moving Loads. — We have seen that in the case of a uniformly dis- 
tributed moving load, the greatest positive shear at any point is greatest when the load 
reaches from that point to the right abutment, and the greatest negative shear when it 
reaches from that point to the left abutment. For framed structures, the load ts to be 
taken, for any brace, as reaching to the middle of the bay. 

Bridge girders are, however, often subjected to the action of a moving system of con- 
centrated loads. Such a system is formed by the wheels of a locomotive passing'over the 
span. 

Bridge Loading,* — The heaviest live load to which a railroad bridge can be sub- 
jected, is when it is covered from end to end with locomotives. We assume in our calcu- 
lations our " standard locomotive " to be 25 feet long, and to concentrate 90,000 lbs., or 45 
tons, upon six drivers, three on a side, on a 12-foot wheel base. The leading truck wheels 
are four, two on each side, distant 5 feet from each other and from the forward drivers, and 
each pair sustains 10 tons, or five tons per wheel. Locomotives vary in size, weight an(l 
arrangement of wheels. We adopt the above " standard " as sure to give in every case 
strains somewhat in excess of those produced by the heaviest locomotives now in use. 
Whatever the system of weights adopted, however, our principles and methods remain un- 
affected. 

The tender and train are assumed to constitute a system of equal weights, equivalent 
to 2,000 lbs. per foot of length for single track. A heavy train may require two engines, 
covering, therefore, a span of 50 feet. It may happen that the two engines may be pre- 
ceded and followed by the train load. 

A short span, then, of $0 feet or less, should be computed for a system of concen- 
trated moving loads, due to single engines. 

For spans over 50 feet, we consider the live load as uniformly distributed and equal 
to 2,000 lbs. per foot, headed by a concentrated load equal to the locomotive excess over 
2,000 lbs. per foot, and followed at an interval of 50 feet, by another such concentrate^ 
load. 

The dead load is supposed to act at the apices of the loaded chord only. Properly 
speaking, it acts at every apex. To take account of this we consider unnecessary refine- 
ment. It may, however, be easily done if desired. As the loaded chord has to bear the 
floor system, cross-girders, beams, stringers, ties, rails, etc., it bears by far the larger part 
of the total weight, and no great error is committed in taking the dead load as acting 
therefore at the apices of the loaded chord only. 

The calculations which follow are made for railroad bridges. The method is precisely 
the same for highway bridges also. In such case the greatest load is that of a crowd of peo- 

* Compare pages 1 iB and 366. 
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pie, which may be taken at loo lbs. per square foot. The greatest moving load per panel, 
is then the width multiplied by the panel length and the product by the greatest weight 
per square foot. Any other loads of a special character, such as the passage of large cast- 
ings, etc., can only be allowed to pass when from the situation they have been anticipated, 
and the bridge designed with reference to them. 

Short Spans— Concentrated Load System — Bracing. — The greatest positive 
shear for any brace of a short framed girder will occur when the load comes on from the 
right, and the forward driving wheel occupies a position in the middle of the bay for that 
brace. The forward truck wheels bear so small a weight compared to the drivers, that the 
reaction at the left end is increased more by bringing the forward drivers over a given 
point than the shear is diminished by reason of the truck wheel weights. The position 
then giving the greatest shear at any point, is when the/orwartf drivers reach that point. 
Thus, in Fig. 84, we have represented the position of the load systems causing the great- 
Fic-M est positive shear for the braces dS and 6c, 

The weights being known, and the distances 
between them, the shear or reaction at the 
, left end is easily found. This shear, multi< 
plied by the sec. 6, will give the greatest 
strain in dc or d^ due to the live load. It will give in the Figure tension in dc and com- 
pression in d6. 

The greatest compression in 6c, or tension in 6d, on the other hand, will be given when 
the loads come on from the left, the front drivers reaching, as before, to the middle of the 
bay dc. 

In this way we may easily find the maximum live load strains for each brace. 

Short Spans— Concentrated Load System- Flanges.— It remains to find the 

maximum flange strains. These can be easily found by the following rule, first demon- 
strated by Prof. Alexander, of the Imperial College of Engineering, Tokio, Japan, and 
published In Engineerings, January loth, 1879.* 

Preliminary. — Find the position of the centre of gravity of the total load on the 
span relative to the individual loads. Number the loads from the left, IVu W^, etc. Di- 
vide the span into " fields," reckoning from the end to which W^ is nearest. Field 1 to ex- 

tend from o to . ' — -^ x span. Field 2 from last point to ' . — -J x span. Field 3 

w, + w, + w. 

from last point to — rr—. — ■ x span, and so on. These fields are commanded re- 

■ "^ total load ^ 

spectively by W„ W^, W^ etc. 

Note, that in dividing the span into fields, we do not require to know the fixed dis- 
tances between the weights. - 

Rule. — To find the maximum moment at any point of span. 06serve which field the 
paint is situated in, and shift the whole load till the weight which commands that field is over 
the point, then calculate the moment for this position of load, which will be greater than for 
any other position of the load. fib.ss 

- When a weight cannot be placed upon a point in its w, Wi *< *> /^** *'/^s 
field without one or more weights going off or coming on '' q 'fp^C l /C | -)( I ^ 'O'C l y' 
the span at the ends, we must redivide the span into new A| T J | 

fields to suit the diminished total weight. wwj, J, JidkiJ. 

• Example.— Suppose a girder 40 feet long. It will, 
therefore, hold one locomotive, and the forward tr uck wheels and first driving wheels of the 

■ • See AppcDdix, page aog, for proot. 
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second locomotive. The weights and distances between them are given in Fig. 85. The 
centre of gravity of the load system is easily found. Thus let the distance of the centre of 
gravity from W^ be ;r, then we have by moments W^i x 35 + W^, x 30 + fT, x 25 + W^ 
X 19 4- W^5 X 13 + W^e X 10 + W^7 4- 5 = 100 X jr; or, 650 + 855 4- 150 = 100 X ;r. 
Hence x = 16.55 feet. The centre of gravity of the total load is then 16.55 f^^t from the 
weights W^g, or 20.55 f^^^ from the right end. 
The total load is 100 tons. 

Field I then extends from the left end to x 40 = 4 feet. 

100 ^ 

Field 2 from 4 feet from* the left end to x 40 = 8 feet. 

^ 100 ^ 

Field 3 from 8 feet from the left end to x 40 = 1 5 feet. 

^ 100 ^ -^ 

.Field 4 from I'S feet from the left end to x 40 = 20 feet, 

100 

and so on. , 

Now let it be required to find the maximum moment at a point 10 feet from the left 
end. This point lies in the 3d field. We must, therefore, so place the system that W^ 
rests at this point, We must, therefore, suppose the load system moved towards the left 
until W^ is ID feet from the left end in Fig. 85. We see from the Figure that this just 
brings W^ to the left end without any load passing off or coming on. Knowing now the 
position of the system and the distances between the loads, we can easily find the maxi- 
mum moment at the point required. 

Suppose we wish the maximum moment at a point 20 feet • from the left end. This 
point lies in Field 4. We must, therefore, so shift the load system that W^ lies at the cen- 
tre of the span. We must then move W^ 3 feet to the right, as shown by Fig. 85. This 
neither brings on nor takes off any load of the system. We can then easily find the 
moment. 

Thus for the maximum moment at 10 feet from the left end, the centre of gravity 
must be moved from the position it occupies in Fig. 85, one foot towards the left. It is 
then distant from the right end 21.55. We have then the left hand reaction 

i? X 40 = 100 X 21.55 or /? = 53-^75 ^on%. 

But since the weight W^ lies in the new position directly on the left end, the effective 
reaction is 43.875 tons. 

The required maximum moment then is given by 

43-875 X 8^ - 10 X 5 = + 388.75. 

For the maximum moment at 20 feet from the left, the reaction is given by 

i? X 40 = 100 X 17.55 or i? = 43.875. 

The required maximum moment then is 
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43-875 X20— lox 16— lox II — 15 x6=4- 517.5. 

If any of the loads had passed off or any new ones come on when the system was 
shifted, we should have had to find the fields for the new system of loads, and then pro- 
ceed as above. 

Short Spans— Medium Spans — Long Spans.— When the span Is less than 50 feet, 

or the length of two locomotives, it should be treated as above for a system of concen- 
trated loads. All spans under 50 feet, then, we call '''short'' 

The least admissible uniform live load is assumed in practice to be about i ton per 
foot in length. The best depth of truss is usually taken at about yi of the span. As the 
span increases the depth increases, and hence the length of bay becomes greater. Taking 
the length of bay equal to the height, we should then soon arrive at a length for which a 
load of I ton per foot would give an apex load equal to the weight of a locomotive. This 
length we fix at about 250 feet. Spans greater than 50 feet, and less than 250, we call 
" medium'* 

Above 250 feet, we call a span " long." Such a span can be calculated for a uniform 
moving load of i ton per foot. 

Medium Spans— Concentrated Loads. — For "medium '* spans exceeding in length 
the space covered by two coupled locomotives, or 50 feet, and less than 250 feet, the fore- 
going method is unnecessary. 

To find the maximum strain in any flange, we may proceed as follows : Consider the 
whole span covered with the train load reduced to an equivalent* uniform load per foot. 
Then suppose the locomotive excess to act, for any bay in the unloaded flange, at the centre 
of moments for that bay, for any bay in the loaded flange at that end of the bay next to 
the most distant support. If there is another locomotive, let its excess act in the longest 
segment of the span, at a distance from the first equal to the distance between the two lo- 
comotives, or 50 feet.* If this distance does not fall exactly at an apex, take it as acting 
i>if.86 at the first apex further on. 

ft g ^ Thus, suppose the train load is equivalent to 2,000 lbs., 

rXj or I ton, per lineal foot. We- suppose this load to cover the 
span, Fig. 86. Let there be in addition two locomotives. 

"i BO- -> Let each locomotive concentrate, say 90,000 lbs., upon a 

wheel base of 12 feet. The locomotive excess over 2,000 lbs. per foot is then 

90,000 —{12 X 2,000 = 66,000 lbs., or 33 tons. 

If, now, we wish the maximum strain in bc^ for instance, we suppose the excess to act 
at ey the point of moments for be. If there is another locomotive, then 50 feet from the 
first we let the second locomotive excess act. If this does not fall at an apex, then the 
first apex A, further on, is the one which is loaded. So for any other upper bay or bay in 
the unloaded flange, generally. For any lower bay, as de^ or bay in the loaded flange gen- 
erally, whether upper or lower, the first locomotive excess acts at ^, or that end nearest to 
the most distant support. 

This rule for loading gives the greatest moment for any flange. 

In order to find the maximum strain in any brace, take the uniform train load as ex- 
tending, for positive shear, from the right, and for negative shear from the left, up to the 
middle of the corresponding bay in the loaded flange. The first locomotive excess for 
positive shear is at the right end of that bay, and for negative shear at the left end. The 

*Prof. Wm. Cain — ** Maximum Strains in Franud Bridges." 
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second locomotive excess follows at an interval of 50 feet on the right or left, or at the 
first apex just beyond this distance in either case. 

Thus, Fig. 87, the greatest positive shear for be or for bd, occurs when the uniform 
train load reaches to half a bay beyond e to the right end, and the first locomotive < 
acts at the apex e and the second at h on the right. The 
greatest negative shear for bd or be would occur when the 
train load reaches from the left end to the middle of the bay 
de, and the first locomotive excess acts at d. The second < 
should act 50 feet to the left of e, if at all. __ 

All "medium" girders, subjected to locomotive and ▼--«--»- 

train loads, may be calculated in this manner. 

Of course, the strains found must be divided up among the trusses composing the 
bridge. Thus if there are two trusses, the strains upon each will be one half of those 
found. Otherwise we should take only one half of the above loads in finding the strains. 

In all the cases which we shall investigate, we shall find the strains in each form of 
truss as though it alone supported the entire load. These strains can then be divided up 
among the number of trusses which support the bridge. 

The method of loading, shown in Fig. 86, supposes that cars may precede as well as 
follow engines Jo feet apart. This may indeed happen, but rarely, however. The maxi- 
mum flange strains, therefore, are of less frequent occurrence than the maximum strains in 
the bracing, which occur for every passage of the supposed train with engines. 

The concentration of 33 tons upon a single apex, and a second 33 tons upon an 
apex 50 feet beyond the first, together with a train load of 2,000 lbs per foot, gives un- 
doubtedly greater strains than are customary. When we recollect that the train load is, 
however, rather small, if anything, for present practice, that the weights of train and en- 
gine are on the increase, that the unknown effects of high speed, snow, cold, wind, and 
poor fittings, have all to be provided against, as well as the eHects of shock, our assump- 
tions will hardly be considered as excessive on the side of strength and durability. As 
before remarked, practice in these points may, and does vary. Our methods, however, 
remain unaffected. 

Questions for Examination. 

Define what is meant by the term shearing force or " shear." Define shear. Illustrate by a beam 
supporting several weights. State the conventions which determine the proper signs for the different terms 
in the algebraic sum of the outer forces. Give rule for finding the strain in any brace when the flanges are 
horizontal. Deduce this rule. Illustrate how the angle is measured — when the cos is plus and when 
minus. When is the sin fi plus and when minus ? Through which end of a brace is the verticil from which 
e is measured— drawn ? 

What do you mean by resultant shear ? Show how, by means of it, the strain in a brace may be found 
when the flanges are not horizontal. How do you determine when and how much a brace must be counter- 
braced when the live load acts as well as the dead ? Wbat distribution of live load causes the greatest flange 
Strains ? Deduce the equation for the maximum moment at any point. What is the graphic interpretation 
of this equation ? Apply the diagram to a framed structure. Through what points are the ordinales which 
give the maximum moments drawn ? How can you find the flange strain when the moment is given ? What 
is the rule for the sign of the lever arm ? 

What distribution of iive load causes the greatest positive and negative shear at any point ? Write 
down the equation for maximum shear. What is the graphic interpretation of this equation ? Apply the 
diagram to a framed structure. From what point must we always drop the ordinatcs which give the shear 
for any brace ? Show how to tell whether the hrace strain is tension or compression. Write down the equa- 
tion for the shear at any point due to dead load. What is the graphic interpretation of this equation ? 

Illustrate {Fig. 83) how to find the maximum strains in braces due to combined action of dead and live 
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loads, when flanges are horizontal. Point out between what points on the diagram we must counterbrace, 
and why. 

When a system of concentrated loads moves over a beam or girder, when will the greatest shear at any 
given point occur ? Show how to find the position of the system which gives the greatest shear at any given 
point, and what that shear is. 

When will the greatest moment at any point occur ? Show how to find it. 

What is the method of procedure for medium spans in order to find the greatest shears, taking into ac- 
count the locomotive ? What is the method for the maximum moment ? 
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CHAPTER III. 

BRIDGE GIRDERS WITH PARALLEL FLANGES— TRIANGULAR GIRDER. 

Different Methods of Solution. — The triangular girder is the simplest form of 
girder, and we choose it, therefore, as our first example of the application of preceding 
principles. These principles have given rise to various methods of solution for girders 
with horizontal flanges, some of which are advantageous in some forms of girders, and 
some in others. We shall give in the present chapter all these methods as applied to fhe 
same example, and shall then in future chapters, which discuss other forms of girder, 
choose in each case that method alone which seems best adapted to the case in hand. 

We may distinguish four different methods, based upon the principles of the four 
Chapters of Section I., Part I., viz.: the method by graphic resolution of forces, by alge- 
braic resolution of farces, by algebraic method of moments, and by graphic method of 
moments. The special form which the last two take in the case of parallel flanges, has 
been noticed in the preceding Chapter. The application of the first two will be apparent 
as we proceed. 

Example for Solution. — We shall choose, for convenience merely, a short girder, 
which will serve to illustrate the methods quite as well as if it were longer. 

Let the girder, Fig. 88, be lo feet high and 80 feet long, having 8 equal bays in the 
lower flange and 7 in the upper. The live 
load passes over the lower flange, and the 
bridge is, therefore, a " through bridge.** 
The bracing consists of isosceles triangles, 
and hence the angle made by each brace with 
the vertical is 26"^ 34'. Let the dead load be supposed to be known and equal to one half a 
ton per running foot, and let the live load be taken at one ton per foot.* Our data, 
then, are as follows : 

/ = 80, d= 10, 6 =z 26° 34', / = 0.5 ton, m= i.o ton ; 

where d= depth of girder. 

Since the length of each bay is 10 feet, we have an apex load of 5 tons for the dead 
load and 10 tons for the live load. The notation for the various pieces is as represented 
in Fig. 88. 

* We do not, therefore, at present take account of the action of concentrated loads, page 88. We shall do that 
hereafter. 
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FIRST METHOD — BY GRAPHIC RESOLUTION OF FORCES. 

Maximum Strains in the Flanges. — According to the principles of the preceding 
Chapter the flange strains will be greatest when the girder is fully loaded with both dead 
and live loads. When this is the case we have at each lower apex a load of 5 +• 10= 15 
tons. The reaction at each end is then 52.5 tons. 

We lay off the weights, AB, BC^ CD, etc., Fig. 89, then the- reactions HL and LAy 

Flff. 80. 



VIA 





and then form the strain diagram according to the principles of Chapter I., Section I. 
The strains in the flanges thus obtained are the greatest which can ever occur. Making 
the construction we find 



Lb 
strain 4- 52.5 



Ld Lf Lh Aa Be 

+ 90 + 1 12.5 +120 —26.25 —7^-25 



Ce Dg 

1^1.25 — 116.25. 




It only remains to notice that since the braces are very short they will not give direc- 
tion very accurately in the strain diagrams. 
Hence it is well to lay off carefully the direc- 
||K tions of the diagonals to a much larger scale, 
as shown by the dotted lines in Fig. 89, and 
use these directions in forming the strain 
diagram. 

Maximum Strains in the Braces. — 
In order to find the strains in the braces we may find the strains caused, 
by each live load apex weight separately. Tabulating these strains, 
we can easily find the dead load strains and finally the maximum strains 
in each brace. Thus, Fig. 90, suppose only the first apex live load of 10 
tons to act. The reaction at the left end is then | 10 = 8J, and at the 
right end ^ 10 = \\. Lay off then AB equal to the weight P = 10, and 
BL and LA equal to the reactions and form the strain diagram. Scal- 
ing off the strains in the braces, we can enter them in a table as follows : 
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La 


ab 


be 


cd 


de 


'/ 


fs 


gh 


Px 


+ 9.8 


-9.8 


-1.4 


4- 1.4 


-1.4 


4- 1.4 


-1.4 


4- 1.4 


p^ 


+ 8.4 


— 8.4 


+ 8.4 


-8.4 


-2.8 


4- 2.8 

1 


-2.8 


-f- 2.8 


Pt 


+ 70 


-7.0 


+ 7.0 


-7.0 


4-7.0 


-7.0 


-4.2 
4- 5.6 


4-4-2 


A 


+ 5.6 


-5.6 


+ 5-6 

• 


-5.6 


■\' 5-6 


-5.6 


-5.6 


^» 


4- 4-2 


-4.2 

-2.8 


+ 4.2 


-4.2 


4-4.2 


-4.2 


4-4-2 


-4.2 


p. 


4 2.8 


4- 2.8 


-2.8 


4- 2.8 
. 4- 1.4 


-2.8 


4- 2.8 


-2.8 


P-, 


+ 1.4 


-1.4 


4-1.4 


-1.4 


-1.4 


+ 1.4 
+ 14.0 
-8.4 


-1.4 


g Com p. + 


+ 39-2 


• • • • 


+ 29.4 


4- 1.4 
-29.4 


4- 21.0 


4- 4.2 


4- 8.4 


'% Tens. — 

M J 


• • • • 


-39.2 


-1.4 


-4.2 


— 21.0 


— 14.0 


Dead load. 


+ 19.6 


— 19.6 


4- 14.0 


— 14.0 


4- 8.4 


— 8.4 


4 2.8 


-2.8 


Max. com. + 


+ 58.8 


• 

• ■ • • 

-58.8 


+ 43-4 


• • • • 


4- 29.4 


• • • • 


4- i6.ft 


-1- 56 


Max. tens. — 


• • • • 


• • • • 


-43.4 


• • • • 


-29.4 


-5.6 


- 16.8 



Thus the first line in the Table gives the strains in all the braces due to the first apex 
load /\. 

In a similar way we may find and tabulate the strains due to each of the other apex 
loads acting separately. This, however, need not involve a separate diagram for each apex 
load. We can fill up the table directly. Thus, suppose the second weight P% to act. It 
will cause at the right end a reaction twice as great as /i caused at that end. The strains, 
then, in all the braces to the right of P^ will be twice as great as they were for /j. As to 
their signs, we have only to remember that the two pieces which meet at the loaded apex 
BC^ viz.: cd and de^ are both tension (if the load were on the top flange both compression), 
and the strains alternate in sign both ways. Thus de would be tension and equal to 2 x 
14 = — 2.8, ^ would be -f 2.iyfg= — 2.8, ^A 4- 2.8, etc. In similar manner, the left hand 
reaction for P^ would be | 10 = 7J, instead of | 10 or 8|. The strains in all the braces to 
the left of P2, therefore, are 4 of the strains caused by Pi in the braces to the left of it. As 
to the signs, the same rule is to be observed. Thus the strain in cd due to /j is tension 
and equal to 4 X 9.8 = — 8.4, for be we have then + 8.4, etc. We can, therefore, fill out 
the table for P^ 

In similar manner for P^ we have fg tension and equal to 3 x 1.4 = — 4.2. Also ef 
tension and equal to f x 9.8 = — 7. 

For P^ we have gh tension and equal to 4ths of the strain caused by /\ in the left hand 
braces, or 4 x 9.8 = — 5.6. We can, therefore, fill out the line for P^ in the Table. 

For /j we have 4 x 9.8 = 4.2, and by reference to Fig. 90 we see that starting from the 
weight and remembering that the braces are alternately tension and compression, ^A is in ten- 
sion. We thus fill out the line for P^ in the Table. 

In similar manner we fill out the lines for P^ and P^. 

Our Table now contains the strains in the braces caused by each apex live load, acting 
separately. 
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The next two lines give the compression and tension in each piece due to the live 
load. Thus we see at once that all the live loads cause compression in La, The live load 
compression is then 39.2 tons. In the same way we see that the greatest tension on fg 
occurs when only /j, /, and P^ act, and the greatest compression, when P^, /g, P^ and 
P^ act. This agrees with our principle in the preceding Chapter, that the strain in any 
brace is greatest when the live load reaches from the end of girder to half a bay past the 
brace. 

Having now filled out the lines for live load compression and tension, we can easily 
find the dead load strains. The dead load acts at every apex simultineously, and since it 
is in the present case half the live load, we have only to take the algebraic sum of all the 
live load strains and divide by 2 to obtain the dead load strains.* We thus fill out the 
line for dead load strains at once. 

Finally we can find the maximum strains. Thus for Za, the dead load causes + 19.6 
and the live load + 39.2 tons. The maximym is therefore, 4- 58.8 ton^. In same way 
ab ^ — 58.8. For be the greatest compression is 4- 29.4 + 14 = 43.4. The live load 
tends to cause a tension of — 1.4 in bcy but as this is less than the constant dead load 
strain of compression it produces no effect. The same holds good for cd^ de and ef, In/g 
the dead load causes compression of 2.8. This, together with the live load compression of 
I4> gives + 16.8. But the live load may also cause a tension of — 8.4. As this is greater 
than + 2.8 due to dead load, we must counterbra^e /g for the difference. Hence the 
effective tension iny^ is — 8.4 + 2.8 = r- 5.6 tons. We find thus that fg^x\A gh are the 
only pieces which need to be counterbraced, because they are the only braces in which 
the strain due to dead load is exceeded by the strain of opposite kind due to live 
load. 

We have thus found the maximum strains in every piece of the girder. 

SECOND METHOD — BY ALGEBRAIC RESOLUTION OF FORCES. 

Maximum Strains in the Flanges. — The loading which gives the maximum strains 
in the flanges, is when both dead and live loads cover the whole span, that is when we have 

15 tons at each apex. When 
this is the case, the weight 
Pk^ Fig- 9^ being at the centre. 




we know that it causes a reac- 
tion of \ P^ at each end. That 
is, the shear, or portion which 
goes each way through the 

braces, is 0.5 ^4. This shear multiplied by the secant ^, gives the strain in the braces due 

to P^ alone, tension for gh and alternating toward the left. 

If /s acts alone it would cause at the left end a reaction of % P% and at the right end 

a reaction of | P^, But if P^ acts at the same time, it will cause at the left as much as /g 

causes at the right. Hence when P^ and P^ act simultaneously, we can consider that the 

whole of /g goes toward the left end through the braces, and the whole of P^ toward the 

right end. 

While, then, the strain in gh and ^ would be 0.5 P^ sec ^, the strains in de and ef 

would be given by 1.5 /i sec ft In the same way for be and ed we have 2.5 P% sec ^, and 

for La and aby 3.5 /\ sec B, 

We have accordingly placed upon each brace, in Fig. 91, the coefficients of P^ which. 



This is on the supposition that the dead load takes effect only at the loaded apices as stated on page 85. 
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multiplied by /'or 15, gives the shear for full load. This shear, multiplied by the sec 9, 
t\%A% gives the strain in a brace, multiplied by the tangent 9 it gives the strain 

in the flange. Thus, Fig. 92, we have the strain in f/" tension and equal 

to i-S /'sec B. The horizontal component of this strain causes strain 
of compression in the flange Lf. This horizontal component is I. S /* 
sec B y. svciB = 1.5 P tan B, But if ef is tension, de is compression 
and equal to ef. Hence, de causes also compression in Lf equal to P 
tan B. The total compression in Z/then is 1.5 /'tan B + i.j /»tan fl = 3 /^tan ft 

In general, if we add together the coeflicients in Fig. 91, for any two braces which 
meet at an apex, we shall have the coefficients which multiplied by /"tan B will give the 
strain which these braces cause in the flange to the right of them. Thus, Fig. 93, we obtain 
at the upper apices the coeflicients !, 3, 5, 

T, and at the lower apices, 2, 4, 6 and 3, 5. fik.ds > 

The strain, then, in Lb is 7 /'tan tf= '»*u'ii ' m 

7 X 15 X 0.5 = + 52.5. In Ld, we have 
5 P tan B due to the braces be and cd. 
But the strain in Lb also acts upon Ld. 
The total strain in Ld is then 7 P tan B ^■ 
5 /'tan B = i2/*tan C = 12 x 15 x 0.5 
= + 90. 

■ If, therefore, commencing at the end, we add the apex coefficients, and place the results 
over each flange, the coefficients thus determined give t&e strains in the flanks. 

Thus 

IS X O.S = + I12.5 

: 15 X 0.5 = 4- 120. 

: 15 X a5 = — 26.25 

; IS X O-S = - 71.25 

Ce = ii.$Ptan0 = 13.5 x 15 x 0.5 = - 101.25 

^^= iS-5 /'tan^ = 15.5 X IS X 0.5 = - 116.25 

These are precisely the same results as those obtained by the preceding method of 
diagram. The method in the present case is very simple, and involves but little work. 

Maximum Strains in the Braces. — In order to find the maximum strains in the 
braces, we might take each apex live load separately and find the shear which it sends to- 
ward each abutment. These shears multiplied by sec B would give the strains in braces 
right and left of the load. We could thus easily form a Table precisely similar to the one 
on page 93, two simple multiplications only being necessary in order to fill out each line. 

Thus let Pi act alone. Fig. 90. The portion which goes toward the left is 5/*, and 
toward the left J /•,. We have then tension in both ab and be. For ab we have — JP, sec 
tf = — J 10 X 1.117 = —9.8- For ^r we have J/'i sec ^=.J 10 x 1. 117 = — 1.4. This is 
enough to fill out the first line in our Table, page 93, for Pi. Other lines can be filled out 
in similar manner. We have only to remember that the braces which me<-t at the weight 
have both the same sign, minus when the weight is below, and plus when it is at the upper 
apex, and that the signs alternate both ways from the loaded apex. 

The Table, page 93, was rendered necessary in order to avoid making a separate dia- 
gram for each weight. 

In the present case, however, it is unnecessary to draw up a Table at all. We can 
find the maximum strains in each diagonal directly. 



v = 


IS i>tan9= 15 


i/i = 


16 /'tan ^ = 16 


Aa = 


3.5/'tan«= 3.5 


Be = 


9.5 /'tan «= 9.5 
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a. Dead Load Strains. — Thus let us first find the dead load strains. The apex load 
is 5 tons. We have, then, from our coefficients. Fig. 93, page 95, 

• 

La = 3.5 -P sec ^= 3.5 X 5 X 1.117 = + 19.54. 

We have La compression because the reaction at its foot is upward. For ab then we 
have — 19.54. As the signs arc alternately plus and minus, 

fo = + 2.5 Psec ^ = + 2.5 X 5 X I.I 17 = + 13.96, 

and cd = — 13.96. 
For de^ we have, 

de= -\- 1.5 /^ sec ^ = + 1.5 X 5 X i.i 17 = + 8.38, 

and ^/ = — 8.38. 
Fory^, 

^ = + 0.5 Psec ^ = 4- 0.5 X 5 X 1. 117 = + 2.792, 

and ^A = — 2.792. 

These strains are very closely what we have found for the dead load strains in our 
Table, page 93. A slight discrepancy is to be expected, because in Fig. 90 we suppose f 
of Pi to go toward the left, and \ toward the right, while in Fig. 93 we suppose the whole 

of Pi to go toward the left, because all the 
loads are supposed to act simultaneously. 

b. Live Load Strains. The apex 

live load is 10 tons. 

The greatest positive shear for the brace 

gh will occur when /i, P^ /i, and P^ act, the 

other apices being unloaded. Fig. 94. The greatest negative shear for gk will occur when 

only Pi, Pi, and P^ act. We have, then, for the positive shear for ^A, (^ 4- | + j + i) lO = 

+ 12^, and for the negative shear — (i + f 4- 1) 10 = — 7^. 

We have, then, 

gA cos -h I2i = ox gh = — I2i sec ^ = — 13.96 

gh cos ^ — 7i = o or gh = ^\ sec. (9 = + 8.38. 




A ' These are the greatest strains of each kind the live load can cause in gh. 

Foryjf we have the same strains only of opposite character, hence y^f = + 13.96, and 
- 8.38. 

For the brace ef the greatest positive shear is when /g, /i, /g, P^ and P^ act, and the 
greatest negative shear when /\, P^ act. We thus find the shears + i8i and — 3}. 
Hence, 

^cos 6 + 18.75 = o> or ^/= — 20.94, 

ef cos — 3.75 = o, or ^ = + 4. 19. 

for de, then, we have ^^ = 4- 20.94 or — 4.19. 

For the brace cd the greatest positive shear will be when all the weights except /j act. 
We have then for the shears, + 26J and — i^. 

Hence, 

cd cos B 4- 26J = o, or r^/= — 29.32. 

cd cos (9 — I J = o, or ^:^/= 4- 1.4. 
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For be we have ir = + 29.32 and -- 1.4. 

For the brace ab the greatest shear is positive, and occurs when all the loads act. 
There is no negative shear. When all the loads act the shear is + 35. 
Hence, 

ab cos ^ + 35 = o, or tf^ = — 39.1. 

We have, then, Z^? = + 39.1. 

Collecting the above results together, we have the following Table : 

TABLE OF STRAINS IN THE BRACES. 





La 


ah 


be 


cd 


de 


^/ 


/JT 


/r^ 


Dead load. 


+ 19- 54 


- 19.54 


+ 13.96 


- 13.96 


4- 8.38 


-8.38 


+ 2.8 


-2.8 


1 rComp. +. 


+ 391 


• • • • 


+ 29.32 


+ 1.4 


+ 20.94 


+ 4.19 


+ 13.96 


+ 8.39 


a [Tens. - 


• • • • 


-39-1 


-1.4 


— 29.32 


-4.19 


-20.94 


-8.^ 


-13.96 


• 

Max. comp. > 


+ 58.64 


V • • • 


+ 43.28 


. • • • 


+ 29.32 


.... 


+ 16.76 


+ 5.58 


Max. ten. 


• • • • 


-58.64 


• • • • 


- 43.28 


. • « . 


— 29.32 


-5.58 


— 16.76 



The values in this Table agree well with the Table on page 93. The first three lines 
give the dead load strains and the live load compression and tension. From these three 
lines, the last two, which g^ve the maximum strains, are easily found, just as before. 

THIRD METHOD — BY ALGEBRAIC METHOD OF MOMENTS. 

Maximum Strains in the Flanges. — The point of moments for any flange is at 
the opposite apex. We take, as before, a full load, or 15 tons per apex. This gives 524^ 
tons for each reaction. Then, since the depth of truss is 10 feet and the length of panel 
10 feet, we can write down the following equations (See Fig. 94) : 

For the upper flanges, 

Z^ X — 10 + 52.5 X 10 = o, or Lb X 10 = 52.5 x 10, 

hence Lb = + 52.5. 
In similar manner, 

Ld X 10= 52.5 X 20— 15 X 10, or Ld= +90, 

L/ X 10 = 52.5 X 30 — 15 X 20 — 15 X 10, or Z/= 4- 112.5, 

LAx 10 = 52.5 X 40 — 15 X 30 — 15 X 20 — 15 X 10, or ZA = + 120, 

For the lower flanges, 

Aa X 10 + 52.5 X 5 = o, or Aa x 10 = — 52.5 x 5, hence Aa = — 26.25. 
In similar manner, 
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Be y^ lo = — 52.5 X I s + 1 5 X 5, or J?^ = — 71.25, 

Ox 10 = — 52.5 X 25 + IS X IS + 15 X 5, or O = — 101.25, 

Dgy. 10 = — 52.5 X 35 + 15 X 2S + IS X 15 + 15 X 5» or Z>f = — 116.25. 

These values agree perfectly with those already found. 

Maximum Strains in the Braces. — We have already seen, Fig. 73, page 79, that 

the application of the method of moments to the braces, gives us for the strain in any 

brace, as be Fig. 73, 

be = Shear x sec 6, 

The method for the braces, then, is identical with that of the preceding method, when 
the flanges are horizontal. 



FOURTH METHOD — GRAPHIC METHOD OF MOMENTS. 

Maximum Strains in the Flanges. — The principles of this method are given on 
pages 82 and 84. 

The dead load per unit of length is/ = 0.5 and the live load fn=\. The middle ordinate 

of the parabola, Fig. 95, is therefore (/ + w) q = i.S -^ = 1200. We lay off then. Fig. 

o o 

9S, to any convenient scale EF = 1200 and draw the parabola AFB, Drop verticals from 

Fiff.os the loaded apieeSy and where they intersect 

the curve, we shall have the apices of the 
moment polygon. Then to find the moment 
for any flange, as Be^ drop a vertical /r^wi tlie 
B point of moments for that flange. Thus, in 
the Fig. km^ the ordinate by scale from AB 
to the polygon {not to the curve), ^ves the 
moment for the flange Be. In like manner 
the ordinate nO gives the moment for Ld. 
These moments divided by the depth of truss gfive the strains. The division can be at 
once effected by properly changing the scale of moments. Thus if we lay off EF = 1200 
to a scale of 600 to an inch, and if we are to divide all the moments by 10, then the ordi- 
nate measured to a scale of 60 tons to an ineh will give the strains directly. 

If the student will make the construction carefully, he will find precisely the same 
values for the flanges as those already obtained by the preceding methods. 

Maximum Strains in the Braces. — According to the principles of the preceding 
Chapter, page 84, we draw the shear dia- 
gram for dead load. Fig. 96, by laying off 
// _ o>5 X 80 
2 "" 2 




= 20 at each end of the 



span and drawing the straight line COD. 
For the maximum live load shear, we lay 



I X 80 



• = 40 and draw the 



off^£=^^ = 

2 2 

parabola EB. This parabola gives the 

positive shear for load coming on from the 

right. For load coming on from the left 

we have the dotted parabola -4-fi", which 

gives the negative shear for any brace in the left half of truss. 
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We have now only to remember that the shear for any brace is given by the ordinate 
let fall from the middle of the bay belonging to that brace. Thus, for gh the greatest 
positive shear is equal by scale to mo^ where mn is the shear due to dead load, and no that 
due to live load. By our rule 

gh cos Q + shear = o ov gh = — Shear sec 0. 

For ghy as the sec is positive and since the shear is positive, tno sec. d will give ten- 
sion ingh. The sec 6 in this case is i.ii7. If, then, we divide the scale to which — and — 

* 2 2 

are laid off by 1. 117, wt? to this new scale will give at once the strain \ngh. 

In the same way the greatest negative shear due to the live load is kn. But the posi- 
tive shear due to dead load is mn. The difference, or km, is the effective shear which 
causes compression in^i4. We see, therefore, that only ^ and ^A, and the corresponding 
braces on the other side of the centre, require counterbracing. For all the others the 
dead load positive shear exceeds the maximum negative shear due to live load. 

Thus, Fig. 95, we obtain by scale mn = 2.5 and no = 12.65 or mo = 15.15. This 
multiplied by sec = 1.117 gives 16.9 tension in gh, which agrees with the value already 
found by the preceding methods. In the same way we find kn = 7.65 and mn = 2.5, 
hence hn = 5.15. This multiplied by sec S = 1.117 gives 5.7 tons for compression in gh, 
which agrees well with the values already found. 

Strains due to Locomotive Excess. — In all that precedes we have supposed a 
uniformly distributed live load of I ton per foot. But as we have seen, page 88, we must 
for spans less than 250 feet and greater than 50 feet, also take into account the strains due 
to the locomotive excess. Whatever method, therefore, we adopt, of those just given, the 
solution is not complete until we have found and properly added the locomotive excess 
strains to those already found for uniform live load. 

These strains we now proceed to find. 

Upper Flanges. — For flange Lb, Fig. 95, we should have a concentrated load equal 
to the locomotive excess over i ton per foot, or 33 tons (page 88) acting at the ist lower 
apex. Fig. 95, and another equal load acting at the 6th lower apex or 50 feet from the ist 
(page 88). These two loads being conceived to act at these places, we find the left hand 
reaction easily from 

^ X 80 = 33 X 70 4- 33 X 20 or ^ = 37.125. 

Hence for the strain in Lb, we have 

Lb y. 10 = 37.125 X 10 or Z* = + 37.125. 

In the same way we have for Ld, 

^ X 80 = 33 X 60 4- 33 X 10, or ^ = 28.875, 
and 

Ld X 10= 28.875 X 20, hence Z^/= + 57.75. 

^ X 80 = 33 X 50, or i? = 20.625, 
and 

Lf X 10 = 20.625 X 30, hence Z/= + 61.875 tons, 

ZA X 10 = 16.5 X 40, hence ZA = + 66 tons. 

Lower Flanges. — For flange Aa, Fig. 95, we have 33 tons at the first apex and at 
the 6th. Hence, 

j4a x 10 = — 37.125 X $, or Aa = — 18.56. 
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For Be we have, 

^r X 10 = — 28.75 X 15, or Bc^ — 43.12, 

Ox 10 = — 20.625 X 25, or CV = — 51.56, 

Dgy. 10 = - 16,5 X 35, or Z{f = - 57.75. 

These strains must be added to those already found for the uniform live load of 2,000 
lbs. per foot. We see at once how much the flange strains may be increased owing to the 
very heavy concentrated loads of the locomotive. 

Braces. — For the braces La and ab we have, according to page 95, the strains 



and 



La = 37.125 X sec. 6^ = 37.125 x 1,117 = -f 41.47, 



ab=i — 41.47- 



In similar manner we have, 



and 



and 



and 



bc:=z 28.875 X I.I 17 = + 31.5 
be = — 4.125 X I.I 17 = — 4.5 
^=20.625 X 1.117= + 23.04 
de^ —8,125 X I.I 17 = — 9.07 
fgzzz 16.5 X I.I 17 = 4- 18.4 



cd= - 31.5, 
r^/= +4.5. 
</■= -23.04, 
^= + 9.07. 
gh^ - 18,4, 



fg= - 12.375 X 1.117 = - 13-82 ^A= + 13.82. 



These values must be added to the corresponding values found for uniform live load. 
The actual maximum strains then are given by the following Table, where the dead load 
strains are as before, page 97. 

TABLE FOR MAXIMUM STRAINS IN THE BRACES. 





La 


• ab- 


be 


cd 


de 


'/ 


fs 


gh 


•g Comp. 4- 


39- 1 
41.47 


• • • • 


29.33 

31.5 


1.4 

4-5 


20.94 
23.04 


4.19 
9.07 


13.96 
18.4 


8.38 
13.82 


a Tension — 


• * • * 


39.1 

41 -47 


1.4 
4.5 


29.32 
31.5 


4.19 
9.07 


20. 04 
23.04 


8.38 
13.82 


13.96 
18.4 


Dead load. 


+ 19- 54 


- 19.54 


+ 1396 


-13.96 


+ 8.38 


-8.38 


+ 2.8 


-2.8 


Max. comp. 


100.11 


• • • V 


74.78 


• • V • 


52.36 


4.88 


35.16 


19.4 

1 


Max. tens. 


• • • • 


ioo.it 


• • • • 


74.78 


4.88 


52.36 


19.4 


35.16 



Comparing these strains with those found and tabulated on page 97, we see how great 
an influence the locomotive excess has. We see that de and ^must now also be counter- 
braced as well as fg and gh. All the strains are very much increased. 

If there are two trusses in the bridge, the strains in each will be one half of those just 
found. In general we find the strains upon a truss as if it alone supported the entire load, 
and then divide these strains among as many trusses as may compose the bridge. 
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Tables Unnecessary— Best Method of Solution.— Reviewing all the methods, 
we see that in the present case the method of calculation by moments (page 97) is deci- 
dedly the simplest and best. The Table, page 93, was rendered necessary in order to avoid 
the necessity of making a separate diagram for each brace. With this exception, the other 
Tables are unnecessary, and are only given in order to show the relative influence of the 
dead and train loads and locomotive excess. In practice, we can and should find the max- 
imum strain of either kind upon any piece directly by a single equation of moments. We 
close this Chapter, therefore, by calculating the case in hand in the manner which we 
recommend for all such cases. 

Thus, referring to Fig. 94, let us find once more the maximum strains. Let the dead 
load of 5 tons at each apex be x, the train load 10 tons = y, and the locomotive excess 33 
tons = z. 

{a) STRAINS IN THE FLANGES. 

The strains due to dead load alone are easily found if they are required, as on page 80, 
for full live load. 

For the maximum strains, we proceed as follows : 

At every apex of the lower flange, Fig. 94, let the dead load x and train load y act. 
We have, then, ar4-j'=S + io=i5 tons at each apex, and the reaction at each end is 

7J£±Z) = 52.5 tons. 

2 ^ ^ 

For the bay Aa, Fig. 94, we have in addition the locomotive excess of 4r= 33 tons at 
Pi and at P«, 50 feet from Pi. These loads cause a reaction at the left end of J 4r + | jsr = 

I £r= 37.125 tons. For the flange Aa then, the left reaction is ^ ^ + f ^ = 89.625 

** 2 o 

tons, and hence by moments, 

Aa>i 10= - YlS^L±A + 1^1 X 5, or Aa= -44-8i- 

For Be we have z tons at P, and at P^j. The left reaction is, therefore, 
r7_v£ — y) ^ Z ^ 1 -, 81.37s tons. Hence 

Be y. 10= - r 7 (^ + ^) + 1^1 X 15 + (jT ^j/) 5 Bc^- 114.56. 

In similar manner, 

Ce X 10= - rUfjti^ + 1^1 X 25 + (4:+ J/) (15 +5) = — 152.81. 

Z5f X 10= - r7if_±i:)+ lirj X 35+ (jr + J/) (25 + 15 + 5) Dg^ -174. 

z* X 10= + r^-^^^^^ + 1-^~| X 10 z*= +89.625. 

Ldy. 10 = + r ^ ^^-^ "^^ ■•"I"'''! ^ 20- (jr +^) 10 Ld= 147.7$. 
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Z/ X lo = + [-^-^^^ + 1 -8^ J X 30 - (^ + ;/) (20 + 10) Z/= + 174.375. 

ZA X 10 = + ^ ^"^ "^-^^ + |- ^ X 40 - (;r + J/) (30 + 20 + 10) Lh:=z + 186. 
These are the maximum strains which can ever occur in the flanges. 

{b) STRAINS IN THE BRACES. 

For the greatest tension in gk. Fig. 94, we have at every lower apex 5 tons = x, due 

to the dead load; also 10 tons =j/ at all the right hand apices due to train load, and 

finally, 33 tons = z ^X P^ due to the locomotive excess. The left reaction is then 

7x / I 2 X a\ s 7 10 . 4-ff ^ ^ ^ T-t_ 

2 ■^\8"^8"*"8'^t/^'^l'^2 "^ y-^'^'^'" 17.5 + 12.54-16.5=46.5 tons. The 

shear for ^A is, then, the reaction minus the three dead loads at /\, /^j and P^or 
^ar+— j/-h- 3-^ = 46.5 — 15 =+ 31.5 tons. Therefore, 

2 o 2 

gA:= -(^x+ ^^+4^"" 3^) sec ^= -31.5 X 1.117= -35.18 tons. 

The greatest compression in gA will be when, in addition to the dead load at every 
lower apex, we have 10 tons = j/ at Pi, Pt and P^ and 33 tons = ^ at /V The reaction at 
the rtgit end is then 

*^+(i + l + «)jK4-i^ = J:r + |j/ + i-8r= 17.5 + 7.5 + 12.375 = 37.375. 

The negative shear ior gh is then — 37-37$ + 4^ = — 17.375, and 

gh^ {}x 4- |j/ + l-sr- 4^)sec ^= 17.375 x 1. 117 = + 194. 

For the greatest tension in ef, we have, in addition to the dead load of 5 tons = or at 
every lower apex, 10 tons =^ y dX every right hand lower apex and 33 tons = z at /J. The 
left reaction is, therefore, ix^-^y-^t^z = 17.5 + 18.75 + 20.625 = 56.875. The 
positive shear is, therefore, 56.875 — 2jir = 46.875. 

For the greatest negative shear we have 10 tons = j/ at /^ and P^ and 33 tons = ^ at 
P,. Hence the right hand reaction \s\x-{-\y-¥\z=: 29.50. The negative shear is 
therefore — 29.50 + 5^ = — 4.50. 

We have, therefore, 

^/= — 46.875 X I.I 17 = — 52.6 and^/= 4- 4.5 X 1.117 = 4- 5.02 
rfif = 4- 52.36 de =^ — 5.02. 

For tension in cd we have, in addition to the dead load, 10 tons at every right hand 
apex and 33 tons = -sr at /i and at P^ also. The left hand reaction is then i x ■{- ^ + I z 
= 72.625 tons, and the positive shear is 72.625 — a: = 67.625. Hence 

cd '=^ — 67.625 X I.I 17 = — 75.53 and be ^ -^r 75.53. 

For the greatest compression, if any, in cdy we have 10 tons at P^ and also 33 tons at 
Py. The reaction at right is then \X'\-\y-\-\z'=- 22.875. The negative shear is, there- 
fore — 22.875 4- 6 a: = 4- 7.125. As the shear in this case comes out positive, it shows that 
cd is in tension for this loading also. In other words ^^/ does not need to be counterbraced. 
The same holds true for all the remaining braces. 
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For ab we have iinally 15 tons at every lower apex and 33 tons at P^ and at P^. The 
reaction at left end is then 52.5 + 38.375 = 90.875. This is equal to the shear. Therefore, 

ab ^ — 90.875 X I.I 17 = — 101.5 and La = +101. 5. 

These values agree well with those given in the Table, page 100. The slight discrep- 
ancies are due, as explained on page 96, to the manner in which the dead load strains were 
formed, z/£ar., from the algebraic sum of the train strains divided by two. 

We see, then, that the maximum strains may be found directly by this method from a 
single equation for each piece, and no Table is required. Whether a brace is to be coun- 
terbraced or not and the strain in the counter, are easily determined. 

The above comprises the application of our four methods to a bridge girder sustaining 
a live load as well as a dead load. In the following Chapters we shall make use of one or 
the other of these methods, whichever may seem best adapted to the case in hand. 

Questions for Examination. 

What four methods of solution are there ? State briefly the principles of these methods. Illustrate by 
an example the method by graphic resolution of forces as applied to the flanges. For what state of loading 
are the flange strains the greatest ? Show how to find the brace strains due to a single apex load. Explain •;- 

how the brace strains due to any other apex load may be at once found from this. Show how a table may 
be drawn up which gives the strains in the braces for each apex load separately. How can the dead load 
strains be found from these ? How can you find finally the maximum strains ? 

Explain the method by algebraic resolution of forces. Show how to find the flange coefficients. By 
what must these coefficients be multiplied in order to find the flange strains ? How are the maximum * 

strains in the braces found ? What position of live load gives the greatest strains in the braces ? How can 
you tell whether a brace is in tension or compression ? 

Explain the third method, by algebraic method of moments. Apply the method to the flanges. Show 
that for the braces the method is the same as the preceding. 

Explain the fourth method. What is the middle ordinate of the moment parabola ? How can this 
parabola be drawn ? From what point ought we to drop the ordinates for the flanges ? Show how the 
strains can be obtained from these ordinates. Explain how to change the scale so that the ordinates may 
give the strains directly. 

Illustrate the method for the braces. Show how to determine when a brace ought to be counter- % 

braced. From what point ought the ordinate to be dropped for any brace ? Are the tables of strains in 
the braces necessary ? How can you find the maximum strains in any brace by a single operation ? 
Illustrate, 
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Lattice Girder^Example for Solution.— As the length of span becomes greater 
it may be advantageous to have more than one system of bracing, thus reducing the panel 
length. 

In Fig. 97 we have represented the half span of a girder with four systems of bracing, 
load on lower flange. We have the length / = 
i6o feet, divided into i6 bays of lo feet each, 
height of girder = 20 feet, and the braces making 
an angle of 45° with the vertical. Therefore, ff = 
45°, tan * = I, and sec ff = 1.414. Let the dead 
load / = O-S ton per foot, and the live load r» = l 
ton per foot. Then the apex dead load is 5 tons, 
and the apex live load is 10 tons, 

(a.) Maximum Strains in the Flanges.— 
By far the simplest method in the present case is the method by coefficients, explained in 
the preceding Chapter. Thus, Fig. 97, we write down the coefficients upon the diagonals, 
which multiplied by />= 15, give the shear for full load. Adding the coefficients of the 
two diagonals which meet at an apex, we obtain the apex coefficients as given in the Fig- 
ure. Then b^inning at the end and proceeding toward the centre, we find by successive 
addition the flange coefficients, which, multiplied by/* tan 8, give the fiange strains. Since 
tan ff= I and P= 15, Pt&n 0= 15. 

For the upper flanges, all of which are in compression, we have, then, at once, 

a^^t= 2 X 1$ = + $0, ^ ^1 = 6 X 15 = + 90, 

*, *, = 9 X 15 = + 13s, *,c,= !i X 15= + 16;, c^^t=is X iS = + 195, 

didi= 15 X 15= + 225, tfi ti, = d, ft = 16 X 15 = + 240 tons. 

For the lower flanges, all of which are in tension, we have, 

tfia,= i.S X 15= -22.5, «,i, = 4.s X 15 = -67.5, *.f, = 7.5 X is = -ii2.s, 

c,f, = ias X 15= - 157.5, ^if,= 12.S X 15 =-187.5, 

*i<^*= I3-S X 15 = -202.5, <)i4f,=: 14.5 X 15 = -217.5, etei=is.sx iS = -r232.S. 

For the end post, 

<i4<^=2xi5 = + 30, <i,<ii = 6xi5=+9cx 



BRIDGE GIRDERS WITH PARALLEL FLANGES— CONTINUED. 

(J?.) Maximum Strains in the Braces. — The apex live load is lo tons. 

We find the maximum strains Ftg<08 

in the braces due to it by the q bt hx ft. e* di 
method of page 96. 
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Thus, the greatest positive 
shear for d^ ^1, Fig. 98, will be when ^j_ 

Ps and P12 only act, because these **» **« **» *** **• **• ^r f» **• **» *» *" ^u ''m ^i* 

are the only apex weights which act on the system to which di fi belongs, on the right 
of di fi. 

This shear is (-^^ + VV) ^^ = + 7.5. Hence 

di Cx cos ^ 4- 7.5 = o, or dx€x^ — 7.5 x 1.414 = - 10.6. 

We therefore have ^/l ^^ = + 10.6. 

The greatest negative shear for dx e^ will be when P^ only acts. This shear is — ^ 10 
= — 2.5. It causes, therefore, compression in di ex equal to 2.5 x 1.414 = 4- 3.53. 

In dx Cx we have then — 3.53. 

For the strain in d^ e^ we have, from Fig. 98, the positive shear caused by P% and /Jj, 
or equal to (yV + y\) 10 = + 6.25. 

The negative shear is when P^ and /J act. It is equal to {-f^ + iV) 10 = — 3.75. We 
have then 4 ^a = + 6.25 x 1.414 = + 8.84, and d^c^^ — 3.75 x 1.414 = — 5.3, and d^ fz 
= — 8.84, and + 5.3. 

For ^4/4, the positive shear is when /j© «ind Px4 act, and the negative shear when Peand 
/a act. These shears are (j\ + A) ^0= + 5 *^^d (-j^^ + ^) 10= — 5. The strains, then, in 
fi/i are 5 x 1.414= + 7.07 and —7.07. 

For dz ^a we have the positive shear when P^^ Pxi and Pa act, and the negative shear 
when Pz alone acts. These shears are ( A + tV + iV) 10 = + 9.375 and — -^ 10 = — 1.875. 

We have, then, 

4 ^3 = - 9.375 X 1. 414 = - 13.26, 
and 

die2= + 1.875 X 1.414 = + 2.65. 

The strains in d^ ^2> then, are + 13.26 and — 2.65. 

For C4 di we have in like manner /«, Pxo and Pxi, causing positive shear, and P2 causing 
negative shear. The positive shear is then (H + A + A) ^O = + 11.25 and the negative 
is — ^ 10 = — 1.25. Therefore, 

^4^4= — 11.25 X 1.414= — 15.91, 
Cidi'= + 1.25 X 1.414= + 1.77. 

The strains in ^4^4 are + 15.91 and — 1.77. 

For ^8 Cz the positive shear is (H + tV + iV) '^ = + 13.125, and the negative shear is 
— ^ 10 = — 0.625. Therefore, 

^3^3 = — 13.125 X 1414= — 18.56, 



and 



^8 ^8 = + 0.625 X J. 414 = 4- 0.88, 
^ ^8 = + 18.56, and ~ 0.88. 
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For *i Cx the positive shear is caused by /i, Z^, -Pn, and is (if + A + A) lo = + 15. 
The negative shear is zero. Hence, 

b^Cx — — 15 X 1414 = — 21.21, and b^a^^ -^ 21.21. 

For ^2 ^2 the positive shear is caused by P^y P7, Px\ and Pu, and is (fj + tV 4 A + iV) 
10 = 4- 17.5. The negative shear is zero. Hence, 

^, <:, = — 17.5 X 1414 = — 24.74, and *, /Xa = + 24.74. 
For ^4 b^ the positive shear is (tV + 4 e + tV + A) ^o = + 20. Hence, 

^^4 ^4 = -- 20 X 1. 414 = — 28.28. 

For a^ a^ the positive shear is when the loads Z^, /i, /I, /i,, act. The shear then is 
(H + H + tV + A) 10= + 22.5. Hence, 

^Ja ^jg = — 22.5 X I.414 = — 31.81. 
We can now collect these results in a Table, as follows: 















TABLE OF STRAINS IN THE BRACES.* 














t^d^ 


</,/, 


d^t 


dx*\ 


diC\ 


d^^ 


^K. 


C^dt 


^4*4 


^wc. 


*•«• 


iici 


^i«i 


V. 


*»«3 


• 

1. 

l\ 


■ 

Comp. + 


+ 7.07 


+ 5.3 


+8.84 


+ 3.53 


+ X0.6 


•¥9.6l 


+ X3.a6 


+ X.77 


+ 15.91 


+ 0.88 


+X8.56 


• • • • 


+ 3X.3X 


• • • • 


+a4-74 


Tens. - 


-7.07 


-8.84 


-5.3 


-X0.6 


-3.53 


-X3.26 


—a. 65 


-X5.9X 


-X.77 


-X8.56 


-0.88 


* 

~3X.3X 
— X0.6 


■ • ■ • 


-a4.74 


• • ■ • 


Dead load. 





--X.77 


+ 1.77 


-3.S 


+ 3.5 


-5.3 


+S.3 


-7.07 


+ 7.07 


-8.84 


+8.84 


— xo 6 


-X3.37 


+ X3.37 


Bfax. comp. + 


+7.07 


+ 3.53 


+ 10.61 


.... , 


+ 14. X 


• V • • 


+ x8.s6 


• • • • 


+ 33.98 


• • • • 


+37.40 


• • • ■ 


+ 3X.8X 


■ • • • 


+37. XX 


Max. tent. - 

• 


-7.07 


-X0.61 


-3.53 


-X4.1 


. . • • 


-x8.s6 


• • • • 


-39.98 


• • • • 


-37.40 


• • • • 


-3X.8x 


• • • • 


-37. XX 


• • • • 



The live load strains just found give us the first two lines. Since the dead load is 
one half of the live, the algebraic sum of the first two lines divided by 2, gives the dead 
load strains. The dead load strains can also be found from the coefficients, Fig. 97, upon 
the braces, by multiplying by /^ sec ^ = 5 x 1.414 = 7.07. There is a slight discrepancy 
in the two methods, already pointed out on page 96. 

The line for dead load being thus filled out, we can find the maximum strains. We 
see from the Table that ^ ^3, <| d^f d^ e% and d% c^ are the only diagonals which require coun- 
terbracing on the left of the centre. Of course, the strains are the same in all the corre- 
sponding pieces of the right half of the girder. 

In a precisely similar manner we may manage- any number of systems. 

A double or triple system is generally used when the length of bay for a single system, 
owing to the increase of height due to great length, renders it advisable to support the 
flanges at more frequent intervals. 

A multiple system, then, such as Fig. 98, when used for a long span, may be calculated 
as in the preceding pages, disregarding locomotive excess and considering the live load as 
uniformly distributed (page 88). It is not, therefore, in general necessary to take account 
of locomotive excess. When, however, it is necessary so to do, the method of calculation 
is explained further on, when treating of the Pratt truss, double system. 

* Again we call attention to the fact that a Table is iinnfccwiy, lee page xoz. 
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Pratt TRtJSS.-^DECK Bridge. — Let Fig. 99 represent a Pratt truss 90 feet long, 
load on the upper chord. The bridge is, there- 
fore, a " deck ** bridge. Let the depth of truss 
be 10 feet, and let there be 9 panels of 10 feet 
each in the upper chord, and 7 in the lower 
chord. 

We have then 6 = 45°, sec B = 1.414. Let 
the train load be i ton per foot preceded by two standard locomotives, and the dead load 
0.5 ton per foot. Then we have P = 10 tons per live panel load, and -P = 5 tons for uni- 
form panel dead load. Locomotive excess 33 tons. Trains preceded by two locomotives. 

In this style of truss, the verticals are to take compression only and the inclined braces 
tension only. Whenever the live load would tend to cause compression in any inclined 
brace, that piece must be counterbraced by inserting a brace uniting the other corners of 
the panel. Those inclined braces which are extended by the action of the dead load, or 
by a full load live and dead extending over t/te whole truss, are call ties. They are repre- 
sented in Fig. 99 by full lines. The dotted lines denote counter-ties, which are only called 
into play by the live load. 

When the truss is fully loaded, the centre of the girder is deflected most, and on each 
side of the centre the curve is the same. We can always, therefore, tell which are the 
ties in any case, by considering the deformed panel under full load, and remembering that 
the tie is the longest diagonal of the deformed panel. In Fig. 99, since we have an odd 
number of panels, the centre panel is not deformed, but remains a rectangle. Hence the 
diagonals in it are both counterbraces, and are not strained by full load, at all, but only by 
partial or live loads not extending over the whole truss. 

(a.) Maximum Strains in the Flanges.— Suppose at every upper apex the dead 
load of ;r = 5 tons, and the train load of j/ = 10 tons always acting, or 15 tons = x + y at 
each upper apex. Fig. 99. We have, then, only to suppose in addition to this, the loco- 
motive excess to act at the proper apices for each flange, page 88, and we can find the 
maximum strains at once. 

Thus, for Aa, Fig. 99, we should have the locomotive excess of ^ = 33 tons at Pi and 

at Pa, The reaction at the left end due to dead and live loads is, then, — ^ =^ = 60 

2 

tons, and due to locomotive excess i js + i js =: ^ js = 40.33 tons, or altogether 

■\- ^ s =: 100.33 tons. We have, therefore, 



Aa X 10 = [ 4 (jr + J') + V- -s^] X ^o 

Be X 10 = [ 4 (or 4- J') + ♦ -sr] X 20 - (or -h ^) X 10 

Ce X 10 = [4 (jT + J/) + 1 ^] X 30 - (^ + ^) (20 + 10) 



or Aa = 



Bc = 



Ce = 



+ 100.33 
+ 171 



Dg X 10 
Eh X 10 



+ 211.98 

= [ 4 (^ + J') + i -sr] X 40 - (;r + J/) (30 + 20 4- lo) Dg =^ + 223.33 

= [4 (;r + J/) + ♦ 2'] X 50 - (^ + J') (40 + 30.+ 20 + 10) Ek- + 223.33 



It makes no difference which lower apex we take as the centre of moments^ for Eh, 
the one on the right or the one on the left. Thus 



i^A X 10 = [4 (;r Hh >') + f ^] X 40 - (;r + j^) (30 4- 20 4- 10^ or Ek s= 4- 223.33 



/*. 
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as before. For the lower flanges we have, for Lb the locomotive excess at P^ and P^. 
Therefore 

Z^ X lo = — [ 4 (or + J/) + if ^] X lo Lb ^ — 100.33 

Z^/ X 10 = - [4 (jr + J/) + I ^] X 20 + (or + ^) X 10 Ld = — iji 

Lf y. 10 = - [4(jr 4- J') + i z] X 30 + (;r + _y) (20 + 10) ^/= - 211.98 

ZA X 10 = — [4 (4; +^) + t -sr] X 40 + (jT + j/^ (30 + 20 + 10) Lh = — 223.33. 

These are the maximum strains which can ever occur in the flanges. 

{b.) Maximum Strains in the Braces. — We suppose each upper apex loaded with 
the dead load jr = 5 tons. We take the train load j/ = 10 tons, and the locomotive excess 
^ = 33 tons, at the proper apices to give the maximum strains for each brace (page 88). 

Thus for the counterbrace A/, Fig. 99, we suppose j/ = 10 tons at /g, /«, jPy and Pg, and 

ir = 33 tons at /g. The left reaction is then — = 20 tons for dead load, (i + ♦ + | + i) 

J/ = 1 1. 1 1 tons for train load, and | ^ = 14.66 tons for locomotive excess, or altogether 
4^+ V>' + i'8r = 45.77 tons. The positive shear for hi is then the left reaction minus 
all the weights between the left end and P5, or4;r + Vj' + i^ — 4^= VJ'+i'8r = 25.77 
tons. We have, therefore, 

hi cos B^ -h 25.77 = o> or hi = — 25.77 ^ 14^4 = ~" 36.44 tons. 

If there were no other diagonal in the centre panel, the greatest compression on hi 
would be found by supposing j/ = 10 tons at /i, Pg* P% and /^j, and -sr = 33 tons at P^. This 
would cause a compression of 36.44 tons, the same as the tension in the flrst case. As hi 
cannot take compression, this strain comes as tension in the other diagonal. The two 
centre counterbraces are, therefore, subjected to an equal maximum strain of — 36.44 tons 
for each ; under the action of the dead load alone they are not strained at all. This is in 
accordance with the principle that for uniform load over the entire span, the shear at the 
centre is zero (page 84). 

The posts are always in compression. The greatest compression on gh will be when 
the train load extends over the longer segment, or when we have^ = 10 tons, at -P4, /s, /«, 
/^ and Pg, and ^ = 33 tons at P4, as well as ;r = 5 tons at every upper apex. The shear 
for this loading will be the greatest compression onghy and this shear multiplied by 1414 
will.be the greatest tension mfg. The left reaction is then 4^+Vj' + i^=5S tons. 
The shear is4;i: + V^ + j-8r— 3jr = 40 tons. Hence 

gh:=i X -^ ^ y ■\' \z •=■ +40 tons. 

The same loading gfives the greatest tension in^. Hence 

^ = — 40 X 1.414 = — 56.56 tons. 

For the greatest compression on fg^ if any, or in other words the tension in the coun- 
terbrace for fg, if any counter is needed, we must have Pi, /j and P^ loaded with 10 tons, 
and 33 tons at /V The left reaction is then 20 + 23.33 + 22 = + 65.33. The shear 
then is 65.33 — 15— 15—48= — 12.66 tons. As the shear comes out minus it will cause 
compression in^or tension in the counter. Hence 

fg^ 12.66 X 1.414 = + 17.90 tons. 
If the shear in the second case had also come out plus, it would have denoted that 
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no counter was necessary. In such case both loadings would cause tension in^, and the 
greatest would be as above, — 56.56 tons. 

In the same way for ff, we have for left reaction 20 + 23.33 + 25.66 = + 69. The 
maximum positive shear then is + 69 — 10 = 59. Hence 

efz=i'ir 59 tons. 

• 

The greatest tension in de is, therefore, 

^/^ = — 59 X 1. 414 = — 83.43 tons. 

For the load coming on from the left, we have left reaction = 20 + 16.66 4- 25.66 = 
+ 62.33. The shear is then 62.33 — 15 — 48 = + 0.33. As the shear thus comes out 
positive in this case also, de requires no counterbrace. 

Yox cd^ we have in similar manner, left reaction = 20 4- 31. 11 + 33 = 4- 84.11. The 
greatest positive shear is, therefore, 84.11 — 5 = 4- 79.11. Hence 

cd ^ 4- 79-1 1- 
The greatest tension in be is, therefore, 

be =: — 79.11 X 1.414 = — 1 1 1.86 tons. 

There is no counterbrace needed for be for the same reason as before for de. 

For ab, we have 15 tons at every upper apex and 33 tons at Pi and /,. Hence the 
reaction at left is 60 4- 40.33 = 4- ICXX33. As there are no weights between the left end 
and /\, this is also the shear. Therefore, 

ab =z •{- 100.33 tons. 
Finally the end tie La is 

La = — 100.33 X 1414 = — 141.86 tons. 
These are the maximum strains in the braces. 

If the girder in Fig. 99 is turned over, as shown in Fig. 100 {a)y the load being still on 
the top flange, the last vertical cd is a simple rod diagonal to support Fig.ioo(a; 

only the centre of the last end bay, which otherwise would have to be of 
double length. It takes no compression. The continuation of the 
roadway, shown by be, is not a part of the truss, neither is the end pillar 
ba^ which, if needed at all, takes only a compression of one full panel 
load, or 15 4- 33 = 48 tons. 

If the load is on the bottom flange. Fig. ioo{b), the last vertical cd 
takes tension only, if there is a cross girder at d, to the amount of 5 4- 
10 4- 33 = 48 tons. If there is no cross girder at d^ it merely supports, 
as in the first case, the centre of the long double bay. If the girder is iv K |\ ix r 
as in Fig. 99, but with the load on the lower flange, as shown in Fig. «^->i - N N N 
ioo(r), the continuation of the roadway ad is not a part of the truss. 
The end pillar, ba^ siipports half the total weight of truss and train and locomotive at d. 
The support may be either directly under b or at a. 

In any of these cases there can be no difficulty experienced in calculating the strains. 

General Method for Vertical and Diagonal Bracing. — In general, then, 
whatever method of solution we adopt, we consider at first but one system of braces, vwr., 
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that strained by the dead load alone. Then if we find for any diagonal a strain of opposite 
kind to that which it is intended to resist, a counter must be inserted to take that strain. 

When a piece is thus intended to take but one kind of strain, it must be so arranged 
that it cannot take any other. This is easily attained in practice. Thus, if the posts 
merely abut on the flanges and are not directly united with them, they cannot take ten- 
sion under any circumstances. Or even if the posts are rigidly connected with the flanges, 
if the ties are rods which run through the flanges and are held by nuts on the outer side, 
they can never take compression. Or again, if posts and ties are connected with the 
flanges and each other, still if the ties are long pieces of small sectional area, they will 
not in practice take any great amount of compression, but will bend or buckle and thus 
bring strain on the counters. 

Pratt Truss.— Double System. — Let Fig. loi represent the half span. Let the 
height of truss be 20 feet, and panel length 10 feet. Length of span 180 feet, divided into 

18 panels. Then ^ = 45° and 
tan ^ = I for all the diagonals ex- 
cept the ends, where = 26° 34' 
and tan = 0.5. 

Let the train load be i ton 
per foot, or 10 tons at each upper 
apex, and dead load be 0.5 ton 
per foot, or 5 tons at each upper 
apex. The locomotive excess is 
33 tons (page 88). Train preceded by two locomotives. 

{a,) Maximum Strains in the Flanges. — We form a diagram of coefficients as 
shown in Fig. loi, precisely as directed on page 95, Fig. 93. The only difference in this 
case is, that as the posts are vertical, the component of their strains in the direction of the 
flanges will be zero. Hence the coefficient for every post is omitted. In other respects 
the method is similar. 

Thus the strain in A is compression and equal to 

4.5 jP tan 6^ + 4 -P tan ff, where jP = 15 tons and tan d' = i, tan = 0.5. 




Hence 



For B we have 



In like manner 



^ =4.5 X 7.5 + 4 X 15 = 4- 93.75" 
B = 93-75 + 3-5x15= + 146.25. 
C= 146.25 4- 3 X 15 = 4- i9i-25> 



D= 191.25 4- 2.5 X 15 = 4- 228.75. 
and so on. 

The strains due to locomotive excess must now be found separately and added. 
In doing this we must take each system by itself. Thus, for A, we have 33 tons at Pi and 
at /«. But Pi acts on one system and P^ on the other. 

The left reaction for 33 tons at Pi is ^ x 33 = 31.16, and the centre of moments is at 
a. For P^ the reaction is ff x 33 = 22 and the centre of moments is at 6. If the second 
33 tons were at Pi instead of P^ it would cause less strain at A^ because the reaction would 
be less and its lever arm less. Hence 

^ X 20 = 31.16 X ID 4- 22 X 20 or ^ = 4- 37.58. 
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In the same way for B, we have 33 tons at P^ and at Pf. The reaction of P, is \{ 33 
= 29.33, and of /"i \\ 33 = 20.16. The centre of moments in the first case is at b and in 
the second at c. Hence 



B > 



3.33 X 20 + 20.16 X 30, or 5 = + 59.57. 




In the same way we can find the strains in the other flanges due to locomotive 
excess. These must be added to those already formed for dead and train loads, in order 
to obtain the maximum strains. 

(6.) Maximum' Strains in the Braces.— We proceed /or each system precisely as 
illustrated in the preceding case. Fig. 99, and in the case of Fig. 98, page 105. 

In finding the locomotive excess strains, we must take both the loads on tlte same 
system. Thus for the post at P^, Fig. lOi, we have a load of 33 tons at /*, and another at 
Pg, and not at /"„ because /*, belongs to the other system. The student need find no diffi- 
culty in solving the case for himself. 

Post Girder. — Let Fig. 102 represent a post truss, the span being 120 feet, divided 
into 12 panels in the upper chord. Depth of Pif.iOT^ ^ ^ ^ 

truss, then, will be 15 feet. The angle of the ties |9||JJa^l|j| 
with the vertical is 45°, and of the inclined posts yjsy-'JjjST + Si 

i8" 26'. ?=:'?•:-? = ?' l 

We have, then, tan 5 = i for the ties and tan 
6 = 0.333 for the posts, sec 9 = 1.414 for the 
ties and sec ff = 1.054 for the posts. Let the 
load be on the top flange and equal i ton per foot 

for live load, and 0.5 ton'per foot for dead load. I 

The apex live load is then 10 tons and the apex dead load 5 tons. Locomotive excess as 
always, 33 tons (page 88). Train preceded by two locomotives. 

(a.) Maximum Strains in the Flanges.— Suppose 15 tons at each upper apex. 
Then write down the coefficients for each brace as always. But we cannot now add these 
coefficients in order to find the apex coefficients, because the post and tie do not make 
equal angles with the vertical. 

Thus, Fig. 102, the horizontal component of ak is 3 /"tan ff = 3 x 15 x 0.333, and 
that of a/ is 2.5 .P tan ^ = 2.5 x 1 5 x i. If, then, since tan ff for the ties is i, we de- 
note by (f the angle 18° 25' of the posts, we have at the apex a the coefficient 2.5 + 3 tan 
fl, at *, 2 + 3 tan 0, etc., where each of these coefficients is to be multiplied by 15. 

The strain, then, in ab is (2.5 -I- 3 tan C) 1 5 = (2.5 -f- 3 x 0.33) IS = + S2-5- Insim- 
ilar manner we have 

be = (4.5 + 6 X 0.33) 15 = + 97.5, cd= (6 + 8.5 X a33) IS = + 132-5. 

de=. (7 + IO.S X 0.33) IS = + IS;.5. '/= (7-5 + '2 X 0.33) IJ = + >72-S. 

fg = (7.5 + 13 X 0.33) 15 = + I77-S- 

In the same way we can find the strains on the lower flanges, thus : 

kl = - (6 X 0.33) 15 = - 30, /« = - (3 -1- 8.S X 0.33) = - 87-5. 

„„=_(5 + 10.S X 0.33) IS = - 127-5. 'w = -(6-5 + 12 X 0.33)= - 157-5. 

^ = - (7.5 + 13 X 0.33) 15 = - 177-S. /r = - (8 -I- 3.IS X 0.33) IS = - »87.S- 
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To these must be added the strains due to locomotive excess, found precisely as in the 
preceding case. 

{b.) Maximum Strains in the Braces. — In order to find the maximum strains in 
the braces, we proceed precisely as in the preceding case, page io8, only remembering to 
multiply the shear by 1.414 for the ties, and by 1.054 for the struts. The student can 
easily solve the example for himself. This type is usually used only as a " through " 
girder. In either case its calculation is simple. 

Baltimore Bridge Company's Truss. — Fig. 103 represents this truss. Let the 

load be on the upper flange. The length of each 

a h e d • f g hi j bay is 10 feet and there are 16 bays in the upper 

flange. The depth is 20 feet. All the verticals 
are posts, and all inclined pieces ties. The train 
load is 10 tons for each upper apex and dead load 
5 tons. Locomotive excess 33 tons. Train preceded by two locomotives. The angle for 
the ties is 45°. - 

{a.) Maximum Strains in the Flanges.— Supposing 15 tons to act at every upper 
apex, and taking the locomotive excess at the proper apices as required for each flange, we 
can easily find the maximum strains. Thus for AB, Fig. 103, we have 33 tons at c and at 
A. The centre of moments is at c. Hence, 

AB X 20 = — 159.94 X 20 + 15 X 10 AB = — 152.44. 

In similar manner, 
BC X 20 = — 151.69 X 40 + 15 (30 + 20 + 10) BC= - 258.38, 

CD X 20 = — 143.44 X 60 + 15 (50 + 40 + 30 + 20 +10) CD = — 317.82. 

The strains in ad and ^r, cd and de, r/"and ^A, etc.^ must always be the same, because 
the posts ikf dnty/n^ etc., being perpendicular to the flanges can cause no strain in them. 

For the upper flanges ab or bc^ then, the centre of moments is at k. We have, there- 
fore, 33 tons at b and g. Hence, 

ab y. 10 = + 164.06 X 10 ab ^bc— '\- 164.06 tons. 

For cd and de^ if we take the centre of moments at w, we can have 33 tons at d and 
at I. If we were to take the centre of moments at B^ we should have to move the locomo- 
tives back to e andy. In this case the strain would be diminished in cd. The proper 
centre of moments is, therefore, ;;/. But for this centre of moments we must also find the 
moment of the strain in AB for the given loadings 

The strain in AB for the given loading is easily found. Thus, 

AB X 20= — 155.81 X 20 + 15 X 10, or AB= — 148.31. 
We can now find cd. Thus, 
cd X 10= 155. 8r X 30 — 15 (20 + 10) — 148.31 X 10 cd=de= + 274.12. 

For ^ and y^ the centre of moments is at «, and we have the locomotive excess at/, 
and the 6th apex from the right. For this loading we first find BC. Thus, 

BC X 20 = - 147.56 X 40 + 15 (30 + 20 + 10), or BC = — 255.12. 



BRIDGE GIRDERS WITH PARALLEL FLANGE S-^CON TIN UED, 113 

We have, then, 
^/ X 10 = 147-56 X 50 — 15 (40 + 30 + 20 + 10) — 255.12 X 10 ef^fg— + 332.68. 

Yox gh and hi the centre of moments is at o. We have 33 tons at h and 50 feet to 
the right of A. We find for CD for this loading, 

CZ? X 20 = — I4i'375 X 60 + 15 (50 + 40 + 30 + 20 + 10), or CD = —311.625, 
and therefore, 

^A X 10 = + 141-375 X 70 — 15 (60 + 50 + 40 + 30 + 20 + 10) — 311.625 X 10. 

Hence, 

gh ■=,hi-= + 363 tons. 

These are the greatest strains which can ever occur in the flanges. 

(*.) Maximum Strains in the Braces.— It is evident at once from Fig. 103, that 
the greatest compression in the posts bk^ dm^ fn and ho^ is equal to a full panel load, or 
5 + 10 + 33 = 48 tons. • 

It might at first sight seem that the strain in kcy Fig. 103, would be -^ 48 sec 45**, that 
is, that -jV^h of the load at b goes through kc toward the right abutment. 
If, however, ak and bk are known, we can always find kc and kA by complet- ^ ^ 
ing the polygon. This is done in Fig. 103 a. Thus, lay off bk equal to 48 
tons, and draw a line parallel to ak and equal by scale to the strain in akj 
whatever that may be. We can then complete the polygon and find kc and 
kA. We see at once that no matter what may be the strains in ak and kA, * 
the strain in kc is equal to bk cos 45° = 48 cos 45** = 34 tons. The maximum 
strain, therefore, in all the ties kcy me^ ng and oi is — 34 tons, unless the 
counterbrace strain is greater than this. Thus if the strain in oC is greater 
than 34 tons, this strain will take effect in oi also. It remains to find the maximum strains 
in the remaining braces. 

The greatest positive shear for oD will be when all the train apex loads on the right, 
including /, act, and the locomotive excess is at 1 and 50 feet to the right. The greatest 
positive shear lot go is when the train advances to h and the locomotive excess is at h and 
50 feet to the right of A. The greatest negative shear for go will be when all the left hand 
apices, including g, are loaded with train load and locomotive excess at g and b. For oD^ 
h is also loaded, and locomotive excess is at h and c. We have, then, for oD the shears 
+ 47.67 and — 35.80, and for^ the shears + 62.43 and — 2ao6. Hence, 

^Z> = — 47.67 X 1414 = — 67.4, and oD = 35.8 x 1.414 = + 50.62, 

go =^ — 62.43 X MH = — 88.27, ^ = + 20.06 X 1414= + 28.36, 

and 

gC = + 118.44 tons. 

The counterbrace oC, then, has a tension of — 5a62 tons, and as this strain is greater 
than 34, and takes effect in oi also, this is also the maximum strain in oi^ 

In similar manner we find for nC the shears + 77.81 and — 6.21, and for en the shears 
-f 93.81 and + 3. Hence, 
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nC ^ — 77.81 X 1.414 = - 110.02 



«C = +6.21 X 1. 414 = -f 8.78, 



en = — 93.81 X 1.414 = — 132.65, 
eB = -^ 136.69. 

Therefore, the strain in the counter nB is — 8.78. "Jhe greatest strain in ng^ is - 
tons. As both the shears for en are positive, no counters will be required beyond nB. 
For mB we have the shear + 110.44, 2ind for cm + 127.625. Hence, 



34 



mB^— 110.44 X 1.414= — 156.16 



an = — 127.625 X 1. 414 = — 180.46, 



cA — + 154.94. 
For iA we have the shear + 145.55 ^^^ ^^^ ^^ + 164.06. Hence, 



kA = — 145 X 1. 414 = — 205.03 



aK= — 164.06 X 1.414 = — 232 tons. 



Finally, the compression in t'D is one full panel load, or 48 tons. 

This type of truss is also usually built as a through girder, as shown in Fig. 104, and 

the ends may be either square or fnclined. In either case 

i\ i\ i\ i\ ' i\ •! yi Ay. ^^^ calculation offers no special difficulties in view of what 

)Ni)KlXIXlXIX^ has preceded. 

"^ The Kellogg Truss. — We have represented this truss 

in Fig. 105. The verticals are posts, and all inclined pieces are ties, except the two ends, 

which are struts. The truss is 160 feet long, lower chord divided into 16 equal bays of 10 

feet each. Height of truss 20 feet, and the 
— -^K angle for the main ties Ci, Bg and Ae is, there- 

^// I Y\^ fore, 45**. The angle for the secondary ties Ab, 
A Ad, Bf and CA, is 26° 34'. Hence sec 45° = 
1 414 and sec 26° 34' = 1.118. Let the load be on the bottom flange, i ton per foot 
train load and 0.5 ton per foot dead load. Locomotive excess 33 tons. Hence the apex 
weights are 10 tons for train and 5 tons for dead load. The train is preceded by two loco- 
motives. 

{a.) Maximum Strains in the Flanges. — Let all the lower apices be loaded with 
15 tons. Then for AB^ Fig. 105, we have locomotive excess at e and aty. Hence, 
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AB X 20 = + 151.69 X 40 — 15 (30 + 20 + 10) 

BC X 20 = 4- 143.44 X 60 — 15 (50 + 40 + 30 + 20 + 10) 



AB - + 258.38, 
BC = 317-82, 



t . ■ 



CO X 20 = + 135.18 X 80 — 15 (70 + 60 + 50 + 40 + 30 + 20 + 10 CZ> = + 330.72. 

For the lower flanges ab, bcy cd and de, the centre of moments is at A. For ef^nAfg 
at By ior gh and hi at C. For Ai, then, we have a locomotive excess at^, and another 50 
feet to the right of ^. Hence, 

hi X 20 = — 143-44 x 60 + 15 (50 + 40 + 30 4- 20), or hi— — 325.32. 

Observe here particularly, that the moment of the weight at/balance^ that at A, and 
the moment of the weight at g is zero. 
For gh we have, 

^A X 20 = — 143.44 X 60 + 15 (50 + 40 + 30 + 20 + 10) gh^ — 317.82. 
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In similar manner, 

^ X 20 = - 151.69 X 40 + 15 (30 + 20) fg— — 265.88, 

^/ X 20 = — 151.69 X 40 + 15 (30 4- 20 + 10) </= — 258.38, 

^/^ X 20 = — 159.93 X 20 de=- — 159.93, 

r^/x 20= — 159.93 X 20 + 15 X 10 be— cd= — 152.43, 
^r X 20 = — 159.93 X 20 + 15 X 10 

ab x 20=^ — 159.93 X 20 ab^ de— — 159.93. 

These are the maximum strains which can ever occur in the flanges under the action 
of the assumed loads. 

{b.) Maximum Strains in the Braces.— The secondary ties, Ch, Bf, Ad and Aby 
Fig. 105, have simply to support a full panel load, or 15 + 33 = 48 tons. They are all in 
tension then, and the greatest strain which can ever occur in each of them is 

— 48 sec ^ = — 48 X I.I 18 = — 53.66 tons. • 

For a we have the shears + 46.67 and — 35.80, the first when the train is on the right 
hand half and the locomotive excess is at i and 50 feet to the right of /, the dead load act- 
ing at every lower apex. The second when the load reaches from the left up to and includ- 
ing A, the locomotive excess being at h and c. Hence, 

CV= — 46.67 X 1.414 = — 67.4, and Ci = + 35.8 x 1.414 = + 50.62. 

Ci must, therefore, be counterbraced, and the strain in the counter gD is — 50.62. 
This gives the compression in Di = + 35.8 tons. 

For Cg the greatest compression is when the train advances to h. We have, therefore, 

Cg—-\- 6243 tons. 

In similar manner for Bgyf^ have the shears + 77.81 and — 6.21. Hence, 

Bg^ — 77.81 X 1414 = — 110.02 Bg—-\- 6.21 X 1414 = + 8.78. 

Therefore, Bg must be counterbraced, and the strain in the counter Ce is — 8.78. For 
Be, the greatest compression is when the train advances to f. Hence, 

Be = -h 93.81. 

For Ae we have the shear -f 1 1044, there is no negative shear. Hence^ 

Af = -- 110.44 X 1414 == — 156.16, 

Ac = -j- 127.625. 

For Aa we have the shear -f 164.06. Hence, 

Aa = + 164.06 X 1 414 = 4- 232 tons. 
Fink Truss. — We have represented this truss in Fig. 106. The span is 80 feet, di- 




Il6 FINK TRUSS. 

vided into 8 equal bays of lO feet each. The vertical pieces, ei, dh, eg and */, are all posts, 
Fig.ioo and will take only compression. All the inclined pieces are 

ties. We take ei z=z eg = 20 feet. Then the angle 6 which ag 
nd eg make with the vertical is 45°, and the angle which at 
makes with the vertical is 63° 26'. Hence sec 45° = 1.411, cos 
45° = 0.7071 1, sec 63° 26' = 1.236, cos 63** 26' = 0.44724, sin 
63** 26' = 0.8944.1. The lengths of dh and d/are each 10 feet. 

We take i ton per foot train load and 0.5 ton per foot dead load, or 10 and 5 tons per 
apex respectively. Locomotive excess 33 tons. 

We see at once from the Figure that the greatest strain which can come on the short 
posts, */and dh, is a full panel load. Hence */= ^A = 15 + 33 = 48 tons. 

We see also that every apex load causes strain in ei and ai. The greatest strains in 
these pieces will then be for 1 5 tons at each upper apex, and 33 tons locomotive excess at 
e. We can easily find the strain in ai for this loading by moments. Thus, for a section 
cutting de^ he and ai^ the centre of moments for ai is at e. The lever arm for ai is 

ei X sin 63** 26 = 20 x 0.89441 = 17.8882. 

For train and»dead load, then, since the reaction is 52.5 at the left end, we have, 

ai X 17.8882 = — 52.5 X 40 + 15 (30 + 20 -f 10), or 

1200 ^* .. X 

""=- T7:888i = - ^7.07 tons. 

For the locomotive excess at e^ we have 

ai X 17.8882 = — 16.5 X 40, or, ai = — 36.9 tons. • 
For the strain in ei, we have for train and dead loads, 

ei = 2 ai cos 63° 26' = 2 x 67.07 x 0.44724 = + 60. 

• 

Therefore, the load upon ei is equal to four apex loads. This is also evident from Fig. 
106. For since the point e is supported by means of ei and ai^ we can consider the sec- 
ondary truss age as an independent truss supported at a and e. Therefore, a load at b of 
1 5 tons causes at ^ a pressure of }th of 1 5, at r ^, and at d }ths of 1 5 tons. Hence we have 
at ^ (J + ^ + }) 15. The secondary truss on the right causes an equal pressure. Finally, 
we have 15 tons at e. Therefore, 2(J + ^ + })i5+ 15 = 3 + 15 + I5=4x 15 = 60, 
is the pressure upon ei. 

The locomotive excess at e causes in ei a compression of 33 tons. ' 
If ai is known we can easily find the strain in af. Thus for train and dead load the 
reaction at left end is 52.5 tons. But of this the tie ai furnishes ai cos 63° 26' = 30 tons, 
leaving only 52.5 — 30 = 22.5 to be supplied by af. We have, then, 

tf/cos45*' = — 22.5, or af = — 22.5 x 1.414 = —31.815 tons. 

For locomotive excess the strain in afviiW be greatest for 33 tons at b. We hs^ve, then, 

^/ = - f 33 X 1-414 = 35 tons. 

The strain in ab is equal to the horizontal components of ai and af. Hence for train 
and dead loads 

ab =67.07 sin 63° 26' + 31.815 sin 45° = + 82.5. 
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The strain in be is evidently the same as in ab. 

For locomotive excess, the strain in ab will be greatest for 33 tons at e. Hence, 

be =^ ab -= 36.9 sin 63° 26' = + 33 tons. 

We easily find fc by resolving bf into af and fe. Thus for train and dead loads, 

fe=- — 15 cos 45° = — 15 X 0.7071 1 = — 10.60. 

For locomotive excess, 

* /^ = - 33 cos 45° = - 23.33. 

The shear at / which causes strain in fg is the algebraic sum of the vertical compo- 
nents of the strains in af^fe, and the strain in bf. We have this shear for train and dead 
loads equal to 

— 15 + af cos 6^ + fe cos ^ 

Substituting numerical values, 

— 15 — 31.815 X — 0.70711 — 1060 X — 0.70711 = — 15 + 22.5 4- 7.5 = + 15. 

The strain in fg then is, 

y5^ = — 15 X 1414 = — 21.21. 

For locomotive excess at d, we have the shear equal to 

- 33 - 35 X - 0.7071 1 - 23.33 X 0.7071 1 = + 8.25. 
Hence, 

fg— — 8.25 X 1.414= — 11.66. 

For eg^t, have for train and live loads, • 

^g = 2^ cos 45° = 2 X 21.21 X a707ii = + 30, 

or eg sustains 2 apex weights. For locomotive excess ^^ = 4- 33 tons. By reason of the 
symmetry of the Figure we have gh ^fgy eh = ef and he = af 

For de we can take moments about 1. The strain in A^ is — 31.81 for strain and dead 
loads, and its lever arm is 14.1422. Hence, 

^fe X 20 = + 52.5 X 40 — 15 (30 + 20 + 10) + 31.81 X 14.1422. 
or 

^fe = + 82.5. 

This is precisely the same as the strain already found for ab. 

In this form of truss, then, the strain in the upper flange is uniform from end to end^ and 
the strains in all the brcLces are greatest for train load over the entire span. 
To recapitulate, we have, 

bf— ^A = + 15 + 33 = + 48 tons, ^^ = + 30 + 33 = + 63 tons, 

ei = -f 60 + 33 = + 93 tons, ai = — 67.07 — 36.9 = — 103.97 tons, 

af =he = — 31-815 - 35 = — 66.815 tons. fe =eh— — 10.6 — 23.33 = — 33-93- 
fg—gh— — 21.21 — 11.66= - 32.87. ab:=^be — ed=> de =: -^ 82.5 + 33 = + .05.5 tons. 
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Il8 PRACTICAL APPLICATIONS. 

Concluding Remarks. — The preceding comprise all those bridge trusses with hori- 
zontal flanges in common use. Our principles, if comprehended, will render easy the solu- 
tion of any other form which ingenuity may suggest. The strains found in all our exam- 
ples are in excess of general practice. This is due to the assumption of an engine weigh- 
ing 90,000 lbs. on a 12-foot base. The methods and principles remain the same, whatever 
assumption be made in this respect. The bill reported by the Joint Committee of the 
Ohio Legislature, appointed to investigate the Ashtabula accident, recommends the adop- 
tion of a standard locomotive weighing 91,200 lbs. on a i2j^foot wheel base. As locomo- 
tives exceeding this in weight are in use on some roads, and the tendency is to greater 
loads, we do not consider our assumed load as excessive. Taking, as we do, the length of 
locomotive and tender at 50 feet, and 2,000 lbs. per foot over the 38 feet not covered by the 

a 

drivers, we have for weight of locomotive and tender 90,000 + 38 x 2,000 = 166,000 lbs. 
This is not an excessive estimate of our large engines of to-day. 

As all pieces expand or contract under the influence of heat and cold in direct pro- 
portion to their length, it is not customary to consider temperature as having any influence 
upon the strains. It will be sufficient to rest one end of the truss upon friction rollers, so 
as to allow of change of length. As no deformation is caused, no strains are caused. If 
it be required to find the strains for a moving system of concentrated loads, our methods 
remain the same, regard being had to the principles of page 86. 

We have chosen in each case that method which seems best adapted to give the re- 
quired results. But the student is by no means limited to the methods of procedure laid 
down. Thus it is unnecessary to form Tables as on pages 93, 97, 100, etc., giving the 
dead and live load strains and locomotive excess strains separately. The maximum strains 
in any piece may be found by the method of moments by a single equation for each piece, 
the dead load, live load and locomotive excess being taken as all acting together at the 
proper apices to give the maximum strain. We have, as we have seen. Chapter III. page 
91, four methods, either of which may be employed. 

♦ We attempt no comparison of the different types of trusses. Practical details of con- 
struction and extra material required for stiffening long struts affect the cost and quantity 
of materials to such an extent, that a comparison based upon a strain sheet alone is often 
misleading. The bill of materials is the best means of comparison, and this the student is 
not yet prepared to draw up. Even then a comparison for a given length only would be 
imperfect as a girder which compares unfavorably for one length may often give a better 
result for another. Comparison of well executed designs is the most reliable. Estimated 
by this standard, the Pratt, Post, Kellogg, and Baltimore systems, stand among the best in 
this country, and about in the order named. The Fink and Bollman follow at some inter- 
val, and the Bollman seems decidedly the lowest of all. The Warren is but little used in 
this country, though in Europe it is more common. It is more especially adapted to rivet 
connections, and when so executed compares well with the best forms abroad. The same 
may be said in less degree of double or triple Warren systems. As intersecting pieces 
can be rivetted together, long struts do not occur, and stiffening material is saved. The 
American system of pin joints is not so well adapted to these systems, and when so exe- 
cuted, they are not as good as the best of those already mentioned. 




CHAPTER V. 

BRIDGE GIRDERS WITH INCLINED FLANGES. 

Bowstring Girder. — In Fig. 107 we have represented a bowstring girder with 
isosceles bracing. The span is 120 feet, divided into 8 equal bays of 15 feet each. The 
bow is a polygon whose apices Abcdef lie upon a^ circle whose depth at the centre is 20 
feet. As the upper flanges are of course straight, the centre depth of the inscribed poly- 
gon is 19.74 feet instead of 20 feet. We take the train load at 
I ton per foot, or 1 5 tons per lower apex, and the dead load at 
0.5 ton per foot, or 7.5 tons per lower apex. The train is pre- 
ceded by two locomotives. Since the bracing is isosceles, the 
apices ^, d, Cy etc., are vertically over the centre of each lower 
flange, and the horizontal projection of each upper flange is constant and equal to 15 feet, 
except the two end upper flanges, whose horizontal projection is 7.5 feet. 

(a.) The Flanges. 

Method of Calculation. — ^The maximum strains in the flanges occur for a full load 
or 22.5 tons at each lower apex, together with the locomotive excess at the proper apices 
for each flange. Perhaps the simplest and readiest method of solution for all such cases 
of curved flanges, is to diagram the strains according to the method of Section I., Chapter 
I., page 8, as illustrated by Fig. 61, page 62. The readiest method of calculation is by 
moments, according to the principles of Section I., Chapter III. 

{b.) The Braces. 

For the braces we can diagram the strains caused by a single live load weight at A^ 
and then form a Table as explained on page 93. The best method of calculation is by the 
principles of page 28. 

We shall calculate the strains in the pieces and leave the checking of them by diagram 
to the student. 

Lever Arms and Angles of Ii^jclination. — Before proceeding to calculate, it is 
necessary to know the lever arms for the flanges and the angles of inclination of the vari- 
ous pieces with the vertical. This, the dimensions being given, is a simple trigonometrical 
operation. Much time may often be saved, however, by carefully drawing the frame in 
Fig. 107 to scale. The lever arms can then be measured directly from the drawing with 
all requisite accuracy and without the possibility of error. 

We shall, however, calculate all the necessary data in the present case, as an example 
for all. 
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If the curve of the bow is a circle, as shown in Fig. io8, where 5 = the length of span 
i^g-108 and h = the height of arc at centre of span, we can easily determine 

vi/^^^^n^ \ ^^ radius r of the arc from the proportion 

^ ^ ^ 5 5 

{\ \ 2r->i:-::-:A, 

1 \ ! 

'• = 5 + 8^ <■> 



^^ 



Taking the crown ^ as an origin, we have, from the well known equation of the circle, 

y =z r — V^ — ^ (2) 

If the curve, Fig. 108, is a parabola, we have, from the well known equation of the 
parabola, jr* = 2/^, hence 

^ = 5^ (3) 

where we have 

^=u- • • • (^) 

From these equations we can always find y for any point on the curve, that is for any 
apex in Fig. 107. Subtracting then y thus found from A, we shall have the lever arms for 
the lower flanges. 

We find thus in the present case. Fig. 109, since 5 = 120, /( = 20, the radius of the 
circle iiir.109 

r = 10 + ^ J^ = 100 feet. }fCV\\/\/\ 

Making then x = 7.5, 22.5, 37.5, 52.5 in equation (2) above, and subtracting the values 
of ^ thus found from A, we have the verticals let fall from e, d, c and d, for the lever arms 
for the lower flanges. Thus 

lever arm for DE = 19.74 feet, 

lever arm for CD = 1 743 feet, 

lever arm for BC = 12.7 feet, 

lever arm for AB = 5.1 1 feet. 

For the upper flanges, take, for instance, the flange bc^ Fig. no. We have just found 

-c bo = 5.1 1 and cp = 12.7. We have, then, mB = ^ ^ = 8.905. 

The lever arm nB, then, is equal to mB cos mBn = 8.905 cos mBn. But 








*-^V|-/ — \k the angle mBn is equal to the angle Cih. 



i 1 r- The tan a>& = 2 = '^'^ " ^'" = -^ = 0.506. Hence the 

" ^ *it 15 15 ^ 
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angle Cbk = tnBn = 26° 50'. We have, therefore, the lever arm oi 6c = 8.905 x 0.89232 
= 7.95 feet. 

In similar manner we find , 

lever arm of Ai = 8.43 feet, 

lever arm of cd = 14.36 feet, 

lever arm of <&■ = 181 J7 feet, 

lever arm of e/ = 19.74 feet. 

Denoting by the angle made by any pieces witA the vertical, we find easily 

Sm = 81° IS', ^o. = 72" 2/, e^^ = 63° 10', 0^ = Si" 47', 

*» = 55° 46', ^A = ^cb = 30° 34', ^ca = 6m= 23' 17, dj^- 0g, = 20° 48'. 

Collecting these results, we have for the data necessary for calculation, length of span 
=; 120 feet; panel length = 15 feet; apex live load = 15 tons; apex dead load = 7.5 tons. 
For the lever arms of the flanges we have 



D£ CD BC AB 


All 


be 


cd 


de 


'f 


lever arm = 19.74 ft. 17.43 12-7 S-" 


843 


7.9s 


14.36 


■8-37 


>9-74. 


For the angle 6 of pieces with the vertical 













de cd be Ab = Bb Be- Cc Cd = Dd De = Ee 

= 81" IS' 72° 27' 63° 10' 55° 47' 30" 34' 23" 1/ 20'' 48' 

cos d = 0.15212 a30iS4 0.45140 0.56232 0.86104 0.91856 0.93483. 

We are now ready for the calculation. 

(a.) Maximum Strains in the Flanges. 

Calculation of Strains in the Pieces.— For the flanges consider a full load of 
^ + 3^=15 + 7.5 = 22.5 tons at each lower apex. Then, having reference to the rule 
for proper sign of lever arm, page 27, we have, since the reaction at each end is 78.75 
tons, the following equations. 

For the lower flanges. Fig. 109, we have for the flange AB, in addition to the 
above load, the locomotive excess 2=33 tons at the apex B and 50 feet to the right of B. 
Fifty feet to the right of B gives a point between E and F. We taike the second locomo- 
tive excess therefore at F, the iirst apex beyond. We have then 

AB)^ 5-"=-r ^^V'''^ "*""¥ ^1 ** ^■^' ^5= -i76.i2tons, 

BC X 12.7 = - Vll^LlA + I ir 1 X 22.5 + (-r +>) X 7.5, BC = ~ 184.7 tons. 

a?xi7.43=-[-^^^^ + | «] X 37.5 +(.r+^)(22.5 + 7.5), CZ) = -183.95 tons, 

Z>£xi9.74=-^Z^t^+| B ]x 52.5 + (.r+>)(37.5 + 22.5+7-S).-0£=-i76.38ton3. 
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In similar manner for the upper flanges we have 



Ab y. % 



.43 = [Zi^) 4- ^^] X 15 • Ab^^ 213.52 



be X 7.95 = r 7 (^^+ y) 4. ^^^"1 X 15 dr = + 22641 

cd X 14.36 = I -^-^ — ^ + g 'Sr X 30 — (JT +^) X 15 cd — -it 210 

^]5f X 18.37 = [-^-^^^ + I -8^ ] X 45 - (^ + .r) (30 + 15) ^^ = + 198.42 

ef X 19.74 = [^-7if_±j) + 1 ^ J X 60 - (;r + 7) (45 + 30 + 15) </" = + 186.9 

We see that the maximum strains in the flanges, especially in the upper chord, are 
very nearly uniform. 

(^.) Maximum Strains in the Braces. 

We find the strains in the braces according to the method of page 80. Thus the 
greatest tension in Ee^ Fig. 109, will be when all the lower apices on the right are loaded 
with X + ^ = 22.5 tons, those on the left with jr = 7.5 tons, and the locomotive excess 
£r = 33 tons is at E, When we have this loading, since ^and De are horizontal, the verti- 
cal components of their strains are zero, and the strain in Ee will be the shear, or the left 
reaction minus ^Xy multiplied by the sec d^^ The left reaction is 

The shear is, therefore, 61.5 — 3^: = 39 tons. Hence 

jff^ = — 39 sec ^A = — 39 X 1.0697 = — 41.72 tons. 

The greatest compression on Ee will be when the left apices are loaded with jr + ^ = 
22.5 tons, the right with x = 7.5 and the locomotive excess ^ = 33 tons is at D. For this 
loading the left reaction isjjr + (| + | + j)j/4-|^ = 80.625. The shear is 8a625 — 3 
(j: + J') — -sr = — 19.875. Hence 

Ee =^ •\- 19.875 X 1.0697 = + 21.26. 

In order to find De^ consider a section cutting de^ De and DE, Then, according to 
the principles of page 79, the algebraic sum of the vertical components of the strains in 
the cut pieces must be in equilibrium with the shear. The plus shear for De is the same 
as for Ee just found, viz. : + 39 tons, and the minus shear is — 19.875 tons. We have, 
then, since DE is horizontal and the vertical component of its strain zero, 



BRIDGE GIRDERS WITH INCLINED FLANGES, 123 

De COS Bj^ + de cos ^^ + 39 = o {a) 

De cos Oj^-k- de cos 6^ — 19-875 = o (J?) 

These equations give the strain in De when the train extends from the right to E^ or 
from the left to D, provided we know the strains in the flange de for these loadings. These 
we can easily find by moments. Thus in the first case, 

de X 18.37 = 61.5 X 45 - 7.5 (30 + 15) or ^^' = + 132.28, 
and in the second case, 

de X 18.37 = 87.375 X 45 - 22.5 (30+15) ^ = + 158.92. 

These values inserted in equations {a) and {b) will enable us to find the strains in De. 
We must remember to measure 6 according to our rule, page 79, from the vertical through 
the left hand ends of the cut pieces. We have, then, from {a) and (d), 

De X -- 0.93483 + 132.28 X r- 0.15242 + 39 = o, or Z>^ = + 20.15, 

De X — 0.93483 + 158.92 X — 0.15242 — 19.875 = o, or De=^ —47.17. 

For Dd the reactions at the left end for the two methods of loading which give max- 
imum strains are, when the train reaches from right end to Z?, f;r + ^y + 1-8^ = 79.125, and 
when the train reaches from left end to C, }r + ^y + fjer = 7S.S7S tons. The shear, then, 
for Dd and Cd is 79.125 — 2jr = + 64.125 in the first case, and 75.375 — 2 (.r + ^) — 3 = — 
2.625. 

The corresponding values of de are given by 

de X 18.37 = 79.125 X 45 - 7.5 (30 + 15), orde=^ + I75-I5> 

de X 18.37 = 75-375 x 45 + 22.5 (30 -f 15) - 33 x 15, or de = + 102.57. 

Observe that in the second of these equations we must introduce the moment of the 
locomotive excess at C, Fig. 109. Hence, 

Dd X 0.91856 — 175.15 X 0.15242 +64.125 = o, or Dd = — 42.9, 

Dd X 0.91856 -- 102.57 X 0.15242 — 2.625 = o, or Dd = + 19.8. 

For Cd we have the same reactions and shears as for Dd, We find first cd for each 
case of loading. Thus, 

cd X 14.36 = 79.125 X 30 - 7.5 X 15, or cd = + 15746, 
cd X 14.36 = 75.375 X 30 — 22.5 X 15, cd = + 141.8. 

Observe that since the point of moments is now at C, Fig. 109, the moment of the 
locomotive excess does not enter the second equation. Hence, 

Cd X — 0.91856 + 157.46 X —0.30154 + 64.125 =0, Cd= + 18.12, 
Cd X — 0.91856 + 141. 8 X — 0.30154 — 2.625 =0, Cd = — 49-4* 

For Cc we have the right hand reactions ix + ^y_ f j-sr = 98.625, and 
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\x -V \y ■\- \z ^ 68.25, and the shears 98.625 — jr = 4- 91.125, and 68.25 
+ 12.75. Since the second shear is positive, it causes tension also in Cc. 
fore, no compression in Cc. 
We first find cd. Thus, 



— {x ^r y) — z-= 
There is, there- 



cd X 14.36 = 98.625 X 30 — 7.5 X 15, 



cd = + 198.2. 



Hence, 



Cc X 0.86104 — 198.2 X 0.30154 + 91.125 =0, Cc = — 36.4. 



For Be we have the same reactions and shears as for Cc. Therefore, 

6c X 7.95 = 98.625 X 15, or *r = + 186.08, 
Be X — 0.86104 + 186.08 X — 045140 + 91.125 = o, Be = — 7.1 1 tons. 
For Bd we have the left reaction = 119.75, 

6c X 7.95 = 119.75 X 15, or*^ = 226, 
B6 X 0.56256 — ^26 X 0.45140 + 119.7s =0, or B6 = — 32.05. 

Bowstring Suited for Long Spans.— If we were to find the strains due to dead 
load alone, we should find that all the braces are in tension. As the span increases, there- 
fore, the dead load strains will increase while the live load remains always the same. It 
is evident that for a very long span the dead load tension may be greater than the com- 
pression in any brace due to live load. In such case the braces will always be in tension. 
Triangular bracing, such as is shown in Fig. log, is then the best, as we thus have no long 
struts and can save the extra material required for stiffening. For a short span, such as 
the present, vertical posts and inclined ties are preferable, as then each piece has to resist 
only one kind of strain. 

Truncated Bowstring. — In Fig. in we have represented a form of truss which, for 
lack of a better name, we shall call the " truncated bowstring," because it resembles a bow- 
string with the ends cut off. 

Let the span be 120 feet, divided into 8 panels of 15 
feet each, and the bracing be vertical and diagonal, as 
shown in the Figure. The vertical braces take compres- 
sion only, and the inclined braces tension. The load is on 
the lower flange, and equal to i ton per foot for live load and 0.5 ton per foot for dead 
load, or 15 tons per apex for live load, and 7.5 tons per apex for dead load. The locomo- 
tive excess is 33 tons. The train is preceded by two locomotives. 

The upper flange has its apices in a parabola,' the height of truss at centre being 20 
feet, and at ends 10 feet. The rise of the parabola at centre, therefore, is 10 feet, and the 
equation of the curve, page 120, is 

4Ax^ 




where s is the span, h the rise at centre, and x the distance of any point right or left of the 
highest point /. In the present case this becomes 

-^ 360 
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Lever Arms and Angles of Inclination. — If we make a section cutting ef^ eE 
and EDy Fig. in, the centre of moments for ED is at e^ the intersection of the other two 
strained pieces cut. This section may really cut four pieces, viz.: the counter Zy, as well 
as the others named. We consider, however, only that system of bracing which would be 
called into play by the action of the dead load only, shown in the Figure by the full lines. 
If, then, we find any diagonal of this system in compression, the amount of compression is 
the tension in its counterbrace. If any post is found to be in tension, that is the compres- 
sion upon it caused by the counter. 

The point of moments, therefore, for CD is at d^ for BC at Cy etc. 

We obtain, then, the lever arms for the lower flanges by substituting ;r = 1$, 30, 45, 
and 60, in the equation 

^8 



7 = 20 — 



360 



We thus find for the lever arms of the lower flanges, 



Lower flanges. 
Lever arm = 



10 



BC, 

14.375 



CD, 

17.5 



DE, 
19.375 feet. 



Vlff.118 



/ 
/ 
/ ^ 




The point of monTents for the upper flange be is at B, for cd at C, etc. The lever arm 

nB, then, for any upper flange, as be. Fig. 112, is eB cos cBn. But 

eB is already found. The angle eBn is equal to the angle ebk. The 

ek 
tan of this angle is yt . The difference between eB and bA 

ok 

gives ek, and bk is known to be 1 5 feet. We thus find for be^ ek = 

4-375» ^bf^ = cEn = 16"* 14', hence nB = 14.375 ^ cos 16° 14' = 

14.375 X 0.96013 = 13.8 feet. 

In like manner we find 

lever ^rm of ed = 17.5 x cos 11*^46' = 17.5 x 0.979 = 17.13, 

lever arm of de = 19.375 cos 7** 8' = 19.375 x 0.9923 = 19.22, 

lever arm of ^ = 20 cos 2^ 23' = 20 x 0.99913 = 19.98. 

The lever arm for the vertical bA, Fig. 112, will be at o, where be meets AB produced. 
This distance oA = x may be easily found from the proportion. 



X : Ab :: X '\' IS : Be, or jr : 10 : : jt + 15 : 14.375, 



Hence, 



" = 4^5 = '^''^' 



We have, then, from Fig. 1 1 1, for the lever arm for eB, 34.285 + 15 = 49.285. 
In the same way we have for the lever arm of dC, 



Lever arm of eD, 



Lever arm oifE, 



X : 17.5 : : X — 15 : 14.375, or j: = 84 feet. 



^ • 19-375 : : ^ — 15 : 7-5, or j: = 155 feet. 



or : 20 : . j: — 15 : 19.375, or ;r = 480 feet. 






, J 
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In order to find the lever arms for the inclined braces, we see from Fig. 112 that the 
lever arm for ^^ = (j: + 15) sin bBA. The angle bBA is easily found to be 33** 41', hence 
for lever arm of bB^ 

(34.285 + 15) sin 33** 41' = 49.285 X 0.5546 = 27.33 feet. 
Lever arm of cCy 

84 sin 43^ 59' = 84 X 0.69445 = 58.33 feet. 
Lever arm of dD^ 

155 sin 49'' 24' = 155 X 0.75927 = 117.69 feet. 
Lever arm of eE^ 

480 sin 52'' 15' = 480 X 0.79069 = 379.53 feet. 
We have, then, the following lever arms, Fig. 1 1 1 : 



Lower flanges, 


AB 


BC 


CD 


DE 




Lever arms, 


10 


14-375 


17.5 


I9-375.* 




Upper flanges, 


be 


cd 


de 


ef 




Lever arms. 


13-8 


17.13 


19.22 


19.98. 




Vertical braces, 


bA 


cB 


dC 


eD 


fE 


Lever arms, 


34.285 


49.285 


84 


155 


48a 


Inclined braces, 


bB 


cC 


dD 


eE 




Lever arms. 


27-33 


58.33 


117.6^ 


379-53. 





We are now ready for the calculation. 

(tf.) Maximum Strains in the Flanges. 

Calculation of Strains in the Pieces. — Suppose at each lower apex. Fig. iii, 
X + y =^ 22.5 tons, and take the locomotive excess at the proper apices for each flange. 
Thus for the flange BC^ we have -sr = 33 tons at B and at /% Fig. in. Therefore, 

AB^xo =_[U£-±^ + ^^]xo, AB = o. 

BC X 14.375 = - ^7j£±J) + ^ ^ j X ,5, BC=- 125.21. 

CD X 17.5 = - [-7(^-±Z) +-| * J X 30 -f (.r -I- ^) X 15, CD= - 172.2. 

DE X 19.375 = - J^-Ti^-tZ) + I ir J X 45 + (4r + jy) (30 + 15), DE = - 188.12. 

*.x.3.8 =[7C£-tZ) + ^o^-j^^^^ ^= + 130.43. 
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cd X 17.13 = r 7 \^ -^ y) + -^ 1 X 30 - (;r + J') X 15, rrf= + 176. 

de X 19.22 = VT_vL±J1 + g ^ J X 45 - (jT + ^) (30 + IS), ^ = + 189.6. 

ef X 19.98 = [^-7_(£_+iO + ii? J X 60 - (JT + J') (45 + 30 + 15), </"= + 180. 

(*.) Maximum Strains in the Braces. — ^We shall find the strains in the braces by 
moments also in this case. Thus, Fig. iii, the centre of moments for Bb is at the inter- 
section of be and AB^ of cB at the same point, of cC at the intersection of cd and BC^ and 
so on. Remembering, then, the rule for the sign of the lever arm (page 27), and for posi- 
tive and negative rotation, we can write down an equation of moments which shall give 
directly the strain in any brace for that loading which causes the maximum strain. Thus 
for bA we have x -^r y — 22.5 tons at every lower apex, and if = 33 tons at B and F. The 
reaction at left end is, therefore, 120 tons. Hence 

bA X 34^285 — 120 X 34^285 = 0, M = -f 120 

— bB X 27.33 — 120 X 34^285 =0, bB = — 150.5. 

For cB and cC we have the reaction at the left when the train reaches from the right 
end up to C, 26.25 tons for dead load, 39.375 tons for train load, and 33 tons due to loco- 
motive excess, or 98.625 tons. Hence, 

cB X 49.285 — 98.625 X 34.285 + 7.5 X 49.285 = 0, cB = ■\- 61.13. 

rC X — 58.33 — 98.625 X 54 + 7.5 X 69 = o, cC= — 8246. 

In the same way, 

^C X 84 — 79.125 X 54 + 7.5 (69 + 84) = 0, dC = -{- 37.20. 

dD y. — 117.69 — 79.125 X no + 7.5 (125 4- 140) =0, dD = — 57.06. 
We have also for the train coming on from the other end 

^2? X — 117.69 — 74.125 X no + 22.5 X 125 + 55.5 X 140 = o, dD^ + 20.6. 

So also for cC we have 

cC X - 58.33 - 68.5 X 54 + 55-5 X 69 = o, £:C = + 2.23. 

Again, for eD and eE, we have 

eD X 155 —61.50 X no + 7.5 (125 + 140 + 155) = 0, fD=+ 23.32. 

eE y. — 379.53 - 61.50 X 420 + 7.5 (435 + 450 + 465) =0, eE- - 41.3. 
For train coming on from left, 
eE X - 379-53 - 80.625 x 420 f 22.5(435 + 450) + 55.5 x 465 =0, eE — •\' 31.2. 
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Finally, ior fE the greatest compression will be when the train comes on either from 
right or left as far as For D. In either case, 

/ff X 480 - 49.875 X 420 4- 7.5 (43s + 450 + 465 + 480) =0, /E = + 15. 

These are the maximum strains which can ever come upon the braces. We see that 
cC, dD and eE must be counterbraced, or the diagonals dB^ eC ^nd/Dy Fig. in, must be 
inserted, the strains in these counters being the compression which would otherwise occur 
in the ties. 

For any case of vertical and diagonal bracing, we simply find, as above, the strains in 
the system strained by the dead load alone, and then if any tie is found to have compres- 
sion in it, this compression is the strain in the counter. The posts will then always be in 
compression, and the greatest compression will be when the train covers the longest seg- 
ment of the span. 

Bowstring Suspension. — We have represented in Fig. 113 this form of truss, some- 
Fis.118 times called the double boWy or lenticular girder. 

^ — ^— We choose the same span as in the preceding 

cases, viz.: 120 feet, divided into 8 panels of 15 feet 
each. Vertical and diagonal bracing. Train load i 
ton per foot, or 15 tons per panel, dead load 0.5 ton 
per foot, or 7.5 tons per panel. Locomotive excess 33 tons. Train preceded by two loco- 
motives. Each bow is a polygon inscribed in a parabola, the centre rise of which is 10 feet. 
The equation (page 120), 

"^ 180 

gives, therefore, the length of the verticals eE^ dD^ etc., for corresponding values of Xy 
measured horizontally from the crown e. 

The load is supposed to pass along the centre line. The verticals take compression 
only, and the diagonals tension only. 

Lever Arms and Angles of Inclination. — We find easily, by inserting x — Oy 
I5> 30f 45 in the equation 

y — 20 — ^ 
"^ 180 




the lengths of the verticals, viz.y 



eE 
20 



dD 
18.75 



cC 
IS 



bB 
8.75. 



The centre of moments for each flange is at the opposite upper or lower apex. 



Flff.114 




For the flange dey Fig. 1 14, the lever arm Em = Ee cos eEm. The 

angle eEm = eduy and this latter angle can be easily found, since its tan- 

en eE — Dd 1.25 ^^^ tt r- o ^ 

gent = -=- = = — ^ = 0.041666. Hence, Em = 20 cos 2 23 

= 20 X 0.99913 = 19.98. We have, similarly, the lever arm of DE or 
do = Dd cos 2° "23' = 18.75 X 0*99913 = 18.73. 
In like manner we find for 






cd 
lever arm = 18.6 



CD 
14.88 



be 
14.68 



BC 

8.57 



Ab 
7-4 



AB 
7.4. 
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The distance of the point of intersection of de and DE from the vertical Ee is easily 
found from the proportion 

;r : 20 : : 4: — 15 : 18.75, or ;r = 240 feet. 

In the same way we find the intersection of cd and CD distant from dD, 75 feet ; of 
be and BC, from cC, 26 feet, and of ^^ and AB from bB^ 15 feet. 

The angle which dE makes with the vertical is easily found. Thus, Fig. 1 14, tan 6^ = 

-^ = 5 — = 0.77420, hence das = 37° 45'. In the same way we find 

nE 19.375 ^/-^ » . ais oi ^J J 

^cD = 4i°38' Ac =51' 38. 

We can now find the lever arms of the diagonals. Thus, for dE we have 75 sec 37® 
45' = 75 X 1.26472 = 94.854 feet. In the same way we find tor cD, 21 x sec 41** 38' = 
28.09, and for bC, 15 sec 51** 38' = 24.16. 

The point of moments for the vertical bB is at the intersection of Ab and BC^ because 
these are the two flanges cut by a section through Ab, bB and BC The lever arm for bB 
therefore is 17.5 feet. 

The point of moments for cC is at the intersection of be and CD, Hence the lever arm 
for cC is 45 feet. 

The point of moments for dD is at the intersection of cd and DE, Hence the lever 
arm for dD is 225 feet. 

The point of moments for fE is at the intersection of df and EF, Since these are 
parallel, the lever arm for eE is infinitely great. 

To recapitulate, then, we have the following lever arms : 





de 




DE 


cd 


CD be 




BC 


Ab 




AB 


r arms 


19.98 




18.73 


18.6 


14.88 14.68 




8.57 


7-4 




7-4 


lever ; 


arms, 


6B 
1 7.5 


bC 
24.16 




cC cD 
45 28.09 


dD 

225 


dE 
94.854 


• 


eE 

00 






Intersection of de and DE i8o feet to the left of A 

" cd and CD 30 " " " ' 

« « u. _-,j Jin A " « " " « « 









We are now ready for the calculation. 

(a.) Strains in the Flanges. 

Calculation of Strains in the Pieces.— The student should draw a Figure similar 
to Fig. 113 and mark upon it plainly the above lever arms and intersections. With this 
before him, he can check easily the following equations. 

For the flanges we suppose 22.5 tons at each cross-girder, i, 2, 3, and 4, and 7.5 tons 
at all the others, and let the locomotive excess act at the proper points for each flange. 
Thus for de we have 33 tons at 4, Fig. 113. Hence, 

de X 19.98 = 95.25 X 60 — 22.5 (45 + 30 + 15), ^ = + 184.6 tons. 

cd X 18.6 = 103.5 X 45 — 22.5 (30 +15), cd — -T 194.7 " 

be X 14.68= 111.75 X 30— 22.5 X 15, *r = +• 205.3 " 

Ab X 7.4 = 120 X 15, ^* = + 243.2 ** 
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DE X i8.7J= — 103.S X 45 + 22.5 (30 + 15), JDE— - 194.6 tons. 

CD X 14.88 = — 1 1 1.75 X 30 + 22.5 X 15, CD= — 202.6 " 

BC X 8.57 = - 120 X 15, BC = " 210 " 

AB X 7.4 = — 120 X 15, AB = — 243.2 " 

{b.) Strains in the Braces, 

If the load occupies the axis as shown in Fig. 113, each vertical is divided into two 
parts, the strains in each of which will be different. 

Thus the vertical eE, Fig. 113, is composed dLtwo parts, ^4 and 4^. The train load 
which gives the greatest compression for e^ reacnes from the right end to 5, or from the 
left end to 3. For 4^ the compression is equal to that found for e^ increased by a full 
panel Toad, or 55.5 tons. 

Generally for any post, the compression in the bottom half is greater by 55.5 tons than 
that in the upper. 

We have then, 

^"4 X 00 — 49.875 X 00 + 7.5 X 4 00 = o, ^4 = + 19.875. 

4^ = 19.875 -f 55-5 = + 75-37 tons. 
In similar manner, 

di X 22.5 — 61.50 X 180 -f 7.5 (195 + 210 +225) = 0, di •= + 28.2, . 

32? = + 82.7. 

^2 X 45 - 79.125 X 15 + 7-5 (30 + 45) =0, c2= -¥ 13.87, 

2C = + 69.37. 

bi X 17.5 — 98.625 X 2.5 + 7.5 X 17.5 =0, ^1 = 4- 6.58, 

i^ = + 62. 

The inclined braces are also easily found by moments. Thus, 

dE X — 94.854 — 61.50 X 180 + 7.5 (195 + 210 + 225)'= o, dE =^ — 66.8. 
dE X — 94.854 — 80.625 X 180 + 22.5 (195 4- 210) + 55.5 X 225 = 0, dE = -k- 74.7. 

cD X — 28.09 "" 79-125 X 30 + 7.5 (45 + 60) = o, cD = — 56.47. 

cD X — 28.09 — 74.125 X 30 + 22.5 X 45 + 55.5 X 60 = o, ^2? = + 75.4. 

bC X — 24.16 — 98.125 X 6 + 7.5 X 21 = o, bC ^ — 17.9. 

bC X — 24.16 — 68.5 X 6 + 55.5 X 21 = o, ^C = + 31.22. 

Method by Diagram. — It will be seen from the preceding that the calculation of 
girders with curved flanges, though sufficiently simple in principle, is tedious in computa- 
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tion. There is also considerable liability to error through carelessness in writing down the 
equations. The student would do well to make it a fis.ii5 

rule always to check the computation by diagram. 

The diagram is best applied by taking a single 
apex weight and finding the strains it causes. 

Thus, let Fig. 1 1 5 represent a bowstring girder ; .^^ 
span 80 feet, divided into 8 equal bays. Bow circu- 
lar, the versine being 10 feet, hence the central 
depth of inscribed polygon is 9.85 feet. The load * ^ 
is supposed to traverse the lower flange and to be equal to i ton per foot. Dead load 0.5 
ton per foot. 

First suppose only the train load P^ of»io tons to act, and diagram its strains as in 
Fig. ii5(^t). 

Then suppose the load P^ = 10 tons to act, and diagram its strains. We can now 
easily form a Table giving the strains in every brace due to each separate apex live weight. 




TABLE OF STRAINS IN THE BRACES. 





Pieces. 


ab 


6c 


cd 


de 


^f 


fg 


ih 




Pv 


-2.7 


- 11.4 


+4.8 


-4 3 


+ 2.4 


- 2.3 


+ 1-4 




P^ 


- 2.3 


+ 1.4 


-8.4 


-8.6 


+ 4-7 


-4.6 
-6.9 


+ 2.8 




Pt 


— 2.0 


+ 1.1 


-2.8 

1 


+ 2.6 


-4.5 


+ 42 


P^ 


. - 1.6 


+ 0.9 


— 2.2 


+ 2.0 


-3.6 


+ 3.5 


-5.6 


P, 


— 1.2 


+ 0.7 


-1.7 


+ 1.5 


- 2.7 


+ 2.6 


-4.2 


P. 


— 0.8 


+ 0.5 


— I.I 


+ I.O 


- 1.8 


+ 1.8 


- 2.8 


Pi 


- 0.39 


+ 0.23 


— 0.56 


+ 0.51 
+ 7.6 


— 0.90 


+ 0.88 


- 1.4 


Compression 

+ 


Live load. 




+ 4.8 


+4.8 


+ 7.1 


+ 8.8 


+ 8.4 


Locomotive excess. 






+ 15.84 




+ 15.61 






Tension 


Live load. 


— II. 


— II. 4 


— II. 8 


— 12. 9 


- 13.5 


— 13.8 


— 14.0 


* 


Locomotive excess. 


- "55 




-13.07 




-14.85 






Dead load. 


-5.5 


- 3.3 


- 3.5 


- 2.6 


- 2.7 


- 2.5 


- 2.8 


Max. compression. 






17.14 




20 






Max. tension. 


28.05 




28.37 




31 




• 



Thus we set down in the Table the strains in all the braces, caused by /7, as found 
from diagram (p). Then the strains due to P^ will be twice those caused by P^, Those 
due to Pi and P4, three and four times those caused by P^^ respectively. This is evident 
from Fig. 115, where P^ is twice as far from the right end as P^. Its left reaction is, there- 
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fore, twice as great, and causes in all the braces to the left a double strain. We can thus 
fill the lines for Z^, /«, P^ and P^. For P^ we see at once that cd and de will both be ten- 
sion. The signs alternate both ways. The strains in these two pieces for P^ are in differ- 
ent type in the Table. For all braces on the right of P^ the strains will be twice what they 
were for /\, and for all on the left six times what they were for P^, 

In the same way for P^ the strains on ^/ and ^. (given in Table in black type), are both 
minus and signs alternate right and left from these. For all pieces on the right the strains 
are three times what they were for /i, and for all on the left five times what they were for 
P^. Generally, then, the strains are all multiples of either /\ orP^, and we can easily fill 
up the Table. 

We can now fill out the lines for live load compression and tension. Then adding 
these algebraically and dividing by the ratio of live to dead load, we find the dead load 
strains. 

It remains to take account of the locomotive excess. This is easily done. Thus for 
^the greatest tension occurs when we have 33 tons at the third apex. This weight will 
cause in efy therefore, ff = 3.3 times as much tension as /g caused, or 3.3 x 4.5 = 14.85. 
The total tension in ef, then, taking account of locomotive excess^ is — 13.5 — 14-85 — 
2.7 = — 31 tons. 

In the same way the compression on ^ given by the Table, or 4.4, is to be increased 
by the compression in this piece due to locomotive excess. This compression is 3.3 times 
the compression in </"due to /g, or 4.7 x 3.3 = 15.51. Therefore, the greatest compression 
on efisy.! + 15.51 — 2.7 = 20 tons. 

In similar manner we cart find and add the locomotive excess strains for the other 
pieces, and thus find the maximum strains. The student is left to fill up these lines in the 
Table for himself. 

The flanges are found by a similar Table, the locomotive excess strains being deter- 
mined in an analogous manner. 

General Remarks. — The foregoing is sufficient to show the application of our prin- 
ciples to any bridge girder with curved or inclined flanges. 

In finding the lever arms the student should check the computation of each one by 
measuring it to scale from a properly drawn frame. In this way errors may be avoided. 

Instead of finding the dead load strains from the computed live load strains, as is 
done in our Table, the dead load strains may be easily diagramed or computed separately, 
if it is thought desirable. No comparison of the girders in this Chapter has been at- 
tempted, but the double bow is easily found, so far as strains are concerned, to be the 
best. This might be expected, as both flanges being curved, each acts to sustain the load, 
while in the bowstring, Fig. 115, the lower chord simply resists the spread of the upper 
chord. The bowstring ranks next, and the ** truncated bowstring " last of all. 

The best bracing in all cases for long span is the triangular, as in such case all the 
braces will always be in tension, and the material required for stiffening long struts is 
avoided. 

The Pauli truss (page 60) resembles the double bow, but the flanges are so curved that 
the strain in them is constant. Such a truss with triangular bracing is, therefore, some- 
what superior to the double bow for long spans. 
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THE CONTINUOUS GIRDER. 
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Definition of Shear, Reaction. — ^A continuous girder is one which rests upon more than 
two supports. When a girder rests upon two supports only, a weight 
placed anywhere upon it causes pressures or reactions at the two 
supports, which may be at once determined from the law of the lever. 
Thus in Fig. ii6, a weight F, placed at a distance, a, from the left 

end, causes the reactions i?. = — — — - and i?« = -7-. 

reactions being thus known, the strains in every piece can be readily calculated by moments, or 
otherwise. 

But suppose one end of this girder to overhang the support, as in Fig. 117, and to have a weight 
P" at the end, as well as the weight /*, as before. The reaction R^ at the right end will then be 
found by moments, as follows : 



These 




— /^t X / + Pa - P'd = o, oTPi= ~ T- . 



Pigr.iiT 



The reaction i?, is, therefore, no longer the same as before, but is diminished by — . 

H The reaction at A is also no longer the same as before, but 

is composed of two parts, viz.: the shear .S" at ^ due to /', and the 
shear .S" at A due to P\ The shear due to /*, or the portion of P 
which goes toward the left, is equal to S = P — i?,, or iS" = 

^ ^^""^^ + 7^ • ^^^ 5^^^ ^^ ^ ^^® ^^ P'isS = P'. Hence the 



AZ^yW^Z^ 



'— ^irr* 



A 



Ch 



8 



B 



entire reaction B.t A is Pt = S' + S 
same result can also be found by moments. Thus, 

P,/ - P {/-a) - P' (^ + /) = o, otPi = P' + 



P{l-a) . Fb 

-^ — J. 



We see, then, and the above is simply intended to illustrate this point, that the reaction at a sup- 
port, when the girder extends past this support, is composed of two parts, viz., the shear due to loads 
on the right, and the shear due to loads on the left. Shear and reaction^ then, must now be distin- 
guished from each other and never be confounded. In the case of the simple girder upon two 
supports only, the shears and reactions at the supports are the same, but in a continuous girder they 
are not. 
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Now in Fig. 1 1 7, the weight P' and the shear S* = P\ form a couple, the moment of which is, 



rfr.ti8(a^ 



fi 



Fis.118 

a b 




A/\A/\/\/\/\/\ 


P 


A 

B 



M 




therefore, constant and equal to P'3 for all points of the truss to the left of A (see page 26). If, 

then. Fig. 118, we suppose acting at A the shear -S* due to P^ viz., — ^-^ — - 4- -j-^ and in addition 

the moment — M = — P'b^ we can find the strains in every piece just as for the simple girder, the 

only difference being that we have the moment — M 2X the support, whereas in the simple girder we 

have the shear or reaction at the support only. 

Thus let aby Fig. 1 18, be any flange, the point of moments for which is distant j: from A^ and let 

d be the depth of girder. 

Sx 
Then for the simple girder the strain in ab would be o^ x d = Sx ^ or ab = -j-^ where 5 would 

a 



be, as in Fig. 1 16, equal to -^i = 



P{/-a) 



now 



Sx M 

But for the overhanging girder, we should have ab x d =^ Sx — M^ or ab = --z —y where 

pit ^\ p'k 

, S = — ^— + — and M = P'b, If, therefore, .S and M can be found for any loading, 

the calculation of the strains offers no difficulty. 

Continuous Girder — Exterior and Interior Loading. — Now Fig. 118 (a) represents pre- 
cisely the state of a span of a continuous girder. A load placed anywhere upon the span causes at 
each end positive shears and negative moments. One portion of the problem, therefore, which we 
must solve, is to find for any position of the load what these shears and moments are. Any system 
of loading in the span itself we call interior loading.. 

But in the case of the continuous girder, not only do loads in the span itself cause strains in all 
the pieces of that span, but also loads in other spans. We have, therefore, to find the moment and 
shear at the ends of any span caused by loads in any of the others. 

In Fig. 119 let there be a weight in the span AB, As we have seen, this causes positive shears 
Fis.iio at A and B, But as the other spans are unloaded the curve of 

the girder must be as shown in the figure. That is, the shears at 




F both supports of any loaded span are positive^ and are alternately 
P minus and plus either way from that span. 

In the same way we see that the moments at the ends of a loaded span are both negative, that is, 
cause tension in the upper flange^ and are alternately plus and minus either way from that span. 

For any span, then, as DE, Fig. 1 20, the greatest positive shear and negative moment at the end 

^jg^ Dy will be caused when the spans AB, CD, FG, etc., are fully 

.■ ■ ■ mi fry™ mTTTL -- loaded and the others are empty. The greatest negative shear 

J jli ' iy^^""''2L ' ^ ' a^-''Z^"^A^- and positive moment at D will be when BC, EF, GH, etc., are 

^ ^ ^ ^ ^ ^ ^ "^ loaded. 

.■.p.» pr— pp. ppp™ The second part of our problem is, then, to determine for 

^ST^^^'aM^'^yr^^ any span the shear and moment at the end of that span 



B 



H 



caused by a full load over any other span. We can thus find 
' the strains due to *' exterior " loading. 

The calculation, then, of the strains in any span of a continuous girder offers no especial diffi- 
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culty, provided we can find, ist, the shear and moment at the end of that span due to a concentrated 

load placed anywhere within it, and 2d, the shear and moment ^j ^^^ 

at the same end for a full load over any other span. /^ /, /^ <.9Jt^ 

General FoRMULiE.* — We give here, therefore, the for- \ % J J~ """? IT"^* 

mulae which will enable us to determine the shears and moments. 
The development of these formulae is given in the Appendix to — a^*'*a^^"'a^* a ' 

Part I. page 244. ** 7 A. '^^ ^ ' a 

Notation. — The notation we adopt is as follows, Fig. ^it^«rt n^'^ i^\ t^fi 

121: I ^^^ — L- ia LL 



zr 



zi 



TT 



Whole numbers of spans are indicated by s. ^^ "* **** 

Hence, whole number of supports is j + i, numbered from left to right. Number of any sup- 
port in general, always from left, is m. 

The supports adjacent to the loaded span^ left and right, are indicated by r and r + i. 

The length of span is denoted by /. The subscript denotes which span is referred to. Thus 1% 
is the second span, 1% the third from left, and so on. /^ is the length of the loaded span, U any span 
in general. The subscript is thus always the number of the left hand support. 

A concentrated load is denoted by P, 

Its distance from the left hand support is a. 

The ratio of a to length of loaded span /, is >fe = — . 

The moment at any support in general is M^y where m may be i, 2, 3, r, /^ + i, j, etc., indicat- 
ing in every case the moment at corresponding support from left. 

In same way the shear just to the right of any support is denoted by S^* Thus S^ is the shear 
just to the right of the left end of the loaded span. The shear just to the left of any support is de- 
noted by S^. 

The uniform live load is w per unit of length. 

These comprise all the symbols we shall have occasion to use. By reference to Fig. 121, the 
reader can familiarize himself with their signification, and will then find no difficulty in understand- 
ing and using the following formulae. 

FoRMULiE FOR MOMENTS AND SHEARS. — For the moment at any support to the left of the 
loaded span, or ist when »i < r + i 

•^ ^g< - r ^ 1 4- Bd^ - r -H ^j V 

^"~ ^" /.-/.-. + 2 (/, + /.)«'. ^^-^ 

For the moments at any support on the right of the loaded span, or ad when »» > r. 

For the shear at the left support of loaded span, 

S, = ^^i±lf-Ml^q (ni.a) 

at the right support of loaded span, 

«Jf + l= T "^^ (III.^) 

For tf;zloaded spans. 



* These formulae were fint given by Prof. Merriman, Londm Phil, Magadtu, Sept 1875. 
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In these formulse we have for concentrated loading, 

A^Pn {2k - 3>&» + >&*), B = Pl\ {k - >P). 

For uniform load entirely covering one span, we have q ^ q ^ \wlr and A = B = ^ wli. 
The numbers c and d have the following values : 

2 (A + /,) _ A 4- /, /, 

C\ = 0, ^j = I, ^1 = 7 > ^4 — — 2 r J ^ — Ct -jj 



h + U h ^ h_±h , h 
Ct = — 2C4 } Ct-7f r* = — 2r» z Ci T-> 



and so on. 



i/j = O, Os = I, tf , = — 2 — 7 , ^4 = — 2a% tfj - — , 

- , /, — t + /,_8 , /.-8 , , A — 8 + /« — 4 , /.-8 

Og = — 2<r4 7 tfa 7 > a% — — 2/X| 1 ^4 ; — 

/«-8 /.-S ♦•:-4 *#-.4 

and so on. The numbers can be written out by simple inspection to any extent desired. 

These formulae hold good for any number of spans of different lengths, provided all the sup- 
ports are on the same level. They are also based upon the supposition of a constant coefficient of 
elasticity and constant moment of inertia of cross-section. 

Fis.isid A few examples will make the use and application of the preceding 

^ j^mu^ formulae clear. 

' *r • * 5 Example i. A continuous girder of four equal spans has the second 

span from the left covered with the live load. What are the moments and shears at the supports f 
We have in this case. Fig. 122, 

J = 4, r = 2, ^1 = o, ri = I, r, = — 4, ^4 = + i5> and dy = o, 

^A = I, </, = — 4, ^4 = + 15- 

For supports i and 2, we have m < r ■{■ i, hence from equation (I.), page 135, 

ILT JLT ^^4 + Bd, -15^ + 4^ II - 

iff, = o, iff, = — Cf -jz — ; — jj- = =^—77 = wr. 

Idi + 4/^4 56/ 224 

For supports 3, 4, and 5, we have m > r, hence from equation (II.), page 135, 

Act + Bcn A - 4^ 12 ^ 

Ict + 4IC4 ^ — 4/ + 60/ 224 

- - , Aci + Bct A — 4B ,3 ^ _, 

Icz + 4/^4 S^^ 224 

For the shear (or reaction) at the first support, we have from equation (IV.), 

S\ = = = wL 

I 224 

> 

For the second support, the shear on the left is, 

/ 224 
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The shear on the right of the second support, is from equation (Ill.a), 

St = — ^—. ^ + 1 tt// = — — a// + i w/ = + — wl. 

I 224 * 224 

The shear on the left of the third support, is from equation (III.^), 

/ 224 * 224 

The shear on the right of the third support is from equation (|V.), 

/ 224 
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In the same way. 



1^4 = -J = — — wl^ 

I 224 



/ 224 

/ 224 

A positive shear acts upward, a negative shear downward. 

A positive moment causes compression in the upper flanges, a negative moment tension in the 
upper flange above the support. 

Example 2. In the preceding case^ what is the moment and shear at the second support for a con- 
centrated load Pj picked anywhere on the span t 

Answer 

if, = - -^ (26 >fe - 45 >fe» + 19 k*) PI, 

•S, =^(56 -58^ + 3^* -^•). 

Example 3. A continuous girder of five spans, the centre and adjcuent spans being 100 feet and 
the end spans each 75 feet long, has a uniform load extending over the second span. What are the mo- 
ments at the supports f What is the shear on the right of the Ath support t 

In this case, Fig. 123, we have ^ ^^^^^^ fi».i«8 

4 — 4^ 4 4^ — zs — TT 

x = 5, /, = /,= 75= J /„ 4 = /, = /, = ioo,r=2, 1 T 8 T 5 T 

also 

Cx = ^, ^-f = I, ^i = — }, ^4 = + i3> ^f = — 48.5> and <^ = o, 

^, = I, ^, = - }, ^, = + 13, ^ = - 4^-5- 

Since then A = B = { r/'/*, for uniform load, we have from equation (I.), 

ilf, = o, if. = - ^«'/.% 
and from equation (II.), 

1254 2508 1254 



9 
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For the shear on the right of the 4th support, we have from equation (IV.), 



A = 






45 



2508 



wh 



Example 4. A continuous girder of four spansy h = 80, A = 100, /, = 50, and U = 40 /^^A 
has a load of 10 tons in the second span^ at a distance of 40 feet from the second support. What are 
the moments at the supports i What is the shear just on the right of the second support t 
Fis.124 In this case, Fig. 124, we have 

^ 51 

J = 4, r=>2, tf = 40, >& = —=: — •— - = 0.4, Ci = O, 



C«^ 



4P 



, a 40 

k = j= = 0.4, 

I2 100 



r, = I, 



Ci = — 3.6, ^4 = + 19.6, rs = — 83.7, di = 0, ^8 = I, 

di= — 3.6, </4 = 4- 10.3, di = — 4^-85. 



We have then from equations (I.) and (II.), 
for /« < 3 



Af^= - -^ {Ad, + ^di), 
3348 



for »i > 2 



. Af^ = - 



d,. 



3348 



{Act + ^r,). 



Hence, 



— 82.01, 



M,= - ^ ~^' '' = ^ ''•'' ^ + 3 y - 4.6 y) = + .4-65. 
For the shear .Si, we have from equation (III.^) 

•Si = -J + Z' (i - ^) = + 5.934s tons- 



88.56, 



M% = o. 



Continuous Girder with fixed Ends. — It is worthy of remark that if we make l\ or /, = o, 
our formulae still hold good for a girder with either or both ends fastened or walled in horizontally. 
We must, however, remember that when we thus make A or /, or both equal to zero, the value of s 
must still remain unchanged, and the supports must be numbered as they were before the end spans were 
taken away. 

Example i. A beam of one span is fixed horizontally at the ends. What are the end moments and 

shears for a concentrated locul distant a = klfrom left endt 

In this case, Fig. 125, the two outer spans A and It are zero. But 
- |i^** A we have still J = 3 and r = 2, just the same as if the outer spans still 
^ ^ existed. 

We have then, 



I I 



T^ 



I 



^ 



C\ — o, ^, = ly ^j = — 2, 
Hence for m = 2 we have 



r* = + 4, ^1 = 0, i/f = I, ^3 = — 2, <ii = + 4. 



if. = 



_ Adi + ^^1 ^ 
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and for f« = 3 we have 



Mt^-d^ 



Act + Bcj 

Id + 2lCi 



Inserting the values of c and d^ we have 



Mt= - Pli.k- 2l^ + e) and Mt = -; PI {k* - //). 
For the shear at the left end, we have 

S, = ^^~^' + P{i^k\ orA = 7'(i-3>? + 2>?). 

For a load anywhere, we have simply to give proper values to k^ and we have at once the mo- 
ment and shear (which in this case is the same as the reaction) at the end. 
Thus for a load in the centre, k = ^ and 

Mt^ Mz=: \Pl, S2 = St=iP as should be. 

Example 2. Pi?r a uniform load over the same beam^ what are the end moments and shears f 

We have simply to introduce the proper values of A and B for this case, and we have at once 

Af,= — ^w/* = Mi and 5, = 5i = i w/. 

Example 3. A girder of three equal spans is " walled in ** at the endsy and has a concentrated load 
in the first span. What are the moments and shears at the ends and intermediate supports f 
In this case we have j = 5, r = 2, and hence 

M,= -^'(45*_78^+33n M^ = - ^-^ Pi (I? - e), 

45 45 



45 



^. = - - (3 '*' - 3 -*•). 

45 



For the shears we have, 



45 



S\ = ^ (99 ^ - 54 If), 
45 



s\ = -j- {27 -? - a? n 

45 



45 



45 



5'. = ^(9*'-9n 

• 45 

The reactions are equal to the sum of the shears at each support. Thus the reaction at the 
second support is 

i?s = 5', + ^ = — (126 k' - 81 >?). 

Observe that the moments are negative at each end of the loaded span, and alternate in sign each 
way. A negative moment always denotes tension in the upper flange. 

The shears are positive at the ends of the loaded span, and alternate in sign each way. A pes- 



_ "a 
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I 



( 



itive shear acts upward, and requires the support to be below the girder. Disregarding, then, the 
weight of the girder itself, it would have to be held dawn at the first pier from the right end. 

Since the sum of all the reactions should equal the weight, this fact affords a ready check upon 
the accuracy of our results. 

Example 4. — A beam of one span is fixed horizontally at the right end^ what are the shears and 
moments for concentrated load f 

We have here, 

J = 2, r=i, /« = o, ^1 = 0, ^1=1, di = Oj dt=iy ^3 = — 2. 
Hence, 

,, ,, J Ac\ + £ci 3c^ B •* */t »«\ 

' ICx + 2lc% 2lCt 2/ 2 ^ 

M P 

S,=-^ + P (I -.6) = ^(2-3*+*'), 

5.' = y (3 * - k% 

If the beam is uniformly loaded, we have 

jl/; = o, iW; = — \wl\ 5i = f a//, 5,' = I w/. 

Example 5. — A beam of three spans of 25, 50 and ^ofeet respectively^ is fixed horizontally at the 
right end, and has a concentrated load of 10 tons at 12 feet from the third support from the left. fVhat 
are the moments at the supports f 

Here, 

A = 25, /, = 50, /3 = 4o» /4=o, P=io, ^,= 12, ^ = 0.3, J=4, andr = 3. 

Also, 

^1 = 0, r, = T, r, = — 3, ^4 = 12.25, <4 = o, ^=1, d4 = — 2, ^4 = 6.4, ^i=— 32.4. 

When, then, /« < 4, 

Inserting >( = 0.3, and the values of c, we have, 

for »* = I, Mi= o\ »* = 2, it/i = + 8.20 ; »» = 3, -^i = — 24.62. 
When »» = 4, 

M, = ^(-ZA+ ia.as ^)=-^ (6.25 *+9-f- 15.25 n 

Or 

^4 = — 42.29 foot tons. 

Find the shears. Also moments and shears for uniform load over the third span. 

Uniform Load Over Entire Length of Girder. — Our formulae, page 135, enable us to 
find the moment and shear at any support^ for a uniform load over any single span. If, then, we 
suppose each span in turn imif ormly loaded, the algebraic sum of the moments and shears thus obtained 
at each support, will give the moments and shears for any uniform load over the entire length of girder. 
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This is, however, unnecessarily tedious. We can find the moment at any support in this case, di- 
rectly by the following formulae.* 



M. 






where w is the uniform load per unit of length, and the numbers c and d are the same as in the gen- 
eral formulse, page 136. The numbers i are as follows : ' 

lA' . _ _ '•• * '■' _ ... '• + '• 



«i=o, 



«.= - 



»■= - 



- - !», 



. ;.' + 4" , I, + I. 

*■= — —"^'—ir^-'T.' 

Here again we may Ax one or both ends horizontally by making /i or /, or both equal to zero, 
and proceeding as directed on page 138. 

If the spans art all tqual, the preceding formula becomes much simpler. Thus/ur tqual spam : 

^. = j^h(.-^.*.)-^.« (. -^.*,)1. 

where, as in the general formulae, page 136, A =■ —- , and the numbers indicated by c are 

4 

Ct—o, c,— \, Ci = — 4, f . = + 15, C( = — 56, v, = + 209, etc, 

alternating in sign, and each one being numerically equal to four times the preceding, m/mtf the next 
preceding. 

The shears at any support are given in any case, whether the spans are equal or not, by the gen- 
eral formulsB (III. a), and (III.^), of page 135. 

In the case of equal spans, the moment at any support can be easily found without formutse or 
calculation. Thus the following Table gives the coefficients of — ul* for any number of spans. 

The Roman numerals at the sides indicate the number of spans, and the horizontal line to 
which they belong give the moments. 

H0HIHT3 AT SUFrOSn— TOTAL UNIPOUl LOAD— ALL SFAHS XQUAL— COEFFIClENTa Of — li* CIVXN IN TABLK. 




* This foimnlK and the foUowing for eqnal ipam are here Eiven for the Snt time. 
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The Table may be easily continued to any number of spans desired. Thus for any even num- 
ber of spans, as VIII. for example, the coefficients are obtained by multiplying the fraction preceding 
in the same diagonal row, both numerator and denominator, by 2, and adding the numerator and 
denominator of the fraction preceding that. Tiius 

II X 2 + 8 30 

142 X 2 -I- 104 388 





15 X 2 -f II _ 41 
142 X 2 + 104 ~ 388' 


In like manner, 




- 


12 X 2 + 9 _ 33 
142 X 2 4- 104 388 



or 



II X 2 + 2i _ 33. 
142 X 2 -f 104 388 



in the other diagonal row. 

For any odd number of spans, as IX. for instance, we have simply to add, numerator to numer- 
ator and denominator to denominator, the two preceding fractions in the same diagonal row. 

'''''^' ' 388 + 142 530' 388 + 142 388 + 142 530 

and so on. We can thus, independently of the formula, produce the table to any required number 
of spans. 

For seven equal spans, then, we have at once from the table, 

* 142 ' 142 ' 142 

The moments are all negative, showing that the upper flange is in tension over every support. 

Similar tables * may easily be drawn up for shears and reactions. It is unnecessary to give them 
here. 

The moments being known, the shears can easily be found by the formulae of page 135. 

General Method of Calculation Indicated. — Thus we see that the simple formulae of page 
135 are all that we need for the complete solution of any case of level supports — whether the spans 
be all equal, or the end ones only different, or all different ; whether the girder merely rests on the end 
supports or is fastened horizontally at one or both ends. We have only to remember that a positive 
moment causes compression and a negative moment tension in the upper flange. Also that a positive 
shear acts upward and a negative shear downward. Also, that the moment and shear are respectively 
negative and positive at the supports of the loaded span, and alternate in sign both ways. This is 
all we need in order to form properly the equation of moments for any apex, and determine the 
quality of the strains in flanges and diagonals. We can thus solve any practical case of framed con- 
tinuous girder, with the same ease as the simple girder. 

Thus, for any span, as J?£, Fig. 120, we have only to find by the formulae of page 135 the mo- 
ments at I) and jE due to every position of the apex load P in the span J)£, and the corresponding 
shears at D, These once known, we can find and tabulate the strains in every piece due to each 
apex weight An addition of these strains gives then the maxima of each kind due to interior load- 
ing. 

We have then to find, in like manner, the strains due to the two cases of exterior ioadtngy as rep- 

♦ Many such tables will be found in " Elements of Graphical Statics^** Du Bois : Wiley & Sons, 1879. 
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resented in Fig. 1 20. An addition of these strains gives the maxima of each kind due to exterior 
loading. We can then deduce the dead load strains, and finally the total maximum strains of each 
kind for every piece. 

Example. — Let us take as an illustration of the preceding, a continuous girder of seven equal 
spans, and seek the maximum strains which can ever occur in the mid- Fiff.i26 

die span. Let Fig. 126 represent the centre span DE, Length 80 feet, [a1 

divided into 4 panels, and let the live load per panel be, for instance ^ /\ <f /\ * /\ ^ /\ it/ 
40 tons or w = 2 tons, the uniform or dead load being Aa// as much, or \/ V \/ \/ — -V— - 
20 tons per panel. Height of truss 10 feet. Load on top chord. D c 

We have then, by the application of our formulae, page 135, 

For 1st span loaded (Fig. 120) moment at 2> = — 61.55 ^^- to^s 

shear at 2> = + 0.97 tons. 

For 2d span loaded moment at 2? = + 184.65 ft. tons 

• shear at 2? = — 4.74 tons. 

For 3d span loaded moment at Z? = — 677.05 ft. tons 

shear at 2> = + 10.67 to^^s. 

For 5th span loaded moment at 2? = + 181.38 ft. tons 

shear at 2> = — 10.67 to^s. 

For 6th span loaded moment at Z? = — 49.46 ft. tons 

shear at D = + 2.91 tons. 

For 7th span loaded moment at 2? = + 16.48 ft. tons 

shear at 2? = — 0.97 tons. 

Also for the loads in the span J?£ itself, 

For the ist load Pi moment at 2? = — 158.92 ft tons 

shear at 27 = + 36.17 tons. 

For the 2d load /'i moment at 2? = — 271.96 ft. tons 

shear aX D = + 25.88 tons. 

For the 3d load Pi moment at 2? = — 202.36 ft tons 

shear at 2? = + 14.16 tons. 

For the 4th load P4 moment at 2? = — 62.88 ft. tons 

shear at 2? = 4- 3.82 tons. 

These quantities are easily found from the formulae of page 135. The student, if he has fol- 
lowed our explanation of the use of the formulae, will have no difficulty in checking the above results. 
Once known, the complete calculation of the continuous girder offers no special difficulty. 

Thus for live load over the ist span, we have the moment at 2> = — 61.55 and the shear 
= + 0.97. We have then, for the upper flanges of the 4th span, for full live load over the first 
span (Fig. 126), 



' #-. 
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Aa y^ lo = 

^r X lo = 

Ae X 10 = 

Ag X lo = 

Ak X 10 = 



6i.5S 

61.55 + 0.97 X 20 

61.55 + 0-97 X 40 

61.55 4- 0.97 X 60 

61.55 + 0-97 X So 



or, Aa = — 6.15 tons, 
or, Ac = — 4.21 tons, 
or, Ae = — 2.27 tons, 
or, Ag^ = — 0.3 tons, 
or, Ak = + 1.6 tons. 



In similar manner, for the lower flanges, 

jBd X 10 = 4- 61.55 — 0.97 X 10 
Bd X 10 = + 61.55 — 0.97 X 30 
B/ X 10 = + 61.55 — 0.97 X 50 
JBh X 10 = + 61.55 "~ 0-97 X 70 



or, jBd = 4- 5.18 tons, 

or, jBd= + 3.24 tons, 

oXy Bf •=^ + 1.3 tons, 

or, Bh = — 0.6 tons. 



For the diagonals, since the angle made by these with the vertical is ^ = 45°, we have sec. 
= 1.414 and hence, ab = 0.97 x 1.414 = 4- 1.37, be = — 1.37, etc. 

In this way we can fill up the column for Z, in the table which follows. This column gives the 
strains in every piece in the span, due to the first span loaded. In the same way we can easily cal- 
culate the strains in every piece of the span DE^ due to the live load extending over the 2d, 3d, 5th, 
6th, and 7th spans. We thus find the columns Zt, Za, Zs, Z«, and Z? of the table. 

We can now find the strains in every piece due to each apex load in the span DE, Thus for Pi 
we have moment at 2? = — 158.92, and shear at /? = 4- 36.17. We have then. 



or, Aa=- — 15.89 tons, 
or, ^r = 4- 16.4 tons, 
or, -<4^ = 4- 8.8 tons. 



Bb ^ — 20.2, 
Bd= — 12.6, 



Aa X 10 = — 158.92 

Ac X 10 = — 158.92 4- 36.17 X 20 — 40 X 10 

Ae X 10 ^ — 158.92 4- 36.17 X 40 — 40 X 30 

and so on. 

So also for the lower flanges, 

j9^ X 10 = 4- 158.92 — 36.17 X 10 

Bd X 10 = 4- 158.92 — 36.17 X 30 -f- 40 X 20 

and so on. 

Also for the diagonals, we have 

ab = 36.17 X 1.414 = 4- 51. 1, ^ =: (40 — 36.17) 1.414 = 4- 5.2, cd— — 5.2, etc. 

We can thus fill out the column for -Pi, and in similar manner the columns for -P„ -P,, etc. 

The shear at any point is equal to the shear just to the right of the left support, minus all the 
weights between the support and the point. Thus, for -P,, we have for diagonal ^^, the shear 36. 17 — 
40, or a downward force of 3.83, since the weight 40 tons acts down. This downward shear causes 
compression in be since it acts at the upper end. For ab we have 36. 1 7 acting up at the foot of ab^ 
and, therefore, also causing compression. The diagonals which meet at the weight are always either 
both tension or both compression, according as the weight acts at the bottom or top. Right and left 
from the weight the diagonals alternate in sign. 

We have thus the following Table for the strains in the various pieces of the span DE^ Fig. 
126 : 
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TABLE OF STRAINS IN THE PIECES. 














UVK LOAD IN THB FOURTH SPAN. 


BXTBRIOR LOADING. 


DEAD 
LOAD 

1 LIVB 


TOTAL MAXIMUM 
STRAINS. 


PIBCBS. 


Px 


Px 


Pt 


P4 


^. 


U 


^» 


!-, 


u 


Ly 


TBNt. - 


COM.-f 


Aa 
Ac 
A* 

Ar 

Ak 

Bb ^ 

Bd 

Bf 

Bh 

ab 

be 

cd 

dt 

€/ 

fg 

/* 

hk 


- 15.6 
-t- X6.4 

+ 8.8 
+ 1.2 

- 6.4 

- 90.4 

- 12. 8 

- 5-a 

+ 9.8 
+ 5X.9 
+ 5.2 

- 5.a 
+ 5.2 

- 5-2 

+ 5.a 

- 5a 

+ 5.a 


- 97.9 

+ 24.4 

+ 3«-4 
4- 8.0 

- 90.4 
+ X.9 

- 50.8 

- 92.0 

-»- 6.0 
+ 364 

-3<5-4 
+ 364 
+ X9.6 

- X9.6 
+ 19.6 

- 19.6 
+ 19.6 


— 20.4 
+ 8.0 
+ 3«-4 
+ 94-4 

— 27.9 
+ 6.0 

— 99.0 

— 50.8 

+ x.9 
+ 19.6 

— X9.6 

+ 19.6 

— X9.6 

+ 19-6 
+ 36-4 

-3«4 
-»-36-4 


- 6.4 
+ 1.2 

-t- 8.8 
4- X6.4 
-15.6 
+ 9.8 

- 5a 
- 12.5 

- 90.4 

+ 5a 

- 5-9 

+ l'^ 

- 5a 

+ 5-a 

- 5-3 

+ S-a 
+ 5»-a 


-6.X5 

- 4.2X 

- 2.27 

-0.3 

+ 1.6 

+ 5.18 

+ 3a4 

+ «.3 
-a6 

+ 1.37 
-X.37 
+ x-37 

- »-37 
+ x-37 

- ».37 
+ I 37 

- X.37 


+ 18.4 
+ 8.9 

- 0.65 

- XX.6 

- »9-7 

- X3.6 

- 4.X2 

+ 543 
+ x-49 

- 6-75 

+ 6.75 

- 6.75 

+ 6.75 

- 6.75 
+ 6.75 

- 6.75 
+ 6.75 


- 67.71 

- 46.9 
-94.8 

- 3-3 
+ 18.9 

+ 56.9 

+ 35-5 
+ X4.0 

- 7-4 
+ 15.9 

- X5.9 
+ X5.9 

- X5.9 
+ X5.9 

- »5a 
+ 15.9 

- X5.9 


+ x8.x 

- 33 

- 24.8 

- 46.9 
-67.71 

- 7-4 
+ 14.0 

+ 35 5 
+ 56.9 

- X5.9 
+ X5.9 

- 15.9 
+ X5.a 

- X5.9 

-t- XS.9 

- 15-9 

+ X5.9 


- X9.7 

- XX 6 

- a65 
+ 8.9 
^ X8.4 
+ 14.9 

+ 5-43 

- 4.X2 

- XJ.6 
+ 6.75 

- 6.75 
+ 6.75 

- 6.75 
+ 6.75 

- 6.75 
+ 6.75 

- 6.75 


+ X.6 
-a3 
-a.a7 

- 4.2X 
-6.X5 

- 0.6 

+ 1-3 
+ 3a4 
•»- 5.18 

- x.37 
+ x.37 

- x.37 
+ x.37 

- x.37 
+ x.37 

- x.37 
+ 1.37 


-62.5 

-»- XX.8 

+ »7.5 
+ XX.8 

— 69.$ 
-»- 22.4 

— 17.7 
-X7.7 
+ 22.4 
+ 56.2 

— a8.o 
-»- 28.0 

0.0 

0.0 

+ 28.0 

— 28.0 
+ 56.2 


225.6 
38.6 

37-9 
38.6 

235-6 

X9.6 

TX2.6 
XX2.6 

X9.6 
XX2.4 

• • • • 

48.0 
48.0 

XX2.4 


859 
XO7.9 

859 

• • • • • 

XO9.3 

77- X 

77- X 

109.3 

X9X.8 

1x3.4 
48.0 
48.0 

XX2.4 

X9X.8 



For the dead load strains we simply have to add algebraically all the other columns horizontally, 
and divide by 2 in this case, or by the proper number in any case, whatever that is. The Table then 
gives at once the maximum strains in every piece, as well as the position of the loads which cause 
these maximum strains. We can also tell at once whether any piece needs to be counterbraced, or 
is subject to strains of two kinds. Thus the dead load acts always and causes in Aa, for instance, a 
tension of 62.5 tons. All the interior loads, -Pi, P,, P^ etc., also cause tension in Aa, as do also the 
dead loads of the ist, 3d and 6th spans. The maximum tension, since all these loads may act together, 
is, therefore, the sum, or 225.6 tons tension. On the other hand, the only loads which can cause com- 
pression in Aa are those in the 2d, 5th and 7th spans. If these three spans are all loaded simulta- 
neously, the united compression in Aa is less than the tension due to the dead load. This piece 
then, does not need to be counterbraced. It is always in tension, and the greatest tension upon it 
is 225.6 tons. 

Again, for Ac we have a dead load compression of 11,8 tons, which may be increased by all the 
interior loads, and by the load in the 2d span to 85.9 tons. Loads in all other spans, except the 
second, cause tension in Ac, Adding up all these tensions and subtracting the dead load compres- 
sion, we have 38.6 tons tension remaining. The piece Ac^ then, is subjected to 38.6 tons tension 
and 85.9 tons compression, and must be made to resist both. So for each and every piece, the two 
columns for total maximum strains are easily made out. We also see at once from the Table what 
weights, and where placed, give these two strains. 

Continuous Girder — Supports not on a Level. — We have, then, on page 135, all the for- 
mulae required for the solution of the continuous girder for supports on a level, or all on line, when 
the deviation from level is small, whatever may be the number or relative length of the spans. If for 
a continuous girder of constant cross-section the supports are properly lowered a considerable saving, 
of 20 per cent, or more over the same girder with supports on a level, may be obtained. If, how- 
ever, the cross-section varies according to the strain, in other words, if the girder is of constant 
strength, no advantage is thus gained from lowering intermediate supports. Such disposition of the 
supports may even act injuriously. 

The formulae for shear and moments, which we have given, are, indeed, based upon the hypoth- 
esis of constant cross-section ; but if the strains in every piece being found for the shears and mo- 
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ments thus obtained, each piece is proportioned to its strain, the actual girder erected is not of con- 
stant cross-section, but more nearly one of uniform strength. Formula for tJu case of supports out 
of levely as well as determinations of the best differences of levels are hence of little practical impor- 
tance. If, however, it is desired to find the efifect due to the sinking of any one pier, we may make 
use of the following formulae : 

Let the «th support be depressed below the level of the others by the distance h. Then the 
moments at all the supports are changed. The moments at n, and at each alternate support from n^ 
are diminished, and at the others increased. 

Fdr the sake of convenience, let 

H-^ 7^ — 

where E is the coefficient of elasticity, and / the moment of inertia of the cross-section. For the 
moment due to the lowering of the supports alone, we have, then, when all the spans are equaly 

£oT m < n 



ioT m = n 



for m > n 






" ~ 12 4 r.«i, 






+1 



9 



where n is the number of the lowered support from the left, and 

Ci = o, r, = + I, ^8 = — 4, ^4 = + 15, ^i = — 56, r, = + 209, etc., 

the numbers alternating in sign, and each one being equal to four times the preceding minus the one 
preceding that. 

From the moments at the supports the shears can be determined by the formulae III. and IV. 
of page 135. 

2d. When the spans are unequal : 

for m < ny 

/,//._! 4- 2 (A -f /,) d. 
for m = n, 



for w > «, 

- d..., , (^■^^" + ''^'-'' ) 6 A. EI 

" """ /,_, r,-, 4- 2 (Ci 4- /.) c. 

where 

, _^ ,_, ,_ Ji±Ji_ ,- _ ^ + /» It A -f h 1% 

A — O, ^, — I, Cx— — 2 , ^4 = — 2 ri r, — , ^5 = — 2 ^4 -, Cx ~, 

h i% 1% ti /4 



etc.. 
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and 

tfi = O, tfa = I, ^j — — 2 , ^4 — — 2 ^8 — (It — — 

flTs = — 2 //4 T dz T— , etc. 

The reader who has learned the use of the formulae of page 135, will have no diflficulty in apply- 
ing the above to any particular case. In the same way as explained on page 138, by making A or /„ 
or both zero, we may fix the girder horizontally at one or both ends. The formulae for shear at any 
support are the same as on page 135. 

Example i . — Let a beam of two equal spans be uniformly loaded throughout its whok lengthy and 

let the centre support be lowered by an amount ht = * , What are the moments, shears and reac- 

tionsf 

The moments due to the full load alone, before the support is lowered, are Mx = o, Mt = . — «- 

Mi = o. For the moment due to the lowering of the support alone, we have from the formulae just 

3 wl* 
given, smce If = . s= 2. m = n= 2, 



Hence the total moment is 



10 






8 ' 16 16 

or only one half as much as before the support was lowered. For the shears we have, 

M, ^ wl 7 _, o' _ 9 



Mx Wl 7 -., 9 

5i = -7- + — = -T w/, St = -^ wL 

/ 2 16 16 



Hence, 



5, = 4 wl, s: = \ wl. 

16 16 



T ifi *r 

^1 = -^ Wly ^« = -7 wl, R^— J- wl 

16 16 16 

Example 2. — How much must we lower the second support in the preceding example, in order that 
the reaction at the centre support may be just zero f 
In this case we have, 

j^ _H wr_ zhtEI wr 
/ 4 / 4 / 



If this is to be zero, we have, 






and hence 

J/i = + i wl*, and Rx = wl, Rt,= o, Rt = wl, 

or precisely as for a beam of single span and length 2/. 



- fc.'- 



Sr . . 
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Example 3. — A beam of four equal spans is unloaded^ and the third support is loiveredby an amount 



wl* 

ht — PTT • IVhat are the reactions t 

24 EI 



Answer : 



'112 112 ' 112 ' 



Example 4. — A beam of five equal spans rests as a continuous girder over six supports. Having 
given the dimensions of the beam^ length of span^ and coefficient of elasticity y to determine the reactions due 
to a sinking of the third support one eighth of an inch. 

Let the beam be of wood, i foot wide and 1.5 deep. 

/= 20 feet, J = 5, « = 3» ^ = 288,000,000 lbs. per sq. foot, ^a = i in. = 0.010417 feet, 

Cx =0, <:t = ^ ^a = — 4» ^4 = 15, r» = — 56, Ct = 209. 

540^/y^3 «r - ^ 906 EI hi _ <^'j(i EI h -^ _ . lAAEIhz 

' 209/ 209/ 209/ 209/ 

Mx = Ml = o. 

Or inserting the constants above, and / = -^ bd* — ^ ^ , 

Mx- Mi = o, Mt= - 5,448, Mt= + 9,142, J/4 = — S,8i2, Ml— + 1,453 ft. lbs, 

when all the spans are unloaded. For the reactions necessary to bend the beam down and keep it to 
its supports, 

-^1=— 272 lbs, ^,= + 1,002, ^a = — 1,477, ^4=1,1", -^,= — 436, ^4=4-73. 

If unloaded, then, the beam must be fastened down at the first, third and fifth supports. 
If the beam weighs 75 lbs, per foot ^ what deflection of the third support will raise the left end off 
the abutment f 
Ans. 

_ 15 , 540 ^Z^8 , ^r . • u 

Ai = — : wl = ^j— or ^ = 0.0226 feet = 0.3712 mches. 

3^ 209 / 

It will be observed that a small difference of level in the supports has a very considerable 
effect. 

Example 5. — Two equal' spans are uniformly loaded. How high must the centre be raised in order 
that the ends may Just touch the supports f 

This is the case of the pivot span when the centre support is properly raised. 

The reactions at the end are zero. At the centre Rt= 2 wl, hence J/, = — i wF, But the 
moment when the supports are on level is J/i = — J a;/*, hence — | wl* must be due to the eleva- 
tion of the support From our formulae 



-f«;/' = l^' orh,= - 



wt . 

8^7 



This is precisely the same as the deflection of a horizontal beam, fastened at one end andnfree 
at the other. (See Supplement to Part I. ) 

Economy of the Continuous Girder. — Although a comparison of strains alone is not suffi- 
cient to demonstrate economy in all cases, owing to increased cost of construction, etc., yet when 
the strain sheet shows a great saving, it may point the way to improvement. 



THE CONTINUOUS GIRDER, 



149 



Upon page 145 we have given the strains for a continuous girder, the centre span of seven. 
For the girder discontinuous, we find for the same load, 

Aa Ac Ae Ag Ak Bb Bd . Bf Bh 

Continuous —203.5 +63.6 +63.6 —203.5 +89.3 — ii5-9 —"5-9 — "5-9 +89.3 

Simple o H- 180 +180 o —90 —210 —210 —210 —90 

<ib be cd (U ef fg gh hk 

Continuous -1-189.3 —109.9 +109.9 +45*5 +45-5 +109.9 +109.9 +189.3 

Simple +127.3 —127.3 + 56.5 +56.5 —56.5 + 56.5 —127.3 +127.3 

It will be seen at once that there is a saving in the flanges — about 1 1 per cent in all — but the 
l^racing is heavier, giving little or no saving. The span is too short to bring out the relative economy 
of the continuous girder. 

For a girder of 200 feet, height 20 feet, 10 panels, double system of triangulation, live load 20 
tons per panel, dead load 10 tons, we have the following results : 



Bracing, 
Lower Chord, 
Upper Chord, 


ONB SPAN. 
1,398.6 
2,400. 
2,550. 

6,348.6 


TWO SPANS. 
1,428.2 

1,793-2 
1,981.6 

5,203. 
18 per cent. 


PIVB SPANS CBMTKB. 
1,596.2 

1,395.7 
1,622.6 


Total 
Per cent, saving 


4,614.5 

27 per cent. 



We see, then, that the saving increases rapidly with length of span. Although undoubtedly the 
full theoretical saving cannot be obtained in practice, the above is sufficient to point out that for 
very long girders the system may have its legitimate place amongst bridge constructions. 

Disadvantages of the Continuous Girder. — In order, then, that we may properly estimate 
this system and be able to make use of it in such circumstances as render its use desirable, it will be 
well to consider the objections to it as contrasted with the simple girder. 

I St. The chords at certain points undergo strains of opposite character. Strains of alternating 
kind have a more injurious effect than strains of one kind only, and require a greater area of cross 
section for the same safety. This tends to reduce our theoretical saving. It must, however, be 
borne in mind, that these alternating strains in the chords occur at those points where the strain is 
least, and where the cross section in the simple girder is generally considerably larger than the strain 
sheet demands. This tends to balance the above objection. 

2d. Extra work and cost of chords and chord connections necessary to secure flanges against 
both compressive and tensile strain. For long spans this objection decreases in force. 

3d. The changes of strains, unforeseen and often considerable, which a small settling of the 
piers or change of level of supports may occasion. 

This is a strong objection. As we have seen a very slight change of level causes great changes 
in the strains."" It is, therefore, indispensable that the supports of the continuous girder should be 
invariable. All cases where the piers are iron columns are, then, unsuitable for the employment of 
this system, as a slight change of temperature would affect the system. Even for masonry supports 
the girder cannot be erected until after the first season, when the piers have settled. Any subse- 
quent change due to insecure foundations would be disastrous. We recognize, therefore, another 
of the necessary conditions which must be complied with in all cases where the continuous girder is 
used. The span must not only be long, but the supports must be practically immovable, 

4th. Changes of temperature. The greater the number and length of spans the greater is 
the elongation due to rise of temperature. It would seem advisable, therefore, to limit the use of the 
continuous girder to three or four long spans. 

5th. Difficulty of calculation. The method given in the preceding pages involves no special 
difficulty. Its application to any special case involves considerable labor, but in a construction cost- 
ing many thousands of dollars, the labor involved in calculation is not a legitimate question. The 
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only points of interest are whether the method of calculation is clear, simple, easily systematized 
and reliable in its results and not liable to errors of computation. The method here given is believed 
to answer satisfactorily all these requirements. 

6th. Accuracy of formulae. Our formulae are based upon the assumption of constant moment 
of inertia of cross-section and constant coefficient of elasticity of the material. Neither of these as- 
sumptions are strictly correct. The theory of flexure as applied to girders of variable cross-section 
shows that the results obtained by assuming a constant cross-section err upon the safe side, in giving 
somewhat greater strains than the actual ones. The slight gain in accuracy is more than counter- 
balanced by the increased complexity of the resulting formulae. As to the second objection, while 
it is true that the coefficient of elasticity varies in the case of iron between tolerably wide limits, 
these limits become consideraby less in iron manufactured for a special purpose, as nearly as possi- 
ble of uniform quality, by the same establishment, from the same ore. An assumption of a constant 
mean value is allowable in such case, and leads to no errors of practical importance. 

Advantages of the Continuous Girder. — The principal advantages of the continuous 
girder are : 

I St. Saving in width of piers as compared with width required for separate successive spans. The 
girder may, indeed, theoretically be set upon knife edges at the piers. In fact such a construction 
would be preferable, as better insuring the calculated strains. Width of piers is undesirable. 

2d. Ease of erection, where false works are difficult or expensive. The girder may be put to- 
gether on shore and pushed out over the piers. 

3d. Saving of material, which for long spans would appear to be considerable. 

Summary. — It will be seen, then, that of the objections or disadvantages enumerated, 3 and 4 
have considerable weight. The use of the continuous girder must, therefore, be confined to the 
comparatively rare cases of a number of successive very long spans. Even in such cases the ques- 
tion of economy is of less importance than that of ease of erection. The remaining objections have 
less weight. The proper employment of the continuous girder may then be stated as confined to a 
few occasional situations. When the situation justifies its use, it offers special advantages well worth 
consideration. 

Best Ratio of Spans. — The length of the various spans has some influence upon the economy 
of construction. The best ratio of spans for minimum material is given by Winkler * in the follow- 
ing Table : 



LENGTH OF SPAN. 


FOR 3 SPANS. 


FOR 4 SPANS. 


150 feet. 


I : I. Ill : I 


I : 1.129 : 1. 129 : i 


300 feet. 


I : 1. 125 : I 


I : 1. 136 : 1. 136 : i 


450 feet. 


I : 1. 148 : I 


I : 1.168 : 1.168 : i 


Or about 


7:8:7 


7:8:8:7 


• 







Deviations from the above ratios have, however, but slight effect. Thus, if for 3 spans we choose 
the ratios 1:1:1, 1:1.1:1, i : 1.2 : i, i : 1.3 : i, we have for 150 feet span, respectively 1.6, o.i, 
0.9, 1.6 per cent., for 300 feet span, 1.6, o.i, 0.5, i.i per cent., and for 450 feet span, 1.4, o.i, 0.2, 
0.7 per cent, more material than for the ratios given above. These ratios, can, therefore, be deviated 
from, when circumstances render it advisable, without much loss. 

Hinged Continuous Girders. — ^The hinged continuous girder of Gerber, page 59, is free 
from all the objections which apply to the continuous girder proper, and has its principal advantage. 
That is, it may be built on shore and pushed out over the piers, and the flanges afterward cut or 



^ Vortri&ge ttber BrUckenbau.— Wien, 1875. 
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hinged A calculation of the strains in such a girder shows considerable saving when the spans are 
long, over the simple girder, and the system is worth more attention than it has yet received. The 
only gTrder of this kind in this country is the Kentucky River Bridge, designed by C. Shaler Smith, 
consisting of three spans of 375 feet each. It was erected without scaffolding, the girder being pushed 
out from each end and united at the centre. The flanges were afterwards cut at a distance of 75 
feet on the land side of each of the central piers, thus making the middle portion a continuous girder 
525 feet long, with two discontinuous spans, each 300 feet in length, at the ends of the projecting 
cantilevers, extending 75 feet from each pier. 

Literature Upon the Continuous Girder. 

We give for the benefit of students and those interested a short list of the more important works which treat the 
continuous girder. The literature is very extended, and no attempt is made at completeness ; only a few of the more 
important works are cited. For a much fuller list we refer to the author's, " Elements of Graphical Statics." 

Clapeyron. — ** Calcul ilufu pouire ^Uistique reposant Hbrement sur des appuis in/galement esphces,** Comptes Ren- 
dus, 1857. [Giving the well known Clapeyronian method and '* Theorem of three moments."] 

Mohr. — ** Beiirag sur Thearie der Hoh-und Eisen consirucHorun,^* Zeitschr. des HannOv. Arch u., Eng. Ver., 
i86a [Theory of continuous girder with reference to relative height of supports. Application to girders of two or 
three spans. Best sinking of supports for constant cross-section. Disadvantage of accidental changes of height of sup- 
ports. Influence of breadth of piers.] 

Winkler.—" BeitrRge zur Theorie der continuirUcken BrUcken-trfiger:* Civil Ingenieur, 1862. [General Theory. 
Determination of methods of loading, causing maximum strains.] 

Winkler. — " Die Lehre von der Ehsticitaet und FestigJuiU'' 1867. [Complete treatment of continuous girder for 
all spans equal and unequal, uniform and concentrated loading.] 

Winkler. — ** VortrUge aber BrUckenbau" 1875. [Complete graphic and analytic treatment. Also discussions of 
grirder of varying cross-section.] 

CuLMANN. — " DU graphische Statik" 1866. [Graphical treatment of simple and continuous girder of constant and 
variable cross-section.] 

Weyrauch. — ** Allgemeine Thearie und Berechnung der continuirlicken und einfacken Trdger" 1873. [Gives the 
general theory for constant and variable cross-section for any number of spans and all kinds of loading. Difference of 
level of supports ; most unfavorable position of load ; examples illustrating use of formulae.] 

Greene, Chas. E.— '* Graphical method for the analysis of Bridge Trusses." Van Nostrand. 1875. [Application 
of equilibrium polygon by balancing of moment areas.] 

Du Bois.— ** Elements of Graphical Statics" Wiley, 1877. [Graphic and analytic treatment.] 

Merriman.— ** On the Theory and Calculation of Continuous Bridges,'" Van Nostrand, 1876. •[Analytic treat- 
ment, with illustrations of method of using formulae.] 
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CHAPTER VII. 

THE PIVOT OR SWING BRIDGE. 

Three Kinds of Pivot or Draw Spans.— The pivot or draw span may be consid- 
ered as a girder continuous over three, or it may be in some cases, over four supports. 
The small intermediate span, in this case, is the width of the turn-table. In this latter case, 
again, it may happen that both the centre supports are pivoted upon a third, so that they 
can tip under the action of a weight in the end span, one up and the other down. In Fig. 
127 we have represented these three cases. The first two are only particular cases of our 

general formulae, page 135. The third case is discussed in 
the Appendix. 

The reaction at any support is in general the sum of the 
shears on each side. For an end support, however, the reac- 
tion is the same as the shear. Our formulae give shears, and 
these must not be confounded with reactions. 

In the case of the pivot span, it is evident that if the 
shear at the end, due to a weight placed anywhere, is known, 
then, since at this support there is no moment, we have all we 
need in order to find the strains. The middle span, if any, when it rests directly upon the 
turn-table, is not affected by loads placed in it. Otherwise it can be calculated precisely 
as for a.span of a continuous girder, as already illustrated. 

Raising of Centre Support. — The centre support should be raised above the 
level of the ends by precisely the amount that the draw deflects, or else when once opened 
it would be difficult to shut it again. 

The dead load strains, then, found for the draw when open, exist in the draw even when 
it is shut. The apex live loads can then be considered, each by itself, for draw shut, and 
the fact that the centre support is thus raised will not affect the s/iears as given by our for- 
mula. Moreover, it is not necessary to enter into elaborate computations as to the pre- 
cise amount by which the centre support must be raised. It is only necessary in practice 
to raise the centre support, or lower the end supports, till the ends just bear when the 
bridge is empty. Thus, even when shut, there is no pressure upon the end supports ex- 
cept when the live load comes on. 

It may seem strange at first sight that under these circumstances the live load pres- 
ures are just what they would be for the level supports. If the beam, originally straight, 
were held down at the ends, then the reactions would have to be investigated for supports 
out of level. These reactions would be negative, and a live load coming on would dimin- 
ish them, or, if great enough, convert the reactions from negative into positive. But such 
is not the state of things. The end reactions are zero in the beginning, and any load gives, 
therefore, at the end a positive reaction, just as for level supports. 
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An analytical discussion would be out of place here, but assuming the expression to 
which such a discussion would lead us, we may show that this is so. 

Thus, for a beam over three supports, A^ jff, and C, not on a level, c^ being the distance 
of A below jff, and c^ the distance of C below B^ the coefficient of elasticity being E anu 
the moment of inertia /, we have for the moment at the centre support * due to any num- 
ber of weights in both spans, 

4Mj,/=z (^±^\ 6EI+ J 2Pa{/-^a){/ + a) 

a being always measured from the left support. 

In this expression the last two terms are precisely the same as for supports on a level. 
The influence of the different levels is contained in the first term on the right only. Now 
by supposition, Ci and c^ must be taken equal to the deflection due to the dead load, and 
the value of this term will, therefore, be entirely independent of the live load. 

Method of Calculation. — We have, then, to make two calculations, one for draw 
open and strains due to dead load, the other for draw shut aifd strains due to live load. 
The union of the two will give us the maximum strains. For the draw open, the girder 
becomes a cantilever, and the strains are easily found. For the draw shut, we have sim- 
ply to find the shear at the end supports for each and every fi^.iss > 
apex load in all the spans, omitting the centre span when it Ji ^ 8, ■ 



n 



2 



rests upon the turn-table. It therefore only remains to give 
the formulae which give these shears. ^ 

Beam of Two Equal Spans. — This is only a particu- i 
lar case of our general formulae, page 135. Thus if. we make *** 

J = 2, r = I, we have for a load P in the first span, at a distance a from the left end (Fig. 
128) for the moments, 

Mi = o, J/a = (^ — i«), Mi = o, where k = —, 

4 * 

For the shears, then, we have, 



5i = ^ (4 + >fe« - 5>&) 
4 

4 



(0 



Equations (i) are all we need for the complete calculation of a draw of two equal 
spans. The shears at the centre support are not needed. They are, 

4 

4 
The sum of all the shears is equal to the weight P, as should be the case. The reac- 

* See Appendix to Part I. , page 346. 
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tion at the centre support is ^a = 'S'2 + ^ = — {^k — 2lf). A negative moment denotes 

4 

tension in the upper flange. A positive shear acts upward. If, then, S^' comes out neg- 
ative, it shows that the support should be above, or that the girder should be held down 
at the right end. 

Beam Over Four Supports. — Let the end spans be equal, and denote them by /, 

and let the centre span be n/, where n is the ratio of the length 
of the centre span to the end spans, Fig. 129. 

For purposes of calculation we only need to know the 

shears 5i, 5^, and S'4 for a load anywhere in the first span 

A (Fig. 129). Loads in the second span come directly on the 

turn-table, and hence cause no strains. Loads in the third 

span have the same effect upon the first as loads in the 



!• 



A 



1.^ 

a 



3 

2 



Flg.189 



nl 



t* 



7^ 

8 



first have upon the third. 

We have then in our general formulae, page 135, 



r =1, J = 3, Ci = di = o, r, = ^ = I, ^8 = ^3^ = — 2 



I 4- n 
n 



Hence 



M, = o. M. = - mt^^pSL±J^ , M,= ^^^^j^, J/.=o. 



where 



//'=4 + 8/i + 3«*, and >& = 7 



For the shears we have 



5i ^—\H-Hk^ {k - /f)\2 + 2 «)] 



^ = S[<*-'^(3 + l)] 



S,=jf(i-^, 






(2) 



Equations (2) are all we need for the complete calculation of a draw with ehd spans 
equal to / and centre span nl. The shears at the other supports are not needed. 
They are 

S'^ = ^[Hk + (>t - >6^ (2 + 2 «)1 



5'. = -^[(.-^)(3 + -^)] 



St=-§k -e) n. 
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The sum of all these shears is equal to the weight /*, as should be the case. The re- 
action at the second support is 

The reaction at the third support is 

i?.= 5's -f- 5,= - ^[(>&->?) (3 + « + J)]. 



A negative moment denotes tension in the upper flange. A positive shear acts 
upward. 

Beam over four Supports — Tipper. — When the two centre supports are themselves 
supported upon a fixed point £, Fig. 130, the case is essentially different from that of four 
fixed supports. Whether in any case the girder is to be ^^ ^^^ 
treated as having three or four supports, or as supported as in i ni^ i 



B ^ C 



t 



Fig- 130, depends upon the construction of the turn-table. 

If under the action of a load in the span AB the table is 

free to tip, the following formulae may be used. We ** 

have ventured to call such a construction of the pivot span, the " Tipper^' or ** tip *' span. 

The formulae for this case are developed in the Appendix. Taking, then, as shown in Fig. 

130, the centre span equal to »/, and the outer •ones each equal to /, and also ^ = 7 and 

//'=4-f-8«-f3«*, we have for a weight anywhere in the left end span, 



M, = o, M2 = ^ [2 //* - (10 + 15 ;i + 3 «») k + {2 i n)i^, 



PI 



^s = -^ [(2 + 3 » + 3 «") * - (2 + «) 't»], ^4 = 0. 



2H 



For the shears we have 



. 5,= 



2H 



S,= - 



S',= - 



[2 /f - (10 + IS « + 3 «*) it + (2 + «) ^] 



(4 + 6 «) ^ 



2// 



. • • • . (3) 



2/f 



[{2 + 2n + 3r^)k-{2 + n)^ 



» * ' 



Equations (3) are all that are really needed for the calculation. The remaining shears 



are, 



S't 



2 H 



.[ (10 + IS « + 3 «^ * - (2 + ») ^]» 



^ * 
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5',= 



2H 



(4+6 ;/) k, 



Sn = 



2H 



[ (2 + 3 « 4- 3 «*) >t — (2 •\- n)tf\. 



The sum of all these shears is equal to the weight Py as should be the case, 
action at the second support is, 



The re- 



/vj — %S 2 "I" oj — . 



2 H 



[(6 + 9II4- 3»^* — (2 + «) ^]. 



The reaction at the third support is 



R% = S\ -f 5<i = 



2// 



[ (6 4- 9 ;/ + 3 «^ * - (2 + «) >^], 




or just the same as at the second, as should be the case, since the supports tip. 

A negative moment denotes tension in the upper flange. A positive shear acts 
upward. 

Example of Pivot Span — Dimensions.— In Fig. 131, we have represented a Tipper 
draw, the two outer spans being each 80 feet long and the centre span being 20 feet long. 

The outer spans are divided into 4 panels of 
20 feet each, and the centre spans into 2 panels 
of ID feet each. The bracing is vertical and 
diagonal. The verticals are to take compression 
only and the diagonals tension only. The end 
height of truss is 6 feet and the centre 'height 
10 feet. The live load is taken at 2 tons per foot, or 40 tons at each lower apex. The 
dead load we assume for the sake of illustration at one half of the live load, or 20 tons per 
apex. Our proportions are, of course, taken for the sake of illustration merely, and not 
as an example of actual practice. All the points necessary to be brought out are, how- 
ever, illustrated as well as they would be for a much longer span and more usual propor- 
tions. We have drawn both systems of diagonals, but of course, only one diagonal can 
act at a time in any panel. Thus when the draw is open, we have Ag^ bhy ci^ dk strained 
by the dead load and the other diagonals not at all. If the supports are properly arranged 
(page 152) these strains still exist ei^en when the draw is shut, A live apex load at d then 
will only cause tension in dhy when the compression it would otherwise cause in ci is greater 
than the dead load tension already existing in ci. The ties then, or the diagonals strained 
by the dead load, are the pieces Ag bh^ ciy and dk. For the dead load the diagonals in 
the centre span are not strained. The full lines, therefore, represent the diagonals strained 
by the dead load, and the dotted diagonals are only called into play, if at all, by the 
live load. 

If by reason of the construction the diagonals cannot take compression, there can be 
no ambiguity as to the pieces strained by any weight. Thus a weight at b can cause no 
strain in bg^ gc ox gA, but must go through ^/and bh, he, ci, etc., to the left and right. 

Shears. — Let us consider the case of the " Tipper.*' The method for four fixed sup- 
ports is precisely similar. We have first to put our formulae into proper shape for use in the 
particular case under consideration. Thus, / = 80, «/ = 20, hence « = i, and //" = 4 + 
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8« + 3«' = 4+ 2 + ^ = f|, ^ = — ; where a has for each apex load the successive 

values, 20, 40, 60, etc., or k is successively J, f, J, Equations (3) page 155, become then 
after reduction, 

99 99 

yy 

Now, in the present case, the denominator of k is always 4, of If always 64, the numer- 
ator only changing according to the position of the weight. These equations can then 
be written, 

•Si = ^[3i68-892tf + 90*], 

99 99'- "^ ^ 

These are then the practical formulae for .the present case, and from them we can 
easily find the reactions for the apex load of 40 tons. 
Thus for Px we have tf = i, and hence 

5i = + 28.85 tons, 5i = — 4.44 tons, S\ = — 2.26 tons, 

M^ = — 91.91 ft. tons. 

For P^ we make ^ = 2 and hence 

5i = 4- 18.88 tons, 52 = — 8.88 tons, - 5'4 = — 3.83 tons, 

J/j = — 129.3 ft. tons. 

For P% we make tf = 3, and hence 

5i = 4- 2.98 tons, 53 = — 13.33 tons, 54 = — 4.05 tons, 

ATa = — 57.57 ft. tons. 

The weight P^ acts at the support -fi. Fig. 131, but since this support tips, we have a 
reaction at A also. Hence for P^ we make tf = 4, and have 

Si = + 2.22 tons, 5j = — 17.77 tons, S\ = — 2.22 tons, 

J/, = + \^^.^^ ft. tons. 
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A load at ^, Fig. 131, rests directly upon the turn-table. For loads in the right-hand 
span the reaction at A is the same as the reaction at the right end, 5/, for corresponding 
loads in the left-hand span. 

We thus know the shears at A and -fi, due to every apex load in either end span, and 
can now proceed to find the strains. The formulae for shears, it will be observed, are very 

simple for any particular 

* case. 

Lever Arms. — The 
lengths of the verticals 
are 6, 7, 8, 9, and 10 feet 
(Fig. 1 32). These are the 
lever arms for the lower flanges. The upper flange meets the lower flange at a distance x 
to the left of A^ which is easily found from the proportion, 

;r : 6 : : 4r -f 80 : 10, or ;r = I20 feet. 

The angle of inclination of the upper flange with the horizontal is 2° 52'. Hence the 

perpendicular from B upon the flange ik is 200 sin 2' 

J g 



aj-120 




A_i 



\ 



m n 



\ 



\ 



/ 



\ 



\/ 



/ 



yfy^y^v'^ 52' = 10 feet. For At the perpendicular from rf is 180 sin 
/5 S < 9 ^° 52' = 9 feet. Yox gh the perpendicular from r is 160 

sin 2° 52' = 8 feet. For/g the perpendicular from b is 
40 sin 2° 52' = 7 feet. The perpendicular from A upon 
^ is 120 sin 2*" 52' = 6 feet. 

For the angles which the diagonals make with the 



Flir*133 



vertical, we have. Fig. 133, 

»^=<9^=7o'43', ^/» = 73'i8', ^M=^iw = 68° 12', ^^ = (9c. = 65° 4/ , 

^^ = 63^27', ^2*.= ^*, = 45^ 

The centre of moments for any diagonal is at the intersection of the flanges, or 120 
feet to the left of A. Hence we have lever arm of Ag= 120 cos Oj^ = 39.63 feet. In the 
same way we find 



/6 bh 


^ 


ci dh 


dk 


Bi 


Bm 


ke 


Lever arm = 40.23 52 


52.84 


65.63 66.85 


8045 


82 


00 


00 


For the verticals, we have, 




. 










bA 




go he 


id 


kB 






Lever arm — 120 




140 160 


180 


200 







We are now ready to proceed to the calculation. 

Calculation of Strains. — We have only to apply the method of moments, and the 
work is so simple that an example or two will suffice. 

Thus suppose the draw closed and Pi to act. The shear or reaction at the left end is 
28.85 tons. The weight Pi causes strains in the diagonals ^/and bh. Fig. 133. For the 
flange Ab^ then, the point of moments is at/; for be^ cd and dby at A, / and k. For the 
flange fg the point of moments is at ^ ; for gh^ hi and ik^ it is at ^, c and d. We have, then, 
for the weight Pi acting at i, 



'-■."■ V*'-' :j' ■■■ 
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Ab x6=o, ^^x8 = — 28.85 ^ 40 + 40 X 20, or *^ = — 44-25 tons. 
cd y. 9 = — 28.85 X 60 4- 40 X 40, or cd =: — 14.6 tons. 
^/i9 X 10 = — 28.85 X 80 4- 40 X 60, or dB=z + 9.2 tons. 

For the upper flanges, we have> 

^ X 7 = 28.85 ^20, or^= 4- 82.42 tons. 

^A X 7 = 28.85 X 20, or^i* = 4- 82.42 tons. 

Aj X 8 = 28.85 X 40 — 40 X 20, or A/ = 4- 44.25 tons. 

ik X 9 = 28.85 X 60 — 40 X 40, or ik = 4- 14.45 tons. 

For the central span, we have at B, when /\ acts, the shear ^ = — 4.44 tons, and 
Af2 = — 91-91 ft. tons. 

The shear being minus, acts down, and the moment being minus, causes tension in the 
upper flange. Therefore, 

km X 10 = — 91.91 
mn X 10 = — 91.91 — 4.44 X 10 
Be X 10 = 4- 91.91 4- 4.44 X 10 
eC X 10 = 4- 91.91 4- 4.44 X 20 

In precisely similar manner we may find the strains in the flanges due to the other 
apex weights. 

We can thus form a Table giving the strains in every flange due to each apex weight. 



km = — 


9.2 tons. 


mn = — 


13.6 tons. 


Be = -h 


13.6 tons. 


eC = -h 


100.8 tons. 



STRAINS IN THE FLANGES-DRAW CLOSED. 





fg 


gh 


hi 


ik 


hfH 


mn 


Ab 


be 


.ed 


dB 


Be 


eC 


Pi 


•1- 8s.4a 


•1- 83.43 


+ 44-»5 


+ 14.45 


- 9.3 


-X3.6 


0.00 


- 44-aS 


-14.6 


+ 


9a 


+ X3.6 


+ xoa8 


p* 


+ S3.94 


+ 94-4 


+ 94.4 


+ 3tf-9 


- xa.93 


- ax.8x 


aoo 


- 53.94 


- 36-9 


+ 


8.96 


4- 9i.8x 


+ 30.7 


Pt 


+ 8.S 


•f Z4.8 


+ »9-97 


+ X9.97 


- 5.76 


- X9.X 


0.00 


- 8.5 


- 14.8 


+ 


56. x6 


+ I9.X 


+ 3a.4a 


Pk 


+ 6.34 


+ 11. X 


-f- 14.8 


+ X7.76 


+ »7.77 


0.00 


0.00 


- tf-34 


- IX. I 


- 


X4.8 


0.00 


+ 17.77 


p. 


- 6.34 


- XX. X 


- X4.8 


- X7.77 


0.00 


+ X7.77 


0.00 


+ 6.34 


4- XX. X 


+ 


X4.8 


+ X7.77 


0.00 


p. 


- IX.S7 


- ao.as 


- 37.0 


- 3a.4 


- X9.X 


- S.76 


0.00 


+ XI.57 


■t- 30.S5 


+ 


37.0 


+ 33.43 


4- 19. X 


P-, 


- W.94 


- >9-»S 


- ^I'Si 


- 30.64 


- 3i.8x 


- X3.93 


0.00 


+ S0.94 


+ X9.>5 


+ 


a5.53 


+ 30.7 


-»- 3X.8X 


Pn 


- 6.46 


- XX.3 


- IS." 


- x8.i 


-X3.6 


- 9.3 


0.00 


-1- 646 


+ XX.3 


+ 


XS.I 


+ X00.8 


-1- X3.6 


Total 

Live Load 

StnOns. 


-1- 151.00 


4- 903.7a 


+ 173.4a 


+ 89.08 


+ '7-77 


+ »7.77 


aoo 


+ 35.31 


+ 61.8 


+ 


X56.75 


+ 936. X9 


+ 336. X9 


- 3S.3« 


- 6x.8o 


- 8«.43 


-98.9X 


-83.4 


-83.4 


0.00 


- "3.03 


- 77.4 


- 


14.8 
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The dead load strains occur when the draw is open. In this case we have lo tons at 
A and 20 tons at by c and d. The same holds good for the other end. Loads in the cen- 
tre span cause no strains. We have, then, 



fg gh hi 

o —28.6 — 100 



DEAD LOAD STRAINS — DRAW OPEN. 

ik km mn Ab be cd dB Be eC 

200 —320 -^320 +28.6 +100 +200 +320 4-410 +410 



These strains exist even when the draw is shut, if the end supports are properly low- 
ered. We can, therefore, draw up the following Table for strains in the flanges. 



MAXIMUM STRAINS IN THE FLANGES. 





/r 


/* 


hi 


ik 


km 


mn 


Ab 


be 


cd 


dB 


Bt 


eC 


Live Load 
■trains 


+ isx.a 


+ aoa.7 


+ »73-4 


+ B9.1 


+ »7-77 


+ «7-77 


0.00 


+ 3S.3 


+ 6x.8 


+ »^-7 


+ 236.2 


+ 336.2 


- 35-3 


- 6x.8 


- 82.4 


- 989 


-82.4 


-82.4 


0.00 


— X13.0 


- 77.4 


- 14.8 


•••••■ • 




Dead load strains. 


0.0 


- 98.6 


— xoo 


— aoo 


- 3ao 


- 390 


+ a8.6 


4- 100 


■t- aoo 


+ 3«> 


+ 410 


-1- 410 


Maximum 

• 

strains. 


+ 151.3 


+ aoa.7 


+ >73-4 


+ 89.1 


+ 17.77 


+ «7-77 


+ a8.6 


+ 135-3 


■i- a6x.8 


+ 476.7 


■¥ 646.3 


■»> 646.2 


- 3S-3 


- 90-4 


— z8a.4 


-898.9 


- 4oa.4 


- 4<»-4 




— 113.0 


- 77-4 


- 14.8 







The strains in the diagonals can be found in a precisely similar manner. We first find 
the strains due to each apex load, and then form a Table giving the live load strains. Com- 
bining these strains with those due to dead load, we find the maximum strains. 

It is also easy to deduce directly from our Tables the strains due to any other loads, 
such as snow, etc., by simply taking proportional parts of the apex load strains. 

It will be seen that every load in the right-hand span causes a negative shear or reac- 
tion at Aj Fig. 133. If, therefore, the draw when shut exerts little or no pressure upon the 
end supports, it should be latched down at the ends. 

The complete calculation of a draw offers, then, no special difficulty, whether we treat 
it as three spans, as a tipper, or as two spans. Our method by tabulation of apex weights 
is open to the charge of tediousness in the case of a long span. On the other hand, it is 
simple and easily systematized. The work, consisting of repetitions of similar operations, 
is easily checked, and the results showing, as they do, the action of each load upon all the 
pieces, are more satisfactory than those obtained by other methods. 
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CHAPTER VIII. 

THE BRACED ARCH. 

Three Kinds of Braced Arch. — We may distinguish three kinds of braced arch, viz.: ist 
hinged at crown and at ends ; 2d., hinged at ends only ; 3d., without hinges. 

The strains in the various pieces may be easily found either by diagram or calculation, for any 
loading, if only all the outer forces acting upon the arch for that loading are known ; that is, so soon 
as in addition to the load we know the horizontal thrust and vertical reactions at the ends, and the 
moments, if any, which exist at the ends. 

Arch Hinged at Crown and Ends. — This form of construction, Fig. 134, owing to the 
hinges at crown and ends, is an arch only in form, but in princi- 
ple is simply two curved and braced rafters, the thrust of which 
is taken by the abutments instead of by a tie rod. 

The calculation of strains present, then, no special difficulty. 
They may be found by diagram or by the method of moments, 
provided not more than two pieces, the strains in which are un- 
known, meet at any apex. 

Horizontal Thrust and Reactions. — The resultant at the crown for the unloaded half. 
Fig. 134, must pass through Cand B, Its direction is, therefore, constant for every weight P upon 
the other half. The resultant for the other half must then pass through a and A. 

We have, then, simply to draw the line CB and prolong it to intersection a with P, and then draw 
aA. Aa and Ba are the directions of the resultant pressures at A and B, By resolving P along 
these lines we can find the magnitude of these pressures, viz., ac and Pc. Resolving these pressures 
vertically and horizontally, we have the vertical reactions Vx = ab^ F, = Pby and the horizontal 
thrust H = cb. 

We can also easily compute V and H, Thus let the span be j, the rise of the arch r, and the 
distance of the weight P from the crown be x^ negative to the left. Then taking moments about B^ 
we have. 
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V^y. s = P{^ - x\ ox V^ = — ^ <- . 
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Also taking moments about the crown. 



Fi X — - ^r = 
2 



— Px, or If = 



Px + Vi — 

2 



2 Px ■¥ Ps 



In these equations x is minus when on the left of the crown, and positive to the right of the 
crown. The rise r is always measured from the chord AB to the hinge at the crown. 

These values of Vx and H are independent of the shape of the arch. Having found them, we 



1 62 



PRACTICAL APPLICATIONS, 




can calculate the strains in the pieces by moments, or by diagram, for each apex weight. A tabula- 
tion of the strains for each weight .will then give us the strains for uniform load as well as for live 
load. 

Unnecessary Pieces. — There should be only two pieces meeting at the abutments. Thus the 
pieces in Fig. 134, represented by broken lines, can only serve to support a superstructure or to trans- 
mit load to the arch. They are not pieces of the arch proper, and have no influence upon the strains. 
In the same way at the crown, the upper flanges are not connected. 

The hinges may be in either flange at the crown and at the 
abutments, provided we have regard to the above. The depth of 
the arch may vary at will above and below the centre line. This 
will affect the lever arm of the pieces, but V^ and H remain un- 
changed. Thus in Fig. 135,^ whatever may be the shape of arch 
and character of bracing, V\ and H can always be found from 
our formulae, and these two forces being known for any apex 
weight, the strains caused by that weight are easily found. 

Best Form and Best Depth of Arch. — If the arch is 
hinged in the lower flange, as shown in Fig. 134, the resultant for 
weights on the right half passes through A and C. Weights on the right-hand half will then cause 
tension in the upper flange. It is, therefore, well to pivot the arch either at the upper flange or at the 
centre line, as shown in Fig. I35(df). In such case if the depth is made large 
enough the flanges will always be in compression. 

As to the proper depth, let ACBy Fig. 136, be the centre line. If we 
draw the line AC, we can easily find the greatest vertical ordinate between 
this line and the arch. Thus for a circular arch', this ordinate mn is equal to 
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- /VTVf* - iP = i? 4/li + r' - iP, 



where R is the radius of the arch. The depth of the arch should, therefore, not be less than this 
ordinate, if the depth is constant. If the depth is variable, it should at any point be greater than the 
ordinate to AC at that point from the centre line. In other words, the resultant AC should lie in- 
side of the flanges. 

Loading Giving Maximum Strains. — As the tabulation of the strains due to each apex load 
involves considerable calculation, the labor of computation may be much lessened by considering for 
each piece all those loads acting at once whose effect upon the piece is of the same kind. We can 
thus find the maximum strains at once. 

Flanges. — For any flange as ab^ Fig. 137, the centre of moments is at <?, the intersection of the 

other pieces cut by a section through the arch at ab. 



'^•^ y in<M?.(M ) Now it is evident that if we draw a line through A and Oy and produce it 
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M 



8 •., 1 to intersection d with BC, that a weight at d causes no strain in ab^ because 
^^ -v^ the resultant for that weight passes through the point of moments for ab. 
Any weight to the right of -P, in Fig. 137, has a resultant which lies to the 
right of Ady and causes, then, a negative moment, that is, tension in the upper flange ab. The maxi- 
mum negative moment for cUf will occur, then, when all the weights from the right end up to d act at 
once. When all the weights from the left end up to d act, we have the greatest compression in ab. 

So for any flange, whether upper or lower, we have simply to draw a line through A and the 
point of moments for the flange and produce to intersection with BC^ When the load reaches from 
the right up to this point we have the greatest negative moment, and when it reaches from the left 
up to this point we have the greatest positive moment. If d falls on the right of the hinge C at the 
crown, then every weight causes compression in aby and there is no tension under any loading. A neg- 
ative moment denotes tension in an upper flange, and compression in a lower flange. The moment 
divided by the lever arm for the flange, or the depth of arch, gives at once the maximum strain. 
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Braces. — For the braces we must first find that position of load which causes the greatest 
shear. Next, we must find the strains in the two flanges cut by a transverse section through the 
arch and brace, for the given loading. Then since the algebraic sum of the vertical components of 
the strains in the cut pieces and the shear must equal zero, we can find the strain in the brace. 

Let bcy Fig. 138, be any brace, and ab and cd the two flanges cut by a Fig.i38 

transverse section through the arch and brace. Draw Ae parallel to that e> »*^'(-s) 

flange which passes through the left end of the brace in question. Thus for f* 
the brace be we draw Ae parallel to cd. For the brace aCy draw Ae parallel to 1 ^ 
<ib. Produce Ae to intersection e with BCy the line through the other two 
hinges. A weight P zXe has a resultant Ae parallel to cd. This weight then, causes no shear at c. 
For all weights right of e the shear at c is downward or negative. For all weights left of e the shear 
at c is upward or positive. 

When the load extends from the right end to ^, we have then the greatest negative shear, or max. 
(— S), When the load extends from the left up to ^, we have the greatest positive shear, or max 
( + ^. If e falls on the right of the hinge at the crown, then every weight will cause a positive 
shear at r. 

Let (p be the angle which r// makes with the horizontal. Then max. (— 5) = Vx — /Ttan <p 
and max. (4- 5) = Fi — ^! P — - /Ttan ^, where 2©* P denotes the sum of all the weights from 
A\.Q c. 

In writing down the algebraic sum of the vertical components of the strains in the flanges 
measure their angles always from a vertical through their left ends, and follow the rule for signs of 
page 16. 

We have then 

ab cos B^ + )fc cos ^«* 4- cd cos ^^d + ^S" = o. 

If S is determined as above and ab and cd found by moments for that loading which gives 5, 
we can easily find be. 

It is unnecessary to give an example. In view of the preceding principles the student will 
find no difficulty in calculating any given case, both for dead and live loads. The flanges are in 
general best found by moments, while the bracing is best found by the method of diagram of Chap- 
ter I. Section I. 

Changes of temperature occasion no strains in this arch. Each half is free to turn about the 
hinges, and thus accommodate itself to any change of shape. For very long spans, therefore, such 
a construction as Fig. 135 (^) would seem well adapted. 

Parabolic Arch hinged at Abutments — Continuous at Crown. — We shall confine our- 
selves in what follows to the consideration of very long spans, to which alone the braced arch is 
applicable. In such cases the parabola is decidedly the best curve, as giving the best shape and the 

simplest formulae. When the size is small compared with the span, or - is not more than 3^, no 

s 

great error will be committed by the application of our method and formulae to circular arches also. 
If we suppose the hinge at the crown removed, those at the ends being retained, then for any 

position of a weight -P, Fig. 139, the resultant pressures must, for equilibrium, pass, as in the preced- 
ing case, through the end hinges. This case differs from the pre- 
ceding only in that now the intersection of the weight and resultant 
pressures has a different position. Thus, in the case of three hinges, 
the intersection d. Fig. 1 39, of Ad and Py was always in the line BC 
Now it is no longer in this line, but is situated in a curve or locus 
cdek. 
If we can find this locus or curve, in which the point d must always lie, we can easily find, as 

before, the reactions, by simply prolonging the line of direction of the weight P, till it meets this 

locus, and then drawing from the point of intersection lines to A and Py and resolving P in these 

directions. Ti, V^ and H can thus be easily found. 
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The equations of this locus for a parabolic arc * or a flat circular arc, where - < -jV, is 



32 X* r 



25 J* — 20 jf* 



where s is the span, r the rise, x the distance of the weight from the crown, and y the ordinate Nd 
of the locus, measured from the chord AB, 

For a given arc, then, that is when s and r are given, we have only to substitute different values 
for ^, as X = o, o.i J, 0.2 j, etc., and we can easily find the corresponding ordinates y^ and can thus 
construct the locus cdek. It is then easy to find the reactions of A and B for any position of P. 
By resolving these reactions horizontally and vertically we find /Ti, Vx and Fj. 

The vertical reactions at the abutments may also be easily calculated. Thus, as in the case of 
three hinges, taking moments about B^ we have 

I. \ "(i-') 

Vx X s=: B (j -x) or r, = -^^ ' • 

where x is minus when measured to the left of the crown. We have also * 

128 r ? 

From these equations we can find the values of Vx and H without making the construction of 
Fig, i3p. We measure r from the chord to the lower or upper chord, or to the centre line, accord- 
ing as the arch is hinged at the extremities of the lower chord, upper chord, or centre line. 

Loading giving Maximum Strains.^— By means of the preceding formulae iox H and Vx we 
can find by moments or by diagram, the strains in every piece due to each apex load. Tabulating 
these strains we can find the dead load and maximum strains. This method is, however, unneces- 
sarily tedious. We can readily determine for each piece that loading which causes the greatest 
strains in it, and then find the maximum strains at once. 

Flanges. — In Fig. 140, let o be the point of moments for any flange as ab> Through draw Ao 
Fig. 140 and Bo and produce to intersections e and //with the locus. We see at once 

'^ that all loads between d and e cause a positive moment at ^, or compression 
in the upper flange and tension in the lower. The greatest tension in ab will 
be when all loads to the right of e and left of d act. Finding Vx and H for 
these loadings, by the construction of Fig. 139 for each apex weight, we can easily find by moments 
or diagram the maximum strains in any flange. 

Braces. — If we draw. Fig. 141, a line Ae parallel to aby all loads to the right of e cause a nega- 
tive shear at a. Since the vertical reaction Vx must be less than the weights -s -s 
which cause it, the shear at a due to the loads on the left of a must also be " ^UL^^ ei 1 1 -L Lr- 
negative. Fig. 141 gives, then, the loading which causes negative shear at a. j^ aid^>^^^^~^-^ ' 
The greatest positive shear will be when all loads between e and b act. If e 
falls to the right of By then all loads from ^ up to ^ cause positive shear, and "^ Fig.i4i 
all loads between a and A cause negative shear. 

As before, we have, 

max (~ 5) = ( Ft — -2/ Z') - ^ tan ^, 

where (p is the angle made by ab with the horizontal, and '2* P the sum of all the weights between a 
and A^ 

max (+ A') = Vx — H\,2CCi q). 




* For the demonstrations of the analytical results made use of in this Chapter we refer to *^*' Die Lehre von det 
Elasticitaet und Festigkeit" by E. Winkler, Prague, 1867. 
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The shear being known we find the strains in ab and dc by moments. Then 

ab cos B^ + ac cos 0^ ■{- dc cos 6^ -^ iS" = o, 

from whence we can find ac. Measure the angle 6 always from the vertical through the left end of 
piece, and observe the rule for signs of page 16. Or we can find Vx and If for the required loading 
by successive applications of Fig. 139, and then diagram the strains due to this loading up to etc. 

Temperature Strains. — While in the arch with three hinges there are no temperature strains, 
in the arch with only two hinges the strains caused by change of temperature may be considerable. 
Disregarding the weight of the arch, the effect of a rise of temperature 
above the mean temperature for which there is no strain, is to cause a hor- 
izontal thrust at the ends. If there is a rise of temperature, this thrust 
acts, as in Fig. 142, causing a negative moment at every point, or tension 
in the outer flanges. If there is a fall of temperature, the arch contracts 
and ZT acts in the opposite direction, causing a positive moment at every point, or compression in 
the outer flanges. If this thrust is known, the strains caused by it can be easily found. This thrust 

is given by the formula, 

_ 15 EIF €t 

S Fr' -\- 15/' 

where JS is the coefficient of elasticity, / the moment of inertia of the cross- section, F the area of 
cross-section, € the coefficient of expansion, / the rise or fall of temperature above or below the mean 
temperature for which there is no strain, A positive ^acts as in Fig. 142. 

For cast iron € = 0.000006 1 7 for one degree Fahrenheit. 

For wrought iron € = 0.00000686. For steel (un tempered) 0.00000599. 

Tables giving the values of € and JS are to be found in any work upon the strength of materials. 

F d* 

F is the total cross-section of the flanges and / = , wh^re d is the distance between the centres 

4 

of gravity of the cross sections. We take for / the greatest anticipated range in degrees above and 

below the temperature of erection, for which no temperature strains exist. 

The temperature strains thus found for greatest rise and fall of temperature must be taken in 

connection with the maximum strains already found for the live and dead loads, in order to find the 

total maximum strains. Thus the compression in any piece must be increased by the compression, 

if any, due to temperature. 

Parabolic Arch Without Hinges. — In this case, as in the preceding, the intersection of the 

weight and of the reactions lies in a curve or locuSy the equation of which may be found and the 

curve plotted for any given case. 

But the present case differs from the preceding in that the reactions no longer pass through the 

ends 0/ the arch A and By Fig. 143, but pass through points above or 
below the ends. This is the same thing as saying that we have not 
only at each end a horizontal thrust and vertical reaction, but also a 
moment which varies with the position of the weight, and is always 
of such a magnitude as to keep the tangent at the end of the arch con- 
stant in direction. 

For a parabolic arch we have for the locus ef^ a straight line at 
\th the rise of the arch above the crown. The reactions pass through 

the intersection of the weight P with this locus. The reactions, also, are tangent to a curve, 

whose equation is 




\o s* — losv ■¥ ^ v^ 



a/ = — 



i$s (,s — 2v) 
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where v is the abscissa on either side of the vertical through the crown, and w is the ordinate meas- 
ured from the horizontal through the crown. 

The curve is, therefore, an hyperbola on each side of the vertical through the crown. The hy- 
perbola on each side has the vertical through the end for one asymptote. The other asymptote is 
a line which cuts the axis of symmetry at a distance of \r below the crown, the tangent at the crown 
at a distance of \s from the crown, and the chord at a distance of 3 i from the centre. The centre 
of each hyperbola is at a distance of ^r below the crown. 

Fig. 144 shows one of these hyperbolas. The line eA is one asymptote. The line eb is the 
Fiff.144 other. The centre is at ^, and eo is the axis. The hyperbola can, there- 

fore, be drawn, as also that on the other side. Then for a weight -P placed 
anywhere, we prolong P till it meets ik in m. From m draw tangents to 
the hyperbolas on each side. These tangents are the directions of the re- 
actions. P resolved in these directions gives the reaction at each end. 
Each reaction resolved vertically and horizontally gives the horizontal and 
vertical reactions at each end. These horizontal and vertical reactions 
must be considered as acting not at the ends of the arch^ but at the points 
of intersection of the tangent reactions with the verticals through the ends. 
The reactions Vx and H being thus constructed for any portion of any apex weight, and the 
point of application a being known of these reactions, we can easily calculate the strains as in the 
preceding cases. 

Loading giving Maximum Strains. — It is, however, unnecessary to find thus the strains due 
to every apex weight. We can easily find for each piece the loading Fig. 145 

which gives the maximum strains in that piece and thud find the strains | 

directly. Thus, if Oy Fig. 145, is the point of moments for any flange, 
we draw thrpugh the resultants oa^ and oa^y which meet the locus ab 
at the points c and d. Then every load to the right of d or left of c 
causes a negative moment at 0, Loads at d and c cause no moment 
about 0. Loads between e and d give a positive moment about o. 

In similar manner, for the greatest shear at any point as /», Fig. 
146, let mn be the flange and draw ax //parallel to it. Then a weight 

at d causes no shear at «. Any load on the right of d or left of c causes negative shear at «, and 

any load between c and d causes positive shear at n. 

Temperature Strains. — In the present case, when there are no 
hinges, the effect of a change of temperature is to cause a thrust, H^ at 
a distance e» from the crown, or a thrust, Hy at a Fig.147 

distance (r — e^ from the ends. For rise of 
temperature this thrust acts as shown in Fig. ^I7* 
147, at a distance r — ^^ above the ends, and 
causing at the ends, therefore, a positive moment. For equal fall of temperature we have an equal 
negative moment. The thrust is given by the formula 
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and to by 



^« = 



(f-o 



3^ 



= ^(^>y' + 24 /) 
12 Fs* 



where E is the coefficient of elasticity, / the moment of inertia of the cross-section, f the coefficient 
of expansion, / the rise or fall of temperature above or below the mean temperature. A positive £f 
acts as shown in Fig. 147. 
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CHAPTER IX. 

COMPOSITE STRUCTURES. SUSPENSION SYSTEM WITH STIFFENING 

TRUSS. * 

Each of the structures of the preceding Chapter may be inverted, and constitutes in such case 
an inverted arch, or suspension system. The method of calculation is then precisely similar, the only 
difference being that the horizontal thrust at the end of the arch becomes a horizontal pull at the 
ends of the cable, and, therefore, pieces which were in compression are now in tension and vice versa. 

Suspension System. — A very common construction for long spans, however, is that shown in 
Fig. 148. Such a structure we may call ** composite," that is, it consists of two different systems 
which act together. Fig. 148 represents the most important 
of these, known as the " suspension system." It consists of 
a flexible chain or cable, which is stiffened under the action 
of partial loads, by a truss. The truss is slung on to the 
cable by suspenders, and may be of any design, either double 
or single intersection. Post, Pratt, etc. The cable carries 
the entire dead weight of the truss, that is, the suspenders are 
screwed up until the ends of the truss just bear on the abutments. The office of the truss is then 
mainly to stiffen the cable and prevent change of shape and oscillation, due to partial and moving 
loads. It also acts to support a share of the moving load. There are usually side spans at each 
end. In any case the cable is not attached to the towers, but passes over rollers at the top and is 
carried on beyond and firmly fastened to large anchorages of masonry. 

Defects of the System. — The principal defect of this system is its lack of rigidity. The cable 
possesses no inherent rigidity except such as is due to its weight and inertia ; and any stiffness which 
it may have, therefore, is due almost entirely to the truss. 

A second disadvantage is that a rise of temperature, by increasing the deflection of the cable, 
throws considerable load upon the truss. To obviate this objection, the truss is often hinged at the 
centre and placed on rollers at the ends. 

Advantages of the System. — It is evident from the preceding, that the system is most ad- 
vantageous for very long spans. The cable then carries the dead weight in the most advantageous 
manner, and by reason of it's own very considerable weight in such case, resists in some degree the 
deforming action of partial loads. The truss is then very light compared to what it would have to 
be if there were no cable. 

Stays Unnecessary. — The system is accordingly in practice applied only to very long spans. 
But owing to a lack of rigidity even in such cases, additional stiffness is sought to be obtained by 
the introduction of stays, reaching from the top of the tower to various points of the truss, as shown 
in Fig. 149. The use of these is not to be recommended, for two reasons. They render the correct 



k 

\ 



* The student before reading this Chapter should either first read the Appendix or be familiar with the Theory 
of Flexure. 
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determination of the strains indeterminate. A load at any point may be carried entirely by the sus- 
pender and stay at that point, or by the suspender and truss, or by the stay and truss. It is impos- 
sible to tell exactly the duty performed by each ; and even if it were, it would be impossible to so 
Fi8r.i40 ^<^ adjust the several systems that they shall take their proper share. 

If such adjustment were possible, it would not last. Variations of 
strain, set and elongation of the metal, shocks and vibrations, and 
rise and fall of temperature, would constantly disturb the adjustment. 
In the second place the stays are unnecessary. The truss is a 
rigid construction in and of itself, and ought to render rigid any system of which it is a member. If 
properly proportioned, then, the truss is sufficient. Stays are superfluous additions, and their use is 
unscientific. Their employment is a confession of improper design in the truss. We shall, therefore, 
suppose in what follows that no stays are employed. 

Truss should be fixed Horizontally at the Ends — As the main object of the truss is to 
secure rigidity, that construction of truss should be adopted which possesses the greatest stiffness. 
The truss should, therefore, be securely and firmly bolted down at several successive points at the 
piers and abutments, so that under all circumstances it is fixed horizontally at the ends. It should 
also be continuous and without hinge at the centre. 

It may be objected to this, that in such case there are strains due to change of temperature. 
This is quite true. But such strains can be accurately found, and the truss proportioned to with- 
stand them. 

The common practice of hinging the truss in the centre and placing it on rollers at the ends, in 
order to avoid temperature strains, is at the expense of rigidity. Moreover, nothing is gained in 
economy when the endeavor is made to make good this loss of rigidity by the employment of stays. 
The material saved in the truss and cable is balanced by the material in the stays, and the result is a 
shaky and unscientific combination. It is far better to put the material of the stays into the truss, 
where it is needed to resist temperature strains. We thus obtain the greatest stiffness the system 
admits of, and have a combination, the strains in which can be accurately determined, easy of adjust- 
ment, and which once adjusted will remain so. 

Instead of rollers at the ends, a sliding Joint at the centre of the truss may be permitted, since 
such a joint, if properly constructed, does not break the continuity of the flanges, and hence does 
not impair the rigidity, while it does reduce the strains due to temperature. Rollers may also be 
used, provided that they do not affect the condition that the truss shall be horizontally fixed at the 
ends. 

Best Form of Suspension System. — The best form of the suspension system, then, and the 
one which we shall investigate in the following pag&s, consists simply of truss, cable and suspenders, 
as shown in Fig. 148. The truss is assumed to be fixed horizontally at the ends, and to have, if de- 
sirable, rollers or a sliding joint at the centre or ends, which does not interfere, however, with the 
continuity of the flanges at that point. 

The truss may be of any of the usual patterns. The flanges are usually horizontal, and the 
bracing either single or double intersection with vertical posts, or triangular. This, however, is by 
no means necessary. Any form of truss may be employed, whether the flanges are horizontal, or 
parallel, or not. 

It is necessary to point out that such a system as the above does not at present exist. Of the 
large suspension bridges in existence, none are fixed horizontally at the ends, and most employ 
stays and are hinged at the centre. Our discussion and formulae, therefore, do not apply to such^ end 
will not enable one to find the strains in them. Indeed, from the preceding, we see that it is not pos- 
sible to find the strains in them with any degree of certainty, and hence it is useless to devote space 
here to their discussion. It is not, therefore, surprising that the system has been considered, and is 
still considered, unsatisfactory in railroad practice, except under certain regulations as to allowable 
speed and load, and, as regards its calculation, still more unsatisfactory in theory. 

We claim that the system proposed secures the greatest rigidity possible to the combination, and 
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admits of satisfactory calculation, and is, therefore, not only the best, but the only scientific combi- 
nation. Finally, that the bugbear of temperature strains is one only in appearance, since what is 
saved in the truss and cable by the ordinary system, is lost in the stays. 

Theory of Composite Structures Generally. — Before proceeding to investigate the sus- 
pension system, we shall illustrate the principles which must govern the discussion of any composite 
system. 

Let Ai be the alteration in length, per unit of length, due to the strains in one system, and A, that 
due to the strains in the other. Then in order that there may be the same unit strain at all points in 
both members, we must have • 

A, = A, (I.) 

But a common unit strain in both systems implies that both act together and are made of the 
same material. Equation (I.), then, expresses the condition that both systems reach the elastic limit 
simultaneously, /rm^^ they are both made of the same material. 

In any special case, as we shall see hereafter, A^ and A, can easily be found in terms of the depth, 
span, and deflection. Since the span and deflection are the same for both systems, they will cancel 
in equation (I.), and we shall then have from it the relation that should exist between the depths, 
for the least amount of material. Equation (I.), then, under the limitation of a common material, 
enables us to determine the dimensions of each system, in order that the elastic limit may be simul- 
taneously reached by both, that is, in order that the two may act together as one system. 

But whether both systems are made of the same material or not, or whether the elastic limit is 
reached simultaneously or not, still, if both systems are rigidly connected, they must have a common 
deflection at each point of connection. One system cannot deflect without causing the other to de- 
flect an equal amount. If, then, 6x is the deflection of one system, and d% that of the other, we 
have 

(Ji = (J, (II.) 

Since the deflection varies directly as the load, the ratio -^ found from equation (II.) in any 

special case, will give the ratio of the loads. If, then, we know the total load, we can find the load 
carried by each system. 

The two principles expressed by equations (I.) and (II.) lie at the foundation of the discussion of 
all composite structures. 

Change of Length. — The coefficient of elasticity E is that theoretical unit force which would 
stretch a piece an amount equal to its original length, if the law of proportionality of elongation to 
stretching force were to hold good throughout such extreme elongation. 

Thus, if S is the stretching force, and F the cross section, — is the unit force. If the elongation 

produced by this unit force is A per unit of length, and the length of the piece is Z, the elongation 

S , S 

due to the unit force — is AZ. It will, then, according to the assumed law, require as many times — 

to produce the elongation Z, as AZ is contained in Z. Hence, 

S L _ S 

From this we have for the elongation per unit of length. 
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From this equation we can always find the elongation per unit of length A, when the cross sec- 
tion of the piece 7% and the applied force S are known. 

Application of Preceding Principles — Illus- 
tration. — Let us take as an illustration of these 
principles and of the use of our fundamental equa- 
tions (,1.) and (II.), a single composite structure, repre- 
sented in Fig. 150. 

It consists of a beam DE and two tie-rods or stays 
AC and BQ united to the beam at its centre C. A sin- 
gle weight P is placed at the centre. 

Let z/i be the deflection of the stays, CC ', and J, 
the deflection of the beam. Let Aj be the coeflficient of 
elongation for the stays, and A, for the beam. Let the 
length of each stay be s^ the half span be /, and the vertical projection of each stay be v. 

I. Deflection of Stays, 

The increase of length of each stay is Ajj. Draw CF at right angles to AC. Since Ajx is very 
small, AF = -<4 C approximately, and hence FC = A^j. We have, then, by similar triangles, 

CC __ s -^i __ -^ 

FC' V Xis v' 




y • 






From this we obtain. 






(i) 



Let nF be the portion of the weight carried by the stays. Then (i — «) jP is the portion carried 

by the beam. 

tiP , , 

Each stay then carries — . The strain in each stay is then 



nF ^ nF s 

sec u = . 

2 2 V 

From equation (III.) the elongation caused by this strain is 



A, = 



nFs 



FiFi 2 FiFi V 



Inserting this value in ( i ), we have. 



A = 



nJPs* 



2 F^Ey. v' 



(2) 



nF 
where is the weight carried by the stay, and Ex P\ are the coefficients of elasticity and the area 

of cross section of stays. 

2. Deflection of Beam. 

The deflection of a beam supported at the ends, with a weight {i — n) Fin the middle, is, from 
the Theory of Flexure (see Appendix) : 
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where /, is the moment of the inertia of the cross section. If the beam is of rectangular constant 
cross section, /, = 3^ M*, where b is the breadth and h the height of cross section. The deflection 
at the centre is, therefore, 

-.='-^x^ <') 

where Et is the coefficient of elasticity, Fi the area of cross section. Let /o, Fig. 151, be the radius 
of curvature of the neutral axis of the beam. Considering the curve 
of deflection as an arc of a circle, which is approximately true when the 
unit strain is constant, or when the deflection is small, as is the case 
in practice, we have 

or neglecting A% as very small in comparison with 2p, 



^.= 



29 




But when J^ is very small, the length ot arc is the same as the 
length of chord, approximately. The length of the neutral axis, then, is 2/, and of the lower edge 
2/ -f A, 2/ = 2/ (i + A,). Since the lengths are proportional to the radii, 



2/ 



h^ 2/(1 + A,) 



or p = 



2K 



Substituting this value of p in the value for ^^i, above, we have, 



^.= 



A,/* 



(4) 



We have thus found in equations (i) and (4) the deflection in terms of the elongation, and in 
equations (2) and (3) the deflection in terms of the load. 
We are now ready to apply our principles. 



V 



I. To Find the Best Ratio of —. 

Since the deflections at C*, Fig. 150, must be equal, we can equate equations (i) and (4). 
thus have, 

A = ^. orA.-= A.-, or-=^^-^ 

V 



We 



(5) 



Equation (5) gives, then, the best ratio of -7, whether the material is the same in both sys- 



tems or not, if we put for A^ and A, their values at the limit of elasticity for each material. 
If each system is made of the same material, Ai = A„ and 



V 

T 



r 



2 To Find the Load Carried by Each System. 
If we equate (2) and (3), instead of (i) and (4), we have, 

nPs^ 



_ 2 (i —n) PP 

2 FxEx v^ ■" FtEth^ 



(6) 



(7) 
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From this equation we can easily find n^ whether the material in the systems is the same or not. 
If, however, the material is the same, we have from (4) and (3) 

£\ J*% h 

and if we put this equal to the value for Aj, we have, since now E^ = £i, 

2 (i — n) Pi ___ nPs 
Fth ~ 2F1 V * 

or if we introduce the best ratio of — as given by (6), 

n 

2{\ - n)Pl _ nPl* _ 4F,s f^. 

The preceding is sufficient to illustrate the use of our equations (I.), (Il.)f (HI-)* An<i the method 
which must be adopted for any composite structure. We shall now proceed to discuss in a similar 
manner the structure represented by Fig. 148. 

Notation. — We group together here the principal notation which we shall employ for convenience of reference. 

Ex = coefficient of elasticity of the cable. 

Et = ** *' ** *' truss. 

El = cross-section due to strains at centre of cable. 

Et = ** ** " *' truss. 

E. = ** •• •• ends of cable. 

Xi = elongation per unit of length of cable at centre. 

Xt = •* ** ** truss *' " 

A = ** " ** cable at any point. 

81 = deflection of cable, 8% = deflection of truss at any point. 

Ax = •• •• " At = •* " •* centre. 

/i = moment of inertia of cable, /a of truss, both at centre. 

/, =. greatest allowable unit strain for cable, /» for truss. 

s = length of cable supporting dead load only. 

/ = number of degrees rise or fall above or below mean temperature. 

e = elongation per unit of length due to a rise of temperature of one degree. 

g = unit load due to rise or fall of temperature. 

A = depth of truss, 2/ = span, v = versine of cable. 

r = height of towers, / = permanent or dead unit load. 

m = moving or live unit load . 

Af,= moment at any point, 5, = shear at any point. 

Afi = moment at left end of truss, Aft at right end. 

H = horizontal pull of cable, Vi = vertical reaction of cable at left. 

Equilibrium Curve — Horizontal Force Constant. — The curve or polygon which a per- 
fectly flexible string, hung from two fixed points, assumes when acted upon by a given distributed 
load, or by given concentrated loads, is called the " equilibrium curve " or polygon. 

In Fig. 152, let A and B be the ends of the string. In order that these ends may be fixed, we 
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must have at A and B the upward forces V\ and V%, The sum of these 

upward forces must equal the sum of the downward forces. Also if A 

and B are on the same level, the moment of Vx with reference to B must 

be equal and opposite to the sum of the moments of the downward forces 

with reference to B. So also for V^ with reference to A, If the forces 

Px Pty etc., are known, and their points of application given, we can then 

easily find Vx and Vx, But in order that A may be fixed, we must have Fig.i5« 

not only the upward force Vx^ which can be found as above, but also a horizontal force H^ equal and 

opposite to the horizontal pull of the string at that point. 

The portion of the string Aa must then lie in the direction of the resultant of H and Fi, and the 

tension in Aa must be equal to that resultant 

The portion ab must then lie in the direction of the resultant of Aa and Pxy and the tension in it 

is equal to that resultant. But the resultant of Px and Aa is the same as the resultant of H^ Vx and Px, 

In like manner the tension in any portion, as bcy is the resultant of all the forces to the left or right of 

that portion. 

But all these forces are parallel and vertical, except Hy which is horizontal. The tension of any 

portion^ as bc^ then, is the resultant of Vx— P\ — P% and H, But Vx — Px — P\ is the shear just to 

the right of b. 

Therefore, at any point of an equilibrium curve or polygon, the vertical load is the shear at thai 

pointy and the horizontal force at every point is constant and equal to the horizontal pull at A or B, 

As the loads are more numerous, the 
polygon approaches a curve. When the load 
is distributed, we have an equilibrium curve, 
Fig. 153. The tension in any element of 
this curve at any point, as ds, is, then, the 
resultant of the shear S at this point and 
If, and its direction is the direction of this 
resultant. We have, then, from similar tri- 




angles, completing the parallelogram on H and S, 

dx _ff 

dy " S 



(9) 



That is, the tangent of the angle which the tangent to the curve at any point makes with the 
horizontal is equal to ff divided by the shear at that point. 

Equilibrium Curve for Uniform Load a Parabola. — Let the distributed load be uniform 
and equal to/ per unit of length. Let the span be 2 /and 
the versine at the centre be v. Then, since the load is 
uniform, it is evident that Vx must equal v^y and whatever 
the form of the curve, each half must be symmetrical. 
That is, the lowest point of the curve is at the centre and 

at the point -7^ = o. 

dx 

Take C as an origin. Then from (9) we have for the 

vertical force S at any point, 




dx 



The elementary load at any point is then, 



dXi 



— t. 



iTA^lf 



?-•*-. 
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Integrating this, we have 



Since for jp = o, 



the constant C =■ o and 



Integrating again we have 



^|=/.+ C. 






Hl=p.. 



Hy 



= ^ + C. 



\. 



Since for jp = /, y -=■ Vj we have C = Hv — -^—y 

2 



and 



/<>. 



= ^+^,--^. 



But taking moments about B, we have for the equilibrium of the half JBC, since the vertical 
force at C is zero, 



-^2 2 



Substituting, we have 



y = 'v-^ 



do) 



which is the equation of a parabola. 

Hence, the curve of a flexible string uniformly loaded^ is a parabola ; and inversely, if a flexible 
string has the form of aparabolay it must be uniformly loaded. 

Deflection of Cable. — Uniform Live Load over entire Span. — Now in the system shown 
in Fig. 148, the cable carries the entire dead load of the truss, as the suspenders are supposed to be 
so adjusted during erection that the unloaded truss just bears at the ends upon the abutments. 
The weight of truss, flooring, suspenders, etc., may be taken as very nearly uniform, as the vanation 
of weight due to variation of cross section of flanges and braces can be neglected as very small, 
compared to the uniform dead weight of flooring, wind bracing, etc. Moreover, this uniform load 
is very great compared to weight of cables. The curve of the cables under the action of the dead 
load alone may be then considered as very closely a parabola, and therefore given by equation (10). 

Differentiating, we have 



dy^ _ 2VX 
^ "■ "7" 



If the length of arc is j, we have 



^ = V ^" + ^* = </^ r I + (^)' • 



z • - 
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Inserting the value for ~, 

ax 



ds = dx\ I + ^^^-7i — = i£r f I + — j — j^ — +....) 

If the ratio — is small, as is the case for long spans, we can neglect y. , and have approxi- 
mately 

ds = dx(^i -h ^^r^) (") 

Integrating between the limits — / and + /, we have for the length of the cable, when only the 
dead load acts, 

' = ^'(^-^ jr) <-) 

Equation (12) gives the original length of cable, when the span and versine are given, and the 

V 

ratio of — is small. That is, for long spans. 

Now let the entire span be covered from end to end with the uniformly distributed live load. 
It is required to find the deflection of the cable. 

The new curve will evidently also be a parabola of the same span, whose new length ^i will be 



="(-7^;)^ 



where Vi is the new versine. 

Let A be the elongation per unit of length at any point caused by the live load acting over the 
whole span. Now the cable may be composed of links and pins, or of wire. The last is more com- 
mon. In the first case, the cross section may be varied according to the strain. The unit strain 
will then be constant and A. will be constant In the second case, the cross section of the cable is 
constant and equal at any point to the cross section required by the greatest strain, that is to the 
cross section at the ends. The unit strain will then vary as the secant of the angle of inclination, 
and A will vary as the unit strain. 

Let, then. A, be the elongation per unit of length at the centre C, Fig. 154. If the cable is com- 
posed of links and pins, A, will be constant at every point. If the cable is of wire, and of constant 
cross section, the elongation per unit of length will be 

From ( X I ) we have, then, the elongation at any point 

t = ;i.(.+-i^) (,3) 

We shall find the deflection of the cable for these two cases separately. 

ist. When A, is constant^ or the cross section of cable varies so that the unit strain is constant. 

In this case, the new length of the chain cable will be 



j + A, ^=2/^1+ — ^r) ; or from (12) 
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From this equation we can find the new versine v\. Thus 

Since Ai is a small fraction, this becomes approximately 

^ = ^['-^t(^-^^)] ('4) 

The distance of any point of the cable below the horizontal AB^ Fig. 154, is 



V — y'=-v — 



vx^ 



a » 



where x is the distance of the point right or left of the centre. The distance of the same point of 

the deflected cable below the horizontal is Vi , » 

The difference of these two distances is the deflection at any point, or 



x' 



di = Vi — V - -Ti (z'l — t' ). 



But from (14) 



Vi — V = 



or, since — is small for long spans 



(-if) = '^.^(-T^)^ 



- 1 



Vi— V'= fAi — . 

V 

Hence 

*' = 17(''--^) <'5) 

where x is the distance of any point right or left of the centre. 
For the deflection at the centre, a: = o, and 

A^'-^ (.6) 

where Ai is constant and is the elongation per unit of length due to the strain at the centre, caused 
by the uniform live load when it covers the whole span. 

Let the uniform live load be m per unit of length. Then the vertical reactions at the ends, Fig. 
154, are ^ = ^f = W. Taking moments about the centre, we have 



Hvx — ml X -, or If = , 



I 



where Vi is the new versine of the elongated cable. The value of this new versine can be found 
from (14). 
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Jf is the tension at the centre of the cable. If we denote the constant unit strain by/i we have 
from (III.) 

n J_i __/^ fn/ , V 



Equation (15) then becomes 



*^' = TiSiT ('•--•) • <'«) 



and hence the deflection at the centre of the cable is 

yl 3 ^* / X 

"^^^T^^r • (^9) 

where J^i is the cross section at the centre of the cable required by the strain at that point, and Vi 
is given by the equation 

2d. When the cross section of cable is constant — In this case the elongation at any point is 
from (13) 

x = ,,(,.Z^). 

The elongation of any element ds of the curve is A</x, and the new length of the element is ds 
+ "Kcls = dsi. 

From (11), then, we have, 

ds (i 'hX) = dsi = dx f I + — yi — + Ai + ' ^, + ^^—j. ). 

Integrating between — / and + /, 



, / ^ N / IT? 2 z^* Ai \ 



Since -7- is a small fraction, and ^- = is also a very small fraction, we have approxi- 

/ ' I + A, I +J^ ^ ^^ 

k 
mately 

J, = 2/(1 + A,) [i +^7^). 

This is apparently the same length as in the first case. But it must be remembered that Ai or 
the elongation due to the strain at the centre is now less than before, because the cross section there 
is greater and equal to the cross section at the ends. Let the cross section at the ends be ^o* Then, 
since the cross section is constant, 

A = ^ - ^' 
We have, then, from (15) for the deflection at any point, 

tfi = ^ ^ "i^ {r-x') {i^) 

S EiFoViV 



I 



• i 
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^'= ii^v ('9«) 

where we must put for F^ the cross section required by the strain at the ends of the cable. Equa* 
timi (20) gives, as before, the value of V^ 

In either case^ then, the deflection at any point is 

"■= sirT^. <''-^> "^■> 

If we remember that in the first case F is the cross section Fx due to the strain at centre^ and in 
the second case F is the cross section F^ due to the strains at the ends. 

The second case is the most common, as a wire cable is more often used than a chain and is 
more economical, and such a cable must have a uniform cros^ section. We shall suppose in what 
follows, therefore, a wire cable of constant cross section, and, therefore, F= F^ If the formulae for 
the first case are required, we have only to replace F^ by Fi, 

Best Ratio of Height of Truss to Versine of Cable. — The deflection of the cable at 
the centre is from (16), 

4 V 

where Ai = _ _ and F^ is the cross section due to strains at ends. 

If £ is the elongation due to a rise of temperature of 1°, and / is the number of degrees rise above 
the mean temperature of erection, the deflection due to temperature is 

4 V 



The total deflection of cable, then, is 



_3/' 



A = ^^(A, + £/) (21) 

The deflection at the centre of a beam fixed horizontally at both ends, when uniformly loaded 
with the load m per unit of length is (Appendix, page 237), 

J, = 



24 Et li 

h 
For a braced girder we may take the radius of gyration equal to — , where h is the depth of 

F h^ 
girder. Hence /, = — — ; where Ft is the total cross section of both the flanges at the centre. We 

4 
have, then, 

ml' 



J,= 



6 E^ F^ h^' 
If we take moments about the centre of the span, we have for the strain in either flange, since 

6 



fnl^ 
the moment at the centre is — (Appendix, page 237), 



strain = ,- . 
on 



I 
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From (III.), then, 

^ S ml^ 

A, = 



We have, then, 



2 



A = -K^ (") 

2 h 



Equating (22) and (21), we obtain for the best ratio of height of truss to versine of cable, 



(V.) 



Since the cable is always in tension, we can take a higher unit strain for it than for the truss, 
even when they are of the same material. If of wire, the unit strain may be considerably greater 
than the unit strain in the truss. Moreover, the tops of the towers may give somewhat, and this has 
the same effect as an increase of Aj. 

Example. — Let the material in cable and truss be wrought iron. Take the coefficient of elasticity at, say 24,000,000 
lbs. per. sq. inch, or 12,000 tons. If, then, we assume the safe unit strain for the truss 4 tons, and for the cable, if of 
wire, 7 tons per inch, we have, 

A| := -= — =- =r and A3 ^ 



Fx Ex 12,000 Ft E% 12,000 



Take e = 0.00000686 and / = 40". Then «/ = nearly. 

3,000 ^ 



We have, then, from (V.), 



A 2 4 8 ^ , 

— = — X — - — = — = 0.25 nearly. 

V 3 7 + 4 33 



In a similar manner we can find — in any special case. 

Load Due to Change of Temperature. —A fall of temperature causes the cable to shorten. 
The effect of this is the same as a uniform upward load over the truss and an equal downward load 
over the cable. Let this load be equivalent to ^ per unit of length. We may call ^ the unit " cold 
load. " This load pulls the truss up and acts as a downward load, therefore, on the cable. The 
actual rise at the centre of cable is, then, the rise due to change of length, minus the deflection due 
to cold load. 

The rise due to change of length is from (16) ^ f/—. The horizontal tension at centre of cable 

4 Vi 

due to load ^ per unit of length is approximately, since in this case v and Vi are nearly equ^, ^ = ^ ^,^' 
The elongation at centre due to this tension is for constant cross section Fo from (III.), 

where F^ is the cross section due to strain at ends. The deflection corresponding to this elongation 
is from (16), 

4 2 Vi El Fo Vx 8 t^i E\ Fq 
The actual rise of the cable is, then, at centre. 

^ 4 zh ^ Vi* EiF^ 
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The upward deflection of the truss at the centre is (Appendix, page 237), 



' 24 £2 /.' 



or putting 7, = 






Equating these two deflections we obtain 

2 et Ex Fo vi 



,, / 4 Fi Fq vi' \ 
\ 9F, F, A' ) 



(VI.) 



From this equation we can find the temperature load ^, or that unit load which would give the 
same strains as are caused by change of temperature. 

For a fall of temperature this load, or the " cold load," is carried by the cable and bends the 
girder upward. For a rise of temperature the " hot load ** is carried by the truss alone. 

The strains in each case must be combined with those caused by the dead and live loads, in such 
a way as to give the greatest strains which can ever occur. 

T h. \ f^ T 

Example. — If we take, as before, et = , and assume E\ = £%, — = — and -=? = — , we have, taking 

* 2,000 V 3 -Fi 2 ' ' -6 

£1 = £i= 12,000 tons per sq. inch, I = 400 feet, z' = 50 feet, and F9 = 200 sq. inches, from (VI.), 

^ = 0.25 tons per foot, 
as the load on cable for fall of temperature, or the load on truss for rise of temperature. 

Live Load Over Entire Span. — Let the live load m per unit of length cover the entire span. 
A portion of this load acts as a uniform load upon the cable, and a portion as a uniform load upon 
the truss. Let nm be the portion carried by the cable. Then {i — n) mis the load of the truss. We 
have from (i8a) for the deflection of cable at centre, 

J _ 3 ^n^* 
* 8 FiFoViV * 

The deflection of the truss (Appendix, page 237) is 



_ (I - n) m l\ 



24 

A* . 

or putting I^ — F^ — , where h is the depth of truss, 

4 

^ _ (i - n) ml' 
6 E%F%h 

Equating these two deflection? we obtain, 

(VII.) 



n = 



9 EiFth 

I + -^ 



4 E\ Fo Vi V 



Partial Uniform Load. — Under the action of a partial load which extends only over a por- 
tion of the span, the curve of the cable is no longer a parabola, and the greatest deflection is no longer 
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at the centre. As the office of the truss is to prevent deformation, it acts to distribute the 
partial load over the cable. But as the curve of the cable is no longer parabolic, the distributed load 
cannot be regarded as uniform, and, in fact, is not uniform. 

If we suppose, however, that the cable load is uniform, we can easily find that portion of the 
partial load which would act in such case, upon the cable as a uniform load. Although the supposi- 
tion is not correct, we shall have future use for this result, and we therefore deduce it here. 

Suppose a partial load m per unit of length to extend over a distance a from each end. These 
two loads being equal and symmetrically placed, will cause a uniform load over the cable, the curve 
of which is, therefore, still a parabola. Of the whole load 2/«a, let the amount 2km act as a uniform 
load per unit of length on the cable, km being the unit load due to each partial load. 

Then the deflection of the cable at the centre is from (19a). 

. 6kmr 



8 Ex Fo 7'i V ' 

The deflection of the truss at centre is equal to the deflection which would be caused by the two 

weights acting alone, minus the upward deflection due to the reaction of cable, or the upward load on 

the truss. 

//' 
The first deflection, putting ft — F^ — , is (Appendix, page 242) 

4 

"" , [2/a'-a*]. 



The second deflection is (Appendix 242) 

2 kml^ ' 
6 EtF^h^' 

m 

The actual deflection of the truss at the centre is, then. 



A ^ r » 1 4T 2 kml 

^« = k zr IT x» [2 la* -a*] - 



eF.Fth"^ J 6 Ft Ft h'' 

Equating ^1 and ^,, we obtain. 



k = — ^-li?!-r:^4-T^ (VIII.) 



2/ 



L 4FiFoifiVj 



This equation gives the value of h for any value of a from to /. If the load extends from the 
left end beyond the centre, we have. 



k^ 



_ 2 1' -a {2 I --ay 



2/M I + 9 ^^'^' 



•D 



4 EiF^VxV _ 



(Yllha) 



In either of these equations, when a = /, the value of k becomes equal to half of «, as given by 
(VII.), as should be. For varying cross section of cable, put Fi for Ftt. 

Approximate values of i% Fi and Fr — The use of the equations thus far deduced requires 
that Fo and -F„ the cross sections at each end of cable and centre of truss, should be known. But these 
are the very quantities which are to be found. It is, therefore, necessary to make a preliminary, if 
not a very exact estimate of the cross sections, before we can use our formulae. The strains being 
then found, we can determine the corresponding cross sections. If they do not agree well enough 
with their assumed values, a second approximation can be made. 
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We see from (VI.), (VII.) and (VIII.) that very considerable variations in the ratio -=?, will have 

but slight effect upon the resulting values of q^ n and k. Our approximations need not, then, be 
very exact. 

We may suppose the cable to carry the load p -\- m per unit of length. This is an error in excess, 
because really the c^ble carries only a portion of the live load m. The "cold load " ^, however, 
which for the present we neglect, tends to balance this error. We may also take v =z^. 

The horizontal tension at centre of cable would then be approximately 

^^ (/ 4- m) r 
The secant of the angle of inclination at the ends would be from [ii], 

ds _ 2V* 



Hence the strains at the ends is 



Oo — 

2V 



(■ ^ ¥-) 



Let the greatest allowable unit strain for the cable be/, then, approximately, 

j., = f={l±^(,^^) (IX.) 

From equation (IX.) we can compute approximately the cross section F^ at the ends of cable, or 
the constant cross section of cable. 

The cross section Fi at the centre of the cable, if the cross section varies with the strain is also 
approximately, 

approx. /\ = — = ^ y (IX.a) 

We may also find a preliminary value of n by putting -=? = i, and Vx = Vy in equation (VII.) 
We have then, approximately, 

approx. «= -:^ 1 ir V (^3) 

We can now find the preliminary value of q by putting -^ = i, in (VI.). Thus, 

approx. q = ; ^ n- ,.« v (24) 



'•i'^m-) 



For varying cross section put Ft in place of Fq. 

We can now compute an approximate value for iv Thus we may consider the truss loaded with 
{i — n) m + qper unit of length, where q is the " hot load." The moment at centre of truss (Ap- 
pendix, page 237) is, then, 

[ ( I — n) m ■\ - q^ r 
' 6 



/ 



L;-:- :^ 
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The Strain in each flange at the centre is, then, 

6h 

The total area of both flanges at the centre is, then, if/, is the greatest allowable unit strain for 
truss, 

approx. ^. = !^l-=l^j5-t£lL' (X.) 

Equations (IX.), (IX.a), (23), (24) and (X.), give us approximations to the values of i% Fi and 
F^^ sufficiently exact for our purpose. 

Greatest Deflection and Strain in the Cable. — We can now find the strain at any point 
of the cable. 

The greatest strain in the cable will occur when the dead load, live load and temperature load, 
all act. The uniform load of the cable, then, will be / -h «/w + ^. The dead load, / per unit of 
length, and the live load, m per unit of length, are supposed to be known. We can find n and q from 
(VII.) and (VI.) with the aid of (X.) and (IX.). 

The deflection at the centre, then, of cable is from (IV.), 

^*" ZE,F,v,v (^^-^ 

For varying cross sections we must put F\ in place of F^ in all formulae. The new versine V\ is 
given by (14). It will in general be so nearly equal to v that small error will be committed by tak- 
ing them equal. 

The greatest horizontal tension at centre of cable is, then, 

jj^{t±nm^^ (XII.) 

The strain at any point is H sec /, where / is the angle of inclination of cable at that point to 
horizontal. From (11) we have, 

ds 2V\ X* 

sec / = 3- = I 4- — 74 — . 
ax / 

Hence the strain at any point is, 

where x is the distance of point from centre. If the cross section is constant, it must be determined 
from the greatest strain, or making .^r = / in (XIII.). We have, then, the constant cross section 

' = ^' = ^-^Zi:^ {'-¥■) ■ ■ ■ (x'v.) 

If the cross section varies, the cross section at the centre is 

jr ff_^(j±J^!l±j)Jl (XV.) 

These cross sections thus found ought to agree satisfactorily with our approximate values found 
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from (X.) and (IX.). If they do not, another and better approximation can be made. We can thus 
easily find the deflection at the centre and the strain at any point, whether the cross-section is con- 
stant or varies according to the strain. 

A discussion of the side spans, if any, is unnecessary so far as the cable is concerned. If the 
cable is of uniform cross-section it must evidently remain of the same cross- section for the side spans 
also. If it varies in cross- section, it will be sufficient to make the area of the cable at any point in 
the side span equal to its area at the corresponding point of the centre span, whatever the length of 
the side span. 

Estimate of the Dead Weight. — In any given case n and q are given by (VII.) and (VI.). 
We also know m or the unit live load. But /, or the unit dead load, depends upon the weight of the 
truss and cable, or upon /i, or F^ and F^^ and these are the very quantities it is required to determine. 
We must, therefore^ make a preliminary estimate of the unit dead load/. The dead load consists of 
the weight of the floor system and wind bracing, etc., the weight of the cable, and the weight of the 
truss. Of these, the weight of the floor system, wind bracing, etc., can be very exactly estimated for 
any special case and system. The weight of cable can be easily estimated from (IX.) and (IX.a) 
Thus if the cross-section of cable is uniform, the cubic contents of cable are, 

F,s,=2F,l{i f -^') (25) 

where V\ is given by (14). 

This multiplied by the weight of a cubic unit of cable, which is known, of course, will give the 
weight of cable. We may take this weight as uniformly distributed and add it to weight of floor sys- 
tem, etc. 

Fi -f Fq 
If cross-section of cable varies, it will be near enough to take the mean area, or , and 



multiply by the length, or 

F, + Fo 



s, = {F, + F.) I (i + -yi^,) . (26) 



Lastly, for the weight of truss, we have for the cubic contents of the flanges 2Ft /, assuming that 
the flanges are constant. This multiplied by the weight of a cubic unit of the material of the truss 
will give an estimate of weight of girder. As the flanges are not uniform in cross-section, the esti- 
mate is too large. But the error in this direction is balanced by the weight of bracing, which we 
neglect. 

We can thus estimate / closely enough for our purposes. The strains in the cable can then be 

found. 

Recapitulation of FoRMULiE Necessary for Calculation of Cable. — For convenience of reference let us 
now group together the formulae thus far deduced, in the order required for calculation. 

We have for the best ratio of height of truss to versine of cable. 



h _ tXi _ 2/ I 
V " z^i ~ 3£t fx_ 

£1 



(V.) 



For preliminary estimate we have next, 



approx. n = (23) 



I 


^Eih' 


' 4^. «• 




> + »!)/» / 



approx. F, = '^^^ (' + 7^) <^'^-> 
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(p + m ) n ,-„ . 

approx. ^ = — ; — r- (24) 



'•(-^^) 



approx. /^i = ^ ih7^~^ — ^^'^ 



These approximate values being thus determined, we have. 



""■\.'*k('*m 



(14) 



where Xi = -=~ , when the cross-section of cable varies according to the strain, and Ai = --?■ ~V when the cross-sec- 

tion of cable is constant. 

We have now the accurate value 

4 El F9 Vi V 

Where we put for F^ and /*© their approximate values as determined by (X.) and (IX.). For varjring cross-section of 
cable, we put Fi in place of /o. For a fall of temperature of /* below the mean, the uniform *' cold load " of cable per 
unit of length is 

2 Bt El Fq Vi ^" . 



'• [■ ' Jff^>] 



For varying cross-section of cable, put Fi in place of Fo> For rise of temperature, ^ is the ** hot load " of truss. 

For a partial distributed load ma, covering a distance a from the left end, upon the supposition that the curve of 
the cable remains a parabola, with the vertex at the centre, the equivalent uniform load on the cable per unit of length 
is, when a is less than the half span, or when a < I 

"'(«/-") (VIII.) 

L ^ E1F9V1V J 



when a > I, 



t = ^'LS^Lzlt (VIII..) 

L ^ El F%viv A 

For the deflection due to a uniform load u per unit of length, we have 

^i=-E-J^ (/"-^) (IV.) 

8 El F9 Vi V 

where x is the distance of the point from the centre. For varying cross-section of cable, always put Fi in place of /*«. 
For the maximum deflection at the centre of cable, 

_ -ikp^-nm-^q) I' _ . ^ (XI.) 

^' '^ ZEiF.viV 

For varying cross-sections put Fi in place of /«. 



• 
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The greatest horizontal strain at centre of cable is now 

;5,= LtL^^_L£)i! (Xli.) 

The strain at any point of cable distant x from centre, is 

The constant cross>section of cable is 

The cross-section at centre, if cross-section varies with the strain, is 

F^ = (P±J"^.^'I\J1 (XV) 

2Vi fx 

Example. — Take, for instance, the Niagara Bridge, the span of which is 2/ = 800 feet, v = 60 feet. Take 
E\— E% — \2tO0O tons per square inch, and let the greatest allowable strain in the cable be/i = 10 tons, and in the 
truss /a = 4 tons per square inch. Take e = 0.00Q00686 for one degree, Fahr., and let / = 70** above or below the 
mean temperature of erection. Then e/ = xi^. 

Let also 01 = 1 ton per foot, and estimated/ = 0.5 ton per foot. 

Then from (V.) we have for best height of truss. 



From (23) we obtain, 



h = nr— = 16 feet. 

3 X 12000 X TlWnr 



approx. n = 'z--'=^o,^nt»xVj, 

I + ^ ^ ^f 
4 X 3600 



We have also from (IX.) and (IX.^), 

_. 1.5 X 160000 /, ^ 2 X 36oo\ ^ . - 

approx. F. = ^ ^ ^o x 10 (' ^ -?6SS8; = "^^- "^"^*^- 



_ 1.5 x J60000 . , 

approx. F^•=. — = aoo sq. inches. 

^^ 2 X 60 x 10 ^ 



We can now estimate from (24), 



2 X ytAtit X 12000 X 200 X 60 
approx. q = rj' = a055 tons per foot. 



\ 9 X 256 / 

From (X.) we have 

(0.05+0.055) 160000 . , 

approx. F% = — 7^ • = 133 sq. inches. 

200 X ^ T 

We have also from (14), since A| for constant cross-section is , or A, = 

^ 209 X 12000 3135 

r I / 3 + i6oooo\"| 

We may, therefore, take Vi = v without appreciable error. 
We have next from (VII.), 

n = -— = 0.0 ton per foot, 

J ^ 9 X 133 X 256 

4 X 209 X 3600 
or about the same as our first estimated value. 



**. 
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From (VI.) we have, then, 



f = 



3 X i^W X 12000 X 209 X 60 
.60000 l4-^^^^"3(K)OX 

\ 9 X 133 X 258 ; 



= 0.04. 



We have, then, for constant cross section of cable, from (XIV.), 

(0.5 + o.Q 4- 0.04) 160000 / 2 X 36oo\ . , 

F^ = ^-^ ^—. — -^ 1 I + — -r^ — I = 200 sq. inches, 

2 X 60 X 10 \ 160000 / ^ ^ 

or the same as our estimated value. For the given unit strain this would require 4 cables, of 8 inches each in diameter. 
From (X.), finally, we have for the deflection of cable at the centre, 

. 3 X 1.5 X 160000 X 160000 

Ax = -^^-5 = 1.5 feet. 

8 X 12000 X 209 X 3600 

THEORY OF THE STIFFENING TRUSS. 

Ordinary Method Incorrect. — The usual method adopted for the discussion of 
the stiffening girder, is to assume that the truss distributes any partial load over the cable, 
so as to cause it to take effect as a uniform load. The new curve of the cable is thus assumed 
to be still a parabola with its vertex at the centre, whatever may be the loading. By find- 
ing, then, the deflections at centre of cable and truss and equating them, that portion of 
the partial load which acts on the cable as a uniformly distributed load, is easily found. 

This is the sam6'as the upward load on the truss. The moment at any point of the 
truss can then be determined. 

This method is, however, essentially incorrect. The truss, it is true, does act to dis- 
tribute any partial load over the cable, but we 
have no right to assume this distributed load 
as uniform. In point of fact it is not uniform. 
The new curve of the cable is not a parabola 
whose vertex is at the centre, but is a curve 
similar to that shown in Fig. 155. The distrib- 
uted load on the cable is, therefore, not uniform, 
but follows some other law of distribution. 

This distributed load, whatever its law 
may be, acts through the suspenders as an equal upward load upon the truss. The elastic 
curve of the truss is, then, similar to that shown in Frg. 155. If we neglect the slight in- 
crease of length of the suspenders, we can assume that the deflections of truss and cable at 
any point are equal. 

Notation. — Let the moving load per unit of length be w, and let this load extend over 
a distance a from the left end. Let Rx be the reaction at the left end, positive when it acts 
upward, and M^ be the moment at the left end. Any moment tending to cause compres- 
sion in the upper flange \s positive. Take O, Fig. 155, as the origin of co-ordinates. For 
any point distant x^ from the left end, lety be the ordinate to the original cutwq of cable 
Xx is positive toward the right, and y' is positive when laid off above 00'. Let the deflec- 
tion of the truss at the same point x^ be y'\ y" is also positive when laid off above OO, Let 
Y be the ordinate at the same point x^ of the new curve of cable. Then at any point x^ we 
have generally, 

F=y +/' (27) 




Let X be any point of the truss on the right of x^^ and y be the corresponding deflec- 
tion. Let V, as always, be the versine of the original curve of cable, and r the height of 
tower, and / the half span. 
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Moment of Distributed Cable Load.— Since the curve of the cable is originally 
a parabola, under the action of the entire dead load, which may be considered as uniform, 
its equation is easily found from (lo) by transferring the origin from the centre to d?, 

y ^ I ^ n ' 

We have, then, from (27), 

for the ordinate to new curve of cable at any point Xx,y" being negative when below hori- 
zontal. 

The tangent of the angle of inclination with horizontal of the new curve of cable at 
any point x^ is, then, 

dx-,- T-^-n-^d^, ^^^^ 

The new curve is an equilibrium curve. Its horizontal force at all points is, therefore, 
constant (page 173). Let this constant horizontal force, or pull of cable, be H, 

dY 
Then H -J- is the vertical force at any point. The differential of this will give the ele- 
mentary load on cable at any point x^ 

The moment of this elementary load with reference to any point x on the right of x^ 

d^Y 
is H g dx^ (x — Xi). ♦ 

f d^Y 

Therefore, J ^ ^ dxx (x — Xi) = moment of entire distributed load on cable be- 

tween left end and any point ;r, with reference to x. We have, then, from (29), 

«, = « Xj = Of ar, = Of -*i = * 

* 

dy" . 

Performing the integrations, we have, since when^Ti = o, —^ = o, if the truss is fixed 

uX^ 

horizontally at the ends, 

C'^^d^Y . , , zj^vx" ^ rj dy rjVx" L^'V/' v 

I ^1 



* 

.4'^ 



\ ;. . . 
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X\=X 



^„^,„,^-„lj^,,,.,. .■ (30) 

Let us now consider the final integral in equation (30). 
We have from the differential calculus, 

d{xy) zn X dy -k- ydx^ 
hencCy 

X dy = d{xy) — ydx. 

Now let X = Xi and y = ^. Then dy = -j^ dxisuxd x dy — / ^ Xx dxx. 

uX\ aX\ uXi 

Hence f ^;r,^^,=^f "^ f^^' ;, 1 _ ^ f *' ^^^,. 

Performing the integration, and remembering that when Xi = o, y = o, and ^^ = o, 

aX\ 

we have 



'2 ^/' 



^L..^'-*=^'*-''^- 



Substituting this in (30) we have, 

an =0? 

! ^-^dx,{x-x,) = H'!^~ + Hy • . (31) 

Equation (31) gives the moment of the entire distributed cable load between the left 
end and any point distant x from the left end, with reference to that point as a centre of 
moments. 

Elastic Curve of the Truss. — From the theory of flexure we have, for the differ- 
ential equation of the elastic curve, the moment at any point from ;r = o to .r = a, or 
when X < Uy 



EI 



-^^.R^x^—^^—p-^Hy^-M^ (32^1) 



For any point from ;r = 2/ to ;r = <i, or when x > a^ 



EI^^Rx{x^2l)^ma{x^2l)-\-^{x'-^AP)'^Hyi-^Mt . . (32*) 

where Afz = 2R1/ — ma [2/ j 4- 4 Nv 4- Mi ; where y^ denotes the deflection at any 

point beyond the load. 

If we differentiate equation (32^1) twice, we have 



»..-'-- i •- • 
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EI 



d*y _ 



dx^ 



= Ri~ tnx + 



2Hvx 



+ n 



dy 



(33«) 



r-rd^y 2HV , rrd^y 



(34^) 



Equation (34/1) can be put in a simpler shape. Thus let 



_ 2v d^y m 



(35«) 



Then 



and equation (34a) becomes 



dz _ d*y d^ z _ d*y 
'dx~ 'd^'~dx ~~di? 



d^z _ a 
~d?~~? 



(36«) 



Integrating* between the limits jr= o and ;r, we have 



-? = Ae'' --Be ^ 



(37^) 



* The integration is performed as follows : 



Multiply both sides by 3</«, then 



dJ?~ 


s 


2dW« 


2zdt 



dx" 



Integrating, 



d^ «* 



(I) 



dy 
Now in the present case, when jr = o, -j- = o, and from (33^) 



d^_ / 



dx") " H^t' 



Also, when jr = o, y = o, and from (32<i), 



Hence for jr = o. 



d^y _ ^f^ 
dx^ " Hz' ' 






Hence 



Ci = 



(2y m^ Ml y 



H^T 



»^« 



(2) 



^ ,'. * 
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where e is the base of the Naperian system of logarithms, or ^ = 2.7 1828 18, and A and B 
are constants of integration to be determined by the special conditions of the case. 
In the present case, 



A = \\_K^N^ B=^i[K'N] 1 



Hr n // "*■ //r« 



From (37^) we have, after replacing 2 by its value in (35^?), 



Differentiating (39^) twice, we have, 



From (i) we have 



<&= * 



|/-^+.. 



Integrate again and we have 



In the present case, for jr = o, we have 






From (3) we have 



'-T^-/-?^'- »"=K' ' -"'" ') 



r — — r -^ 

Put A — — e '' and B ~ — €\ e'' , and we have 
3 2 






which is the equation in the text. 
From (4) we have 



TV m Aft 
-^ D "77—77 + 



Hence 









(38^1) 



^ = Ae -Be—^+-^ (39a) 



_Z = _, +_, (4o«) 

</V -<4 7 5 -7 / X 



(3) 



(4) 



* 
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We have also, by integration, from (39^^), 



when ;r = o, -^ = o, and hence 

ax 



dy >i 7 . D "7 2VX . mx . ^ • , . 



C= '-t(A+B)='-j^ (43^1) 



Also, 



y^j^Ac' "T^Be '^-^-^"^i-Cx + D (44^) 



when jT = o, J/ = o, and hence 

Z?=-r«M-^=-r,(--- + ^) (45«) 

The values of all the constants are thus given in terms of //", My and i?i, which still 
remain to be found. 

For that portion of the elastic curve beyond the load, equation (32^) holds good. Dif- 
ferentiate this twice and we have 

^'-37 = "'-""*-^- + "^ (33*) 



^.^=?^%^-^ 



(34^) 



Equation (34^) can be put in a simpler shape. Thus, let as before, 

Hr^ = EI 
and 

__ 2v d^ yx 

Then equation (34 V) becomes 

d"^ Zy Zx 



(35*) 



Integrating between the limits x = 2/ and x, we have 

jr-a/ x—tl 



(36*) 



s^:=ixe ' "fte ' (37^) 

where, as before, e is the base of the Naperian system of logarithms, and ot and ft are con- 
stants of integration, to be determined by the special conditions of the case. 
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In the present case, 



ar=-^(i7+^) /?= ^(//-^) 



i?i — ma + 



4//Z' 



^r» 



^--= 



2R1I — ma (2I — — j + 4//j> + Jf, 



77^ 



Hr* 



(38*) 



From (37^) we have, after replacing s by its value in (35^), 



d'y,_ 



T-al 



x-tl 



dj^ 



= ae " -§e ^ - 



2v 



(39*) 



From (39^) by differentiating twice, we have, 



jr-a/ 



ajr r r 



(40*) 



X-ii 



jr-a/ 



d^_f_ f-r'^ P r-r 



dx^ 



= -o <? e 



We have also from (39^) by integration between the limits 2/ and Xy 



dx 



jr-a/ 



jr-a/ 






(41*) 



(42^) 



when X = 2/,'^ 



= o, and 



y = — T(flf + y^= — r«7 



Integrating again, 



jr-a/ jr— a/ 



when ;r = 2 /, ^i = o, and 



<y=-T«(a-y^=-T«^ 



(43*) 



y^^T-ae r ^j2^g r ^ j^(^jc ^ 2 If + y {x ^ 2 I) + S .... (44^) 



(45*) 



Equation (44^) gives the elastic curve of that portion of the truss covered by the load, 
and (44^) of all that portion beyond the load. 

All the constants, Ay By C, A and or, y5, y and tf, are given in terms of Riy M^ and H. 
It remains to determine these quantities. 

Value of H, R^ and M^. — At the point where jr = tf, the two portions of the elastic 
curve right and left have the same deflection and a common tangent. Also the moment 
and shear at this point are the same for both curves. Hence for jr = ^ , equations (44*) 
and (44^?), (42^) and (42^), (40^) and (40a), (41^) and (41^1) jure simultaneous. We have, 
then, the following equations of condition : 



•> 
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— va 



mc? 



a^-ai 



i^Ae^^T^Be r ^':!1^^ '^^ Ca -{- D= r^ae ^ -r*/3e 



— -^(a-2/)» 



+ Y{a-2l) + 6 



('») 



«-a / 



a— a/ 



I ri I 



^± m 



«— a / 



«-a / 



Ac — Be ^ ■] -jz.— ae ^ -fie 



(f) 



A ^ B -^ 



a 



«-a/ 



/» 



«— a / 



— ^^H e ^ = — e ^ -{- — e 

r r r r 



{d) 



. » 



Combining {c) and {d) by addition and subtraction, we obtain 



a-»l 



2 Ae'' — 2ae ^ = — -r^ 



m 
H 



2 fie 



a-9i a_ 

^ — 2 Be" ^ = 



m 



. (XVI,) 



Combining {a) and (^) in the same way, we have, after substituting the values of C, A 
Y and (J, from (43^1), (45^), (43^) and (45^), and reducing, precisely the same two equations 
as (XVI.). In like manner the combination of {b) and {c) gives us precisely the same two 
equations. So also for the combination of {a) and {d\ 

Our four equations of condition give us, then, in reality only two equations containing 
-^1, M^y and H or r. 

It is necessary to find a third equation. This we can easily do by assuming, in accord- 
ance with the ordinary theory, that the curve of the cable remains parabolic even for par- 
tial loading. Although this assumption is not theoretically correct, still, in practice, the 
real curve differs so little from the parabolic that, so far as the cable alone is concerned^ the 
value of H thus found is very exactly the real value of H. 

We have, then, 



H=z 



kmn_ 

2V 



(XVII.) 



where we have already found for k the values : 



when a < Ij 



k = 



if (21-0) 



c 



2/^1 + 



9 E^F^lf 



1 



(VIII.) 



when a > i. 



k = 



__ 2 /,— a (2 / — «)* 






(VI I La) 



. -— ■» t -• 
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If we put for 1% its value, viz. : /, = i^ — , we have 

4 
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^=^4^ • • • (^v"^-) 

These values of r and H^ inserted in equations (XVI.), will give us two equations con- 
taining only -^1 and M^. We can, therefore, find these quantities. Thus the values of H^ 
r, ^1 and Mi, can be easily determined for any given value of a. 

Temperature Load. — The effect of a rise of temperature of f above the mean, is to 
load the truss with a uniform downward load, or " hot load '* of q per unit of length. A 
fall of temperature of f below the mean, causes an equal uniformly distributed upward 
load, or " cold load." In either case we have already found 



2 €t Ex Fq V 






The moment, then, at any point of the truss due to the temperature load is (Appen- 
dix, page 236). 

. J|/, = ^/r-?£l-?^ (XIX.) 

and the shear at any point is 

S^^ql-qx (XX.) 

The strains due to each case of temperature load must be combined with those due to 
live load, so as to give the greatest possible strains. 

Recapitulation of FoRBfULie Necessary for Complete Calculation of Truss.— For convenience of ref- 
erence we group here all the formulae thus far deduced, which are requisite for the calculation of the truss, in the order 
in which they must be used. 

approx. /-• = ^—^^ [^ + "Try VIX.) 

approx. F\ = -^ \Kl,a) 

2 v/i 

aetEiF^v .. 

*PP~^-^ =^77 — 7^71^ ^^^ 

*PP~^ "" = — ^^ ^'^^ 

I + - — - — 

.pp„„. ^.= [(I - ") «» H- f] /• (X.) 

3 V« 

These approximate values being found, the accurate values are 

"^-jkEE ^'^ 






\ 
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f = 



2 et Ey Fo V 



r 4£i^l 



(VI.) 






(XV.) 



^» = ^^7./y^" ['^^] <^> 



For varying cross-section of cable, put /^i in place of /^o, in (VII.) and (VI.) 
We can now find 



=4/^ 






(XVIII.) 



where k is given by, 
when a < i. 



* = 



tf«(2/-a) 






2 /M I + 



(VIII.) 



when a > /, 



2/*-a(2l-df 



(VIILer) 



Also, 



-^ = 



2V 



(XVII.) 



In these values for k, put /^i in place of F9, for varying cross-section of cable. 
Knowing now r and H, we can substitute their values in 



«-a/ 



m 



2 Ae'^ — 2 (U ^ ■= — -- 



2 fie 



^ - 2Be ^ 



m 
If 



(XVI.) 



where 






(38«) 



and 



a=-(Tf + <p) 



fi=-iv — <p) 



Hi— ma + 



4i¥r 



V- 



Ht* 



2 Ril-'ma(2/--] -i-^IIv + Afi 
2v V 2 / 

^ = 77^-^ :s?5 



(38« 
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R\y Ml, H and r being thus found, we can find the deflection at any point from the following equations : 
when X < a, 



^t At X JS€ -[T -^ 



where 



when X > a^ - « 

where 

y — — x^rt .d^z—x'tp. 

Having thus found j^, we can find the moment at any point from the following equations : when x < a, 

M,=zRxX^^+^^~+JIy + Ml (32tf) 

when X > a, 

if, = ^,jr — »M faj— M + -^ + ^yi + i1/, (32^) 

Finally, the shear at any point is given by the following equations : when x < a^ 

o « 2 Hvx ,,dy , ^ 

S,-=Ki-mx -\- -j^—^ H^ (33fl) 



when X > a. 



& = ^» - »w + 2^ + H^ (33^) 



where 

Jf X 



<^y AT ^."'TSVjr mx _, , ^ 

■^ = xAe^+r£e ^ - ^^ + -j^ + C {a^) 



g-fl/ X-fl/ 



dx 
For temperature load we have 



.— =: rae ^ + rfie ^ — _(a. — 2/) + x (42^) 



a g< ig, Ff, V f^. 



r 9EiF.^ -\ 
L 4^./'.A'J 



where for varying cross-section of cable we put Fi in place of F^* 
The moment at any point is, then, 

M.^qlz^^—^^— (XIX.) 

^ 23 

and the shear is 

S, = ^/— qx (XX,) 



^'j'. \. *•'.- • * 
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Calculation of Strains. — ^These are all the formulae necessary for finding the 
strains in the truss. 

Thus we can first find the temperature strains, from (VI.), (XX.) and (XXL). Thus, 
the moment at the centre of any flange divided by the depth of truss, gives the strain in 
the flange. A negative moment denotes tension in the upper flange. A positive moment 
compression. 

The shear at any apex multiplied by the secant of the angle which the brace makes 
with the vertical, gives the strain in the brace. A positive shear acts upward at the left 
end of the brace. A negative shear acts downward at the left end of the brace. 

The strains thus found for temperature load may be of either kind for each piece, ac- 
cording as the '' cold load '* or '' hot load '* acts, but in each case are equal in amount. 

For the moving load it will be sufficient to take a for a few points of the truss ; thus 
a = \ly\ly\ly ctc. For each value of a find the moments at a few points, such as ;r = o, 
I /, I /, etc. Also the shears. We can then plot these moments and shears to scale. Thus 

in Fig. 1 56 we can plot the curves of moments 
a^Hi for a = I /, I /, etc. Then at any point the max- 
imum moment will be given by the greatest or- 
*^ dinate at that point to any one of these curves. 
The curve enveloping them all will, therefore, 
give the maximum moments. Thus in Fig. 1 56, 
^j^g,j the greatest positive moment at any point in the 
. •^•i«« right hand half of truss, is given by the ordi- 

nates to the upper enveloping curve on right. The greatest negative moments by ordi- 
nates to lower enveloping curve on right. The strains in each half are of course the same. 
We may treat the shears in similar manner. The maximum moments and shears being 
found, we can find the corresponding strains as detailed for temperature load. 



«-X;- 
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SUPPLEMENT TO CHAPTER IX. 

COMPOSITE STRUCTURES. SUSPENSION SYSTEM WITH STIFFENING TRUSS. 

In the preceding Chapter we have given what we conceive to be a more accurate theory of the 
suspension system than that usually accepted. We shall give here a discussion based upon 
the generally received theory, viz.^ that the truss distributes any partial load so as to make it take 
effect upon the cable as a uniform load. 

Deflection of Stays. — Let s be the length of a stay, Fig. 5, page 201, z; its vertical pro- 
jection and z the distance from foot of stay to foot of tower. Then, as we have already seen from 
equation (i) page 170, of the preceding Chapter, the deflection 6^ of the stay is 

If the stay supports a load Pi the strain in the stay is P sec 6 = P — • This strain produces 
the elongation 

Hence the deflection is 



Ps 



vF^^ 



Ps^ 

^' = Fjsy • <^> 

The weight P produces also a horizontal strain in the flange where it is attached equal to P 
tan u = 

V 

Different kinds of Stiffened Suspension. — ^We are now ready to proceed to our discussion 
of the stiffened suspension system. We may distinguish three kinds, viz : ist, when the stiffening truss 
merely rests upon the piers and abutments ; 2d, when the ends are simply tied or anchored down ; 
3d, when the truss passes continuously over the piers, or is anchored down firmly at several con- 
tinuous points over each pier. In this latter case the girder may be regarded as fixed horizontally 
at the piers. In the first case there can be no negative reactions, and the action of a heavy partial 
load may be to lift the girder entirely off the supports at one end. As this ought never to occur, the 
truss, if necessary, should be tied down. The first case, therefore, never occurs, or ought never to 
occur in practice, and we have only two cases to consider, m., that in which the girder is simply tied 
down, and that in which it is fixed horizontally at each pier. In the latter case, the truss should not 
be considered or constructed as continuous over the piers, since nothing is gained by such continuity. 
It is necessary and sufficient that the ends be so bolted down that they may be considered as rigidly 
fixed in a horizontal direction. The trusses, should, therefore, be disconnected over the piers, or 
at least the bracing should not be continuous, and strains in one span do not pass over into an 
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adjacent one, as in the case of a continuous girder. The girders are thus practically fixed horizon- 
tally at the ends and are not continuous as to the bracing. 

Office of the Stiffening Truss. — The truss acts, of course, as a supporting member, but 
its principal object is to prevent change of shape of the cables under the action of a partial load. 
Any single load, therefore, placed anywhere in the span, is distributed over the cable and acts as a 
uniformly distributed load upon it. The curve of the cable is thus always a parabola, whose versine 
varies according to the load and temperature. 

A partial load on the truss, therefore, causes at all points of the cable a uniform load per unit 
of horizontal projection. At all points of the truss not acted upon by the load there is a uniform 
upward load, due to the reaction of the cable upon the truss. 

Thus if, as in Fig. i, we have a partial load / (z^ — Zx)^ a portion of this load acts as shown 
in Fig. 2, as a uniform load upon the cable. This same load acts as a uniform upward load upon 
the truss, as shown in Fig. 3. The deflection of the truss, is therefore equal to the deflection which 
would be caused by the load/ {z% — Zi) alone, as shown in Fig. 4, minus the upward deflection due to 
the upward load of Fig. 3. This holds good whether the girder is simply tied down at the ends, or 
is fixed horizontally at the ends. 

Effect of Load in side Spans upon the Centre Span. — The effect of a load in each side 
span, the centre span being empty, is to cause a horizontal pull at the top of the towers. This pull 





TTi 





LA 




Pl«.4 





is equivalent to a uniform load upon the centre cables. This load upon the cables acts also as an 
upward load on the centre truss. This load can be found, provided that the horizontal pull If is 
known. This horizontal pull is easily found. Thus taking moments about the centre, 

Hv = nndx x — = 

^ 2 2 



or 



H- 



nml\ 



2V 



(3) 



where m is the load per unit of horizontal length in the side spans, n is the portion of that load car- 
ried by the cable, and l\ is the length of the side spans. 

We have, then, the load of the centre cable, or the upward load on the centre truss. 



//= 



2 xyH nndx 



(4) 



where / is the hcUf span of the centre cables and/ is the unit load of the centre span caused by the 
full live load m in the side spans. 

This load of //being found from equation (4) we can easily calculate the strains it causes in 
the centre span of the cable and of the truss. These strains are to be added to the strains due to 
loads in the centre span itself, in such a way as to give the greatest strains which can ever occur. 

Cable, Stays and Towers. — It is customary to insert stays, as shown in Fig. 5, page 201, in 
order to relieve the cable, stiffen the structure and give additional security to the towers. 
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The truss is only called into action by the live load. Its office is chiefly to stiffen by preventing 
change of shape of the cable. It adds nothing whatever to the supporting power of the cables, 
though it does add to the supporting power of the entire system, since it supports its share of the live 
load also. 

The cable supports, then, the entire dead load and also its share of the live load. The truss 
supports its share of the live load only, and stiffens the structure under the action of partial 
loads. 

The stays are called into action by local live loads. Each stay may cause compression in 
the flange to which it is attached. This compression should not be taken by the flanges, but by 
special compression members bolted to the truss and independent of the truss bracing. The flanges 
of the truss are thus unaffected by the stays. 

The cable passes, generally, over rollers on the top of the towers, so that, neglecting friction, the 
resultant pressure is vertical. Even if friction is not neglected, or even if there are no rollers, the 
stays will furnish ample security. 

In all cases, the truss should be constructed with a sliding joint in the top and bottom flanges at 
the centre, so as to allow of expansion and contraction under changes of temperature. This joint 
should not break the continuity of the flanges, like a hinge, or be equivalent to cutting the truss in 
two. Thus although the girder is free to expand and contract,, the flanges still furnish resistance to 
bending at the centre, as though the truss were not cut. 

Strains Indeterminate when the. Three Systems are Combined. — So far as the dead load 
is concerned, the cable supports it all, and there are no strains in the truss or stays. 

With regard to the live load, there is a necessary indeterminance. Thus a partial live load 
causes strains in both cable, truss and stays. These strains we could easily find theoretically from 
the principles and by the method already indicated on page 1 70. But it would be practically im- 
possible to adjust so many independent pieces so that they shall all act together as theory demands. 
Even if it were possible, imperfectiohs of workmanship, the working loose of joints, the stretch and 
set under working loads, changes of temperature, etc., would perpetually cause disturbance. 

We adopt, therefore, the principle of considering each two systems as though the third did not 
act. We thus allow for all possible variations in the distribution of strain between the different 
systems. 

Thus for the live-load strain in the cable we suppose the live load to cover the whole span, and 
consider it entirely sustained by the cable and truss alone. We thus ignore the action of the stays, 
which in reality help the cable. The cable, then, supports the entire dead load and also its portion 
of the full live load. 

For the truss, we consider each apex live load by itself, and form a table for the maximum 
strai.ns. We consider each apex live load as carried by the cable and truss alone. This is true for , 
that portion of the truss where the stays do not extend. For other portions the action of the stays 
is ignored and the truss strains thus obtained are, therefore, in excess of the actual. 

For the stays, we suppose the live load to extend the distance jbt. Fig. 5, from each end. The 
distance z is equal to the distance out to which the 
stays extend. We have thus the load mz at each 
end. We find the deflection at any point of the 
truss where a stay is attached, due to this loading, 

when only the truss and cable act. This deflection . ^. ^ ^ ^^^^ .^ 

is greater than the actual deflection, because the 

stays in reality act also. If then we put the deflection of the stay equal to this deflection, we obtain 
a greater strain than the actual. This is compensated in some degree by not taking into account 
the deflection at the same points due to the live load in the portion 2 (/ — 5), Fig. 5, which evidently 
also causes strains in the stays. 

There is no practical difficulty in securing the distribution of strains assumed. Thus, in the 
process of erection, the cable is first put in position. Then the truss is built out from each end. 
The cable thus takes the entire dead load, if the suspenders are properly screwed up. Lastly, the 
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Stays are attached and brought to a bearing. They will, therefore, only be called into action by the 
live load. The same holds true of the truss. 

In accordance with these views, we shall discuss the strains in the combination. 

Best Ratio of Height of Truss to Versine of Cable — We have already found in the pre- 
ceding Chapter, for this ratio, when the girder is fixed horizontally at the ends. 

If the girder is not fixed horizontally, but simply tied down at the ends, if necessary, we find in 
precisely similar manner 

A — ^o^i tf\ 

r "" i8 (A, + f/) ^^^ 

Strains Caused by Change of Temperature. — We have already found in the preceding 
Chapter, the unit "cold load " or "hot load," for girder fixed horizontally at the ends. 

^ = -7 . I. T..^ (7) 

Hi + 



•k^'-m) 



If the truss is not fixed horizontally at the ends, but is simply tied down if necessary, we find in 
precisely similar manner 

^=—7 .^ J? T?.,r^ W 



'■(-f^") 




In these formulae F^ is the cross section at ends. If the cable varies in cross section according 
to the strain, we must put for F^ the value of F<^ or the cross section at the centre. 

Partial Load — Cable and Truss Acting. — Suppose at any distance z from each end. Fig. 

jn^fi ^^ 6, the elementary load tndz. These weights cause 

a uniform load over the cable and a uniform upward 
load over the truss. 

Let the uniform load per unit of horizontal pro- 
jection which the weights cause on the cable be 
i \ *■ ' ' nrndzy where n is the portion of the load tnd% carried 

by the cable. Then since the two loads are symmetrically placed with respect to the centre, the 
greatest deflection of both truss and cable will be at the middle. 

We have from the preceding Chapter, for the deflection of the cable at the centre, 

. _ 3 nmdit 
' " 8 v'ExFi ' 

The deflection of the truss is equal to the deflection which would be caused by the two 
weights acting alone, minus the upward deflection due to the reaction of the cable. 

For the first deflection we have, from the theory of flexure, page 242, when /, = i^, — > 

4 



3 EtFJi 



.. \ 



1 
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and for the second, page 242, 

The actual deflection of the truss at centre is then , 

Equating these two deflectioni, we have 

'L' + r^sKpJ 

where > is the distance from each end to the nearest load. Integrating; between the limits «« and si 
on one side, and -j and -r on the other, we have * 



( g. - »■) _ a /(»,* — «,') — (>,'-i|*) 



'(-if^f) 



If the ttuM u stniply nppotled at the ends, we hiTc, in timilar muner from (3» end (ao), 

( •■-■.I _ e/'fa'-e.l-K'-.i'l 



(9) 



(lOl 



where Ft and ^i are the cross sections at centre of cahle and truss. For a unifonn load over the 
whole span we have, neglecting the reaction of the stays, from (9), by making S| = o and >i = /, 

""= 9 E,F,II *"' 

' ■^ 4 E,F,^ 

and from (lo) 

•-'TT^kss; '*" 

Partial Load— Stays and Cable Acting.— Suppose we have a uniform load m per unit of 
length extending over a distance of s from each w\%.i 

end, Fig. 7. Let the distance s be equal to the 
farthest distance out to which the stays extend, 
and let the uniform load on the cable due to the 
two loads mx be nm per unit of length. From (TV.) 
of preceding Chapter, we have, for the deflection of 
the cable at any point, 

•« denote* «lw«ys the porUoo of lowi e«ried by the cable. I, 3 mds m wbicripti, tetertowble, troMand itmy 
respectively. Hence i»i_, U that tntiOoa. of tbe load cairied by the caUa when cable and tniai act together and the 
itayi are neglected. 
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where x is the distance of any point from the centre. If zx is the distance of any point from the 
left end, and %% the distance of the same point from the right end, this becomes 

Now if the stays did not act, the value of n in this equation would be given by (9) or (10) ac- 
cording as the truss is fixed at the ends or simply supported at the ends. The deflection of a stay 
must always be the same as that of the truss at the point where the stay is attached. But if the 
stays do act, the actual deflection at any point is less than that given by (13). It can never be 
greater. If, then, we assume the deflection of a stay as equal to that given by (13) we shall get 
strains in excess of the actual. 

The deflection of a stay is from (2) 

where s is the length of stay, and r is its vertical projection, and P is the load carried by the stay. 

Equating (13) and (14) we obtain for the load P carried by any stay, whose point of attachment 
is distant z^ from the left end, and z^ from the right end of span, 

p 3»i-t m E jFz f^ I Z\ Z\ / V 

where «i-i is given by equations (9) or (10) by making in them Zx = o, and Zt = z. Thus, for the 
truss fixed horizontally at the ends, 

fti-t = — 7 . p n- « V ('6) 



\ ^EiFiv* J 



and for truss supported at the ends, 



«i-f = 



K-ii^) "" 



These values substituted in (15) will give the load carried by any stay. 

Dead load causes no strain in the stays. 

Concentrated Load — Cable and Truss Acting. — Suppose we have two concentrated loads 
P, Py acting each at the distance Zi from each end. Since the loads are symmetrical with respect to 
the centre, the deflection of both truss and cable is greatest at the centre. 

The deflection of the cable at the centre is, from theory of flexure, page 177, 

where 2N is the portion of the total load 2P which takes effect upon the cable as a uniform load. 

The deflection of the truss is equal to the deflection which would be caused by the two weights 
alone, minus the deflection due to the uniform upward load of the truss. The first deflection is from 

theory of flexure, page 242, putting /, = Ft — , 

4 






» - V Jr'lte. 



for a beam fixed horizontally at the ends. 

The second deflection is, from theory of flexure, page 242, 

The deflection of the truss at the centre is, therefore, 
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P 



3 
Equating (18) and (19), we have, 



A P r ., SI 2NPi^ t X 






Evidently each of the loads P must produce the same eflFect upon the cable. When only one of 
them acts, therefore, the portion of P which acts as a uniform load over the cable, is * 

iv^.-.= J"'[-J'^l^ (-) 



I* 






If the truss is simply supported at the ends, we have from (32) and (20), in similar manner, 

AT 2 r^/'gl-gt'l , V 



5' L 2o£,F,z^J 



These equations will give the portion of any concentrated load carried by the cable, when cable 
and truss are alone supposed to act, and the action of the stays is ignored. The distance zi is always 
the distance to the nearest end. 

Approximate Values of /% Fi and Ff> — The use of our equations, thus far deduced, requires 
that F^ Fi and Fty the cross sections at end and centre of cable and centre of truss, should be 
known. 

We can find these quantities approximately, by the formulae (IX.), (IX.^) and (X.) of the pre- 
ceding Chapter. 

Strains in the Cable. — The strain in the cable at any point can now be calculated precisely 
as in the preceding Chapter, page 1 84. Indeed, so far as the cable is concerned, there is no difference 
in the present theory from that already deduced. The only difference is in the computation of the 

truss. We only call attention here to the fact that we have now given two values for — and n and ^, 

according as the truss is supposed to be fixed at the ends, or simply tied down. 

Strain in the Stays. — The stays are strained by the live apex loads only. The live load 
carried by any stay is given by equation (15), or 

__ sni-tmJStFjr^/^ZiZt 
SFiFis'v' 

* The letter ^ denotes that portion of a concentrated load P which the cable sustains as a uniformly distributed 
load. The subscripts, i, 2 and 3 refer to cable, truss and stay respectively. A^i-s denotes, then, that cable and truss 
act together. 
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where the value of «i-« is given by (i6) or (17), and 21, z^ are the distances from point of attachment 
of stay to left and right ends of span. 

This load, multiplied by the secant of the angle which the stay makes with the vertical, or by 

— , gives the strain in the stay. Multiplied by the tangent of that angle, or by ~ or --, the 

V V V 

smallest value of Zx or z^ being taken, it gives the compression at the foot of the stay, in the compres- 
sion member provided for that purpose. Each stay adds its own increment to this member, and the 
compression, therefore, increases toward the towers at each end. 
The strain in any stay, then, is 

jL r 3»i-t m E^F^f^ /* g| g« "] . . 

V L ^ExF,^^ J ^"^ 

where s is the length of stay, v its vertical projection, F^ its cross section, and Ji and z% the distances 
from left and right ends to foot of stay. 

The strains in the suspenders can be simply taken at one full panel load, or (/ + lyi) ^, where b 
is the length of a bay. This is greater than can ever come upon any suspender, as both truss and 
stays act also to support the load. Still, owing to imperfect local adjustment at each apex, it is im- 
possible to say exactly how the load may be distributed between stay, truss and suspender, and it is 
well, therefore, to be on the safe side. Owing to shock and sudden strains, also, an excess of stren(2;th 
in the suspenders is desirable. 

Strains in the Truss. — To find the strains in the truss we proceed by apex weights. Since, 
as already explained, we do not consider the dead load as affecting the truss, we have only to con- 
sider the live load. We neglect the action of the stays, and consider each apex live load as carried 
by cable and truss. Equations (20) or (21) give then the uniform cable load caused by each apex 
load. This cable load acts as an upward load on the truss. The moment at any point. Fig. 8, is, 
then, equal to the moment due to the weight mby minus the moment due to the upward load of the 
cable. 

Both for moment and shear the truss is to be considered as acted upon by a single concentrated 
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load and by a uniform upward load at the same time. 

The moment at any point, due to the weight alone, is, from theory of flexure, page 238, 
For truss supported at ends. Fig. 9, 



when X < z\ 






when X > zi 



M, = — J mb(x — Zx). 



For truss fixed horizontally at ends, 



when X < Z\y 



JLT — ^^^^ (3^» + ^) •^) fftbzxz! 
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when X > Zi, M, = ^3 '- -yy— . 

The moment due to the upward load of the cable is, for beams supported at ends, 

M, = — ^ — (?/-^), 
and for beam fixed horizontally at the ends, 

2 3 

We can thus find the moment at any point for each apex load, and can then find and tabulate 
the flange strains due to each load, just as for a simple truss (page 93). 

So also for the shears and strains in the braces. 

Side Spans. — We are not able to place loads symmetrically on each side of the centre in the 
side spans. Hence as the end of the side span is supported and cannot deflect like the centre of the 
main span, the vertex of the parabola formed by the two side cables shifts for every partial load. 
The equation for the deflection thus becomes very involved. 

We shall always be on the safe side, however, without undue excess, if we take the strain at any 
point of the side cables the same as at the corresponding point of the main cables, counting each 
way from the tower if the side span is half the main span, or / = A. If the side span is less than half 

the main span, or A < /, we may take the strain at any point of the side cables -y- times that at 

the corresponding point of the main cables. 

Corresponding stays on each side of the tower may have equal areas. 

For the side truss, the depth being always the same as the main truss, the strain at any point 

may be taken at -ys of that at the corresponding point of the main truss. Thus if A = /, or the side 

4* 

span is ^ the main span, the strain at the centre, quarters, etc., of the side span may be taken as }th 
of the strains at the same points of the main span. 

Towers. — Each stay on each side of a tower causes a vertical compression upon it. To the sum 
of these we must add half the entire weight, dead and live, carried by the cables at both sides and 
centre. The towers must sustain this load. 

In addition to this, when the centre span carries both dead and live load, and the side spans the 
dead load only, each tower is pulled inwards by a horizontal force at the top. This horizontal force 
is equal to the vertical pressure of the side and main cables when thus loaded, multiplied by the 
coefficient of friction. When the cables pass over rollers on top of the towers, the friction is slight. 
In any case, the stays act to resist the inward or outward pull, and thus the tower is sufficiently 
braced. 

Accuracy of the Preceding Method — Several inaccuracies are implicitly committed in 
the preceding method. It is desirable to notice them particularly, in order to be convinced that their 
influence is properly disregarded. 

Thus the curve of the deflected cable is a parabola. That of the truss is the elastic curve. 
These two curves cannot coincide. Thus the ends of the suspenders, after deflection of the cable, 
would lie in a parabola instead of a straight line. 

This is, however, counteracted by the fact that each suspender is elongated according to its 
length. As the lengths vary as the ordinates to a parabola, the ends are thus brought nearly to a 
straight line again. The two actions balance, and the error of disregarding both is slight. 
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Again, the tops of the towers are not strictly fixed points, but ^^give'* somewhat, thus increasing 
the deflection of the cable and the load carried by the truss. But since in our method we have con- 
sidered any two systems as acting without the third, our method gives an excess to the truss as it is, 
and thus the "j77^^" of the towers is already allowed for and can be neglected. 

We do not consider the method here outlined as accurate as that given in the preceding Chap- 
ter. It will, however, be found simpler of application, and is based upon the theory commonly 
received. 
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CHAPTER I. 



CONCENTRATED LOAD SYSTEM. 

Short Spans — Concentrated Load System.-^Wc have given on page 86 a simple rule for 
finding the position of a system of concentrated loads, which gives the greatest moment at any 
point. 

We give here the demonstration of this rule as given by Prof. Alexander. * 

Let a beam AB^ Fig. 157, be loaded with any number of unequal weights, P^y P^ , ... P^ 
retaining the same order upon the span and at any fixed Fig. 157 

distances each from each, but the load as a whole capable 
of assuming all possible positions. Take the left end as 
origin, and let A be the abscissa of any cross section at 
which we wish to determine the bending moment Let the 
abscissa of P^ be x^^ of Pt^ x^ of P^y •^«, etc. Let G be the 
centre of gravity of the load, distant z from the left end 
of beam, and let 2/ be the span. 

Suppose the entire system is moved till one of the weights Pr is directly over the cross section. 

Then 
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Xr = A, 



and the reaction at the left end is 



* 2 / 



The moment at the cross section in question is 



2/ 



[PiA-x)]. 



Now let the entire system be shifted a small distance a toward the right. Then Xi becomes 
Xi + a, X, becomes x, + a, z becomes x ^ a, etc., and the reaction at the left end will now be 

if.- —J , 



*^* Analytical Theory of Bending Moments produced by Travelling Load Systems" by Prof. Thomas Alexander. 
Imperial College of Engineering, Tokio, Japan, July, 1879. 
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and the bending .moment at the same cross section as before, is 

We see, then, that the new value of the moment M'a will be less than the first value Ma if 

JTr -I 

where 2{P) denotes the sum of all the weights and 2 (P) denotes the sum of all the weights on 

the left of the cross section. 

Again, suppose the entire system shifted from its first position through a small distance ( — a) 
toward the left. Then x^ becomes Xi — a, x\ becomes Xr — a, z becomes z — a, etc., and the re- 
action at the left end will be 

_,, _ {2/-z-¥a)2{P) 
and the bending moment at the same cross section as before will be 

2 / Xl^ ^ ' ^ 

2 / Xi ' 

We see that, in this case, the new value of the moment M'\ will be less than the first value 

XT 

2JP) 
A< 2^^ 2/. 

Xf Tf - 1 

:s (P) 2 (/>) 

ari JTi 

In other words, /iv any cross section whose abscissa A lies between . . . _> 2 / and ^> ^ p. 2 /, 

the moment at any cross section is a maximum when the weight Pr is directly over that cross section. 

Hence we may divide the span into n " fields " commanded respectively by the n weights. The 
maximum moment at any cross section occurs when the weight commanding the field in which that 
section is situated, comes directly over that cross section. 

Thus for any point from the left end up to ^ .' t 2 /, the moment is greatest when Px is over 
that point. ^ .V>v 2 / is the first field, " commanded " by Pi, 
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For any point from ^ ' 2 / up to ^ .p. * 2 I the moment is greatest when P^ is over that 

P P •¥ P 

point. The second field then extends from v. .' 2 / up to ' . p * 2 /, and is commanded by P^, 

and so on. 

Hence we have the Rule given on page 86. Divide the span into " fields," reckoning from 

P 
the end to which P^ is nearest. Field i extends from o to r-j — -7 span. Field 2 from last point 

*° t^krra 'P^°- ^'^^^ 3 from last point to ^' tttaUotd^' 'P^' "'^' 

These fields are commanded respectively by P,, P^, P^^ etc. 

Rule I. To find the greatest moment at any point of span. Observe which field the point is situated 
in^ and shift the entire system till the weight which commands that field is over the point. 

Then calculate the moment, which will be greater than for any other position of the load. 

Let A be the abscissa of any cross section lying in the " field " commanded by P^, Then when 
Pr comes directly over it, the greate3t moment is 

M, = ^' ^ - '] ^^ A - S^lPiA -X)] . 

2/ an*- 

This gives the greatest moment at any point in a field. Let us find that point in the field for 
which the maximum moment is greater than at any other point in the same field. 

For this purpose, diflFerentiating the value of Ma above with respect to A, and putting the first 
differential coefficient equal to zero, we have 

dA 2 / 2I dA XI ' an\ dAj 

dz dx "^ 

But iTi = I and -j-i = i • 

dA dA 



Therefore, 



(2l'-z)^P A2P 

0=- T 7— 0TA=:2l—g 

? I 2 / 



In Other words, the moment is greatest at that point of any field which is as far from the left 
end of the beam as the centre of gravity of the system is from the right end. Hence 

Rule II. To find the point in any field at which the bending moment will be greater than at any 
other point in that field. Shift the entire system till the weight which commands the field in question is 
{if possible) symmetrital about the centre of the span^ with G the centre of gravity of the total load. 

" For fields in which it is not possible so to place the commanding weight, the bending moment 
will continually increase toward that end at which it most nearly fulfils the condition. In practice 
it is sufficient to find the maxima for a few fields near the centre of span, as one or the other of 
these will be the maximum for the whole span. 

** In applying Rule I., for a point at the junction of two fields, we obtain the same result which- 
ever field the point is considered to be in. 

" When a weight fails to overtake a portion of its field, on account of one or more weights going 
off the span at the end, it may be necessary to redivide the span to suit the diminished number of 
weights. " 
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CHAPTER II. 

THEORY OF FLEXURE. 

Coefficient of Elasticity. — If a weight P acts upon a piece whose area of cross section is 
A^ and elongates or compresses it by a small amount, A, we know, from experiment, that within 
certain limits, twice, three times or four times that weight will produce a displacement of 2 A, 3A, 4A, 
etc The limit up to which this law of proportionality of force to displacement holds true is called 
the elastic limit. Practically, then, within this limit, the displacement is directly as the force. We say 
" practically," because theoretically there is no such precise limit. In practice, however, it is not 
difficult to fix by experiment that point beyond which the displacements sensibly diverge from the 
above law. No material should be strained in use beyond this limit. Hence, in all practical cases 
we consider the law as sensibly correct. 

If we were to assume this law as strictly true for all values of the displacement, and if the 

P 

original length of the piece is Z, then the force per unit of area -j which causes the elongation A, 

if it is Y times as great will cause an elongation of A j , or of Z. This force we call the coefficient 
of elasticity. It is always denoted by E. Hence 

-=^ •<■) 

The coefficient of elasticity, then, is that force per unit of area which would elongate a perfectly 
elastic body by its own length. 

It is, then, a purely theoretical force. But as the law of perfect elasticity which it presupposes 
holds good practically within certain limits, if we make experiments well within those limits, measuring 
P^ Z, A and A, we can find very accurately what force would cause the elongation Z, if the law of 
proportionality of elongation to applied force held true without limits. Such experiments have been 
made, and the values of E for different materials are to be found in any work upon the strength of 
materials. 

The value of E thus determined is an accurate measure of the elasticity of any material, since, 
other things being the same, it depends directly upon the amount of stretch caused by a given 
weight. It varies, of course, with different materials, and within certain limits even with the same 
material, due to processes of manufacture, etc. Thus> the coefficient of elasticity of iron, varies with 
the kind, whether wrought or cast, with the shape, whether in bars or rods, etc. 

In any particular case, however, we may consider it as a constant. Iron produced at the same 
establishment, submitted to the same processes at the same time, ought to be identical in all its 
properties. In preliminary estimates it is allowable to take a mean value as given by experiments 
upon the same kind of material as that considered. It is, therefore, assumed, in the Theory of 
Flexure, that -£" is a constant quantity for each material. Thus we may take for wrought iron, in 
general, when special experiments are not at hand, E — 25,000,000 lbs. per square inch. 
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Considering then -ff as a constant, we have from ( i ) 



A = 



PL 

EA 



(2) 




From this equation we can always compute the elongation (or compression) due to a given 
load, when the dimensions of the piece are known. Or inversely, knowing the elongation (or com- 
pression) we can compute with considerable accuracy the force which produces it. 

The coefficient of elasticity is thus of great importance and service in all discussions of the 
strength of materials. 

Moment of Inertia. — This is a .convenient term for a quantity which occurs so often in the 
applications of the theory of flexure as to make a special term for it desirable. 

The moment of a force is the product of the force by its lever arm. But it often happens, es- 
pecially in the theory of flexure, that we have to do with forces which are themselves dependent in 
magnitude upon their lever arms, and vary directly with them. The moment of such a force would 
be a function of the square of the lever arm. Such a force is that of inertia^ and hence the expres- 
sion " moment of inertia " as a general term for the moment of all such forces. 

Thus, Fig. 158, if a block of wood standing on end is suddenly pulled forward, by virtue of 
that property of all bodies by which they offer resistance to Fiip.iss 

change of motion, which* is called " inertia" the block may fall 
over backward. To turn it over, however, requires force. 
The force which overturns it is the force of inertia. Upon 
every portion of the block there must be a force acting which 
depends upon the mass of that portion. But a force near the 
top acts evidently with more eflFect to cause rotation, than one 
nearer the bottom. The rotation force depends, then, not only upon the mass but also upon the dis- 
tance from the bottom. If x is the distance of any small section of the block from the bottom, and m 
is its mass, then the force at this point is mx. The moment of this force is then wx*. The moment of 
inertia of the whole block is, then, the sum of all the elementary reactions, each multiplied by the 
square of its distance from the bottom. This sum measures the rotative effect just as the sum of 
the simple moments would, if the applied fprces were all equal. That is, it gives the force which 
acting at a unit's distance would have the same effect. Since the forces in the present case are due 
to inertia, the product mo^ is called the " moment of inertia." 

The same term is applied to all other cases where the forces vary according to the same law; as 
would be the case if the block sustained the pressure of water, for instance. 

The moment of inertia with respect to any axis, then, is a general term for the algebraic sum of 
the products obtained by multiplying the mass of every element of a body by the square 0/ the distance of 
that elemefU from the axis. 

In the theory of flexure, where a body is bent, as is shown in Fig. 159, we assume that the upper 

flbres are extended, and the lower ones compressed. There is 
then a line of flbres at the centre which is neither extended nor 
compressed. This is called the " neutral axis, " Above and 
below this axis the forces of extension or compression are di- 
rectly proportional to their distance. Their moments will then 
be proportional to the square of the distance. The case is then 
precisely similar to that of Fig. 158, and the moment of inertia of the cross section with reference to 
the axis through the centre of gravity will give us that force which acting at a unit's distance would 
produce the same eflFect as all the flbre forces which act in reality. 

We see thus the meaning of the term, and how it enters into our discussion. 

Determination of Moment of Inertia. — By theaid of the calculus we can readily deter- 
mine the moment of inertia for all the most usual cross sections. As we assume that the fibres at 
equal distances on each side of the neutral axis are elongated or compressed equally, the neutral axis 
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passes through the centre of gravity of the cross section. We should find the moment of inertia, 

therefore, of all cross sections with respect to an axis through the centre of 

^ gravtty. 

Rectangle. — Let the breadth, Fig. i6o, be ^, and height h. Suppose 
*^ a strip at a distance x from the axis XX through the centre of gravity. 



— F — 

I — -I — •-^ — \ * The mass of this strip will be proportional to its volume. Its volume will 

be equal to its area if the section is one unit in thickness. The area is 
bdx. The moment of inertia of the strip is then 






bx^dx. 
Integrating this between H and we have 

2 2 



= 1 



8 



12 



Triangle. — Let the base of the triangle. Fig. i6i, be ^ and the height hy and take the axis XX 
through the centre of gravity, or f ^ below the apex. Fig.iei 

Take a strip at a distance x from the axis. The length of this strip 
y is from similar triangles, given by the proportion 

fh — x :y : :h:by 0Ty=^ . ^ . 



The area of the strip is, then. 



- I hbdx — bxdx , _ ^ 
dx = ^ 7 =\bdx-' 



bxdx 
h • 



The moment of inertia of the strip is 



yx^ dx'=-\b3f dx — 



hx^dx 




-V X 



Integrating between 4- | ^ and — i ^, we have 

2 



=1 



^i* 



I bx" dx - 



bjf dx _ bh' 
h 36 



Radius of Gyration. — If in any case we divide the moment of inertia by the area of cross sec- 
tion, we obtain the square of the distance from the axis to that point at which, if the entire mass were 
concentrated, the moment of inertia would be the same as that of the cross section itself. This dis- 
tance we call the " radius of gyration. " The value of — is then, in general, the square of the ra- 

' ^ The 



dius of gyration. Thus for the rectangle above, the area is M, hence -r- = — -=- [- 

radius of gyration for the rectangle is then — -j=r. In the same way for the triangle, the area is — • 



VI V 



The radius of gyration is, then, = . 

3 V* 



/,; 
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If in any case the radius of gyration is known, we have only to multiply it by the area in order 

to obtain the moment of inertia of the cross section. 

In the case of a braced girder, where most of the material is in the flanges, Fig. 

h I 

162, the radius of gyration may be taken as approximately — , or half the depth of the 



FlK.16d 



girder. If we denote the total flange area by Fy the moment of inertia of the cross 
section is then F — . 



[ 



t 
I 

L 

I 
I 

k 



We give below the moment of inertia / for various cross sections, for horizontal axis through the 
centre of gravity. We also give the area F of the cross section as well as the distance e of the outer 
fibre from the neutral axis. 




WWW*- 



y/A 




I 
.f 



-- ^.., 




K---6..— ♦J 




— -^— -♦! 






/• = 



e •=. 



I = 



2 ' 



F=d{k^Ax), 



A 



I = 



b kH' - A»») 



12 



/• = 



e = 



/ = 



b_ 

2 

12 



/- = 



e = 



b 



/ = — 



12 



F- 2.598^*, 



e = 



/ = 



0.S66 b, 
0.5413^*. 



F = 2.598 b\ 



e = b, 



I = a 5413 ^'. 



m 



/ 



APPENDIX. 




3.818 l-\ 
o.()34 *, 



/ = AtM'-iiAi'). 



iM 



F=ti-{i-i,)A,. 



/ = ^ [w -a- *,) *,■]. 



F=6i»-A,) + i,{A,-h), 



= A[*(*'-J.') + *. (*.'-■*.■) ]. 



P= 6A + *,*„ 



/ = ,V (ii" + i.A,'). 



•jiij 




= M-(*-*,)*, +4,*., 



/ == t", [/.A> -It- i.) 4,' + *,A,T. 



= i<l t (*, -*)*,+ (* — :(,)*, 



/ = 


A [W 


+ (:* 


- i) *.* 


+ (i 


-*,1*']. 


F = 


JM,. 










,= 


i 










/ = 


4 I' 


,= + 


6 /i^. {i 


- 2 A 


)]■ 
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/ = — [l6 h,' + 6 *A, (-1 - 3 ,1,) + 6 /Si Aj (*, - 3 .*,)]. 




/■= i(*-i,) + *, (4, -i,) + 4i(4. -4,). + *.A,. 



/ - Vi [* (-i' - ■*.') +■ *. (*.' - M + *. (V - A,') + i,h,*\. 




4-*, 3' 



y + 4 M, + V 



.*-! 

]:^i 



F = i,A. + i/l,. 

_ i»,' + t,», (i + A,) 




= iA, + i,A, + S». 




i,a.(ai-<.) + U,* 



/=_L_[^_rf.j + ^(„= 
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F- — J', n = 3.1416. 



I = — d' = 0.0491 ^'• 



F=^(d'-d,r^ 



I = o.04gi W* — d,'\ 



m 



/ = — 6A' = 0.0491 i¥. 



L. 



_Ll? 



/■ = — (M - »i»,). 



I = 0.0491 (M' - b,k,'). 



t, = aSTfts r. t = 0.^24* r, 
7 = 0.1098 A 



/ = 


a.yiii 


r". 




F = 


Ibh. 






' = 


%h, € 




ih. 


J = 


,9. ih' 


= 


ff,Fi> 



Ci 



TMEOR Y OF FLEXURE. 



.-^ 




F=\bS. 










- 


_k_ 


i i ^""--- 




I^i^hk'^-h Fk*. 














1 


_ _ A 


¥ 








-l=— , f-a476o', /■= 0.779./', 


._.i-_ 

^ 




/ = 0.048 rf', 

6--^-, ,- = a447'/. -^=0.7630", 
. / = ao44 4/'. 

*=— . f = #,= 0.471 rf.. F-a-ind; 


♦.jS-* 




! = 0.047 '''■ 


_*— 




*=Y' '-*•= 0.433 it. F=o.jiia\ 










I /■ = 0.043 </•- 



In general, for any complex figure, we mint liist find the centre of grtvit; (page aj?). We may then divide Ibe 
figure up into recluigtes, triangtea, ImpeioJds, etc, and find the moment of inetti* of each with reference to Ibe aiia 
through the centre of gravilj. The centre of gravity may be found by cutting Ibe figure out of cardboard and balutcing 
it upon a knife edge io two differtnt petitions, or by the graphical method of page 357. 



Change of shape op the Axis. — Let Fig. 163 represent 
straight line by outer forces. Let the two sections AC and 
BD be consecutive sections, parallel before flexure, antl re- 
maining plane after. Let the length of the axis mahes, then 
ba = ds. Let dip be the length of the very small arc at dis- 
tance unity between the sections after flexure. 

If the deflection is small, s will be approximately equal 
to X, and ds to dx. The elongation of any fibre at a dbtance „^ 
V from the neutral axis is vd<p, if dtp is the length of arc at 
distance unity. The force corresponding to this elongation 
is from (i), U .i4 is unity and dx = L, 



I beam deflected from its original 



T = 



Evd<f> 




If da is the cross section of any fibre, then the whole force of extension of any fibre it 
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Evdcpda 

The moment of this force is 

Et?dg)da 
dx 

h h 

The integral of this between H — and will give the sum of the moments of all the fibres, 

2 2 

which must be equal to the moment M of all the outer forces. Hence 

h 

"2 

But, as we have just seen, the integral is the moment of inertia /of the cross section with refer- 
ence to the axis through the centre of gravity. Hence 

^=^ « 

dy 
Since (p is always a very small arc, it may be taken as equal to its tangent, or equal to -~ . 

Hence 

dy , d(p d^y 

Therefore 

dx 
But from similar triangles we have vdq) \v\\ dx \ r, where r is the radius of curvature* Hence 

vdip dx dq} i 

= — , or -J— = — . 

V r dx r 



Hence, 



r 



also since T= £ — v^^t have from (3) 



TI 

V 



Therefore, 



-=f =-s=f w 



where T is the strain in any fibre at a distance v from the neutral axis. 



4, 
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Equation (4) is our fundamental equation. 

Assumptions upon which the Theory of Flexure is Based. — A close examination of the 
foregoing will reveal the assumptions which lie at the bottom of our theory. Thus we have as- 
sumed, first, that the coefficient of elasticity is constant. Second : That fibresat equal distances above 
and below the neutral axis are equally strained, and hence that the neutral axis passes through the 
centre of gravity of the cross section. Third : That the deflection is very small, and hence dx can be 

dy 
put for ds and —- ioi <p. Fourth : That any two plane sections remain plain after flexure. Fifth : 

That the elastic limit is not exceeded. Upon these assumptions our theory rests. The comparison 
of its results with experiment shows them to be practically allowable, so long as the limit of elasticity 
is not exceeded. 

Case i. — Beam fixed at one End and loaded at the Other — Constant Cross Section. 
— ^We shall always consider a moment positive when it causes compression in the upper fibres, or, 
considering always the forces on the left of the centre of moments, rotation in the direction of the 
hands of a watch is positive. The distance from the left end to any point is denoted by x. 

The complete discussion consists in finding the change of shape of the beam and its deflection 
at any point, and the breaking weight, or the load it will carry before break- 
ing, both for constant cross section and for uniform strength, as well as the 
proper shape for uniform strength.* 

(tf.) Deflection and Change of Shape, — In any case, in order to find the 

change of shape, we have only to find the moment at any point of the outer 

d\ 
forces, and equate this moment to EI -^ , according to (4). Integrating then 

twice, regarding / as a constant, since the cross section is supposed constant, we shall obtain an 
equation giving the relation between x and^. The discussion of any case thus reduces to a simple 
method, consisting of a repetition in each case of the same process. 

Thus in the present case. Fig. 164, the moment of the outer forces is J/" = — J^x, From (4) 
then, we have 



I 



6 






-S=- 



Px, 



Integrating once we have 



dy JPx' 

dx 2 



where Ci is the constant of integration. Since the beam is fixed horizontally at the right end, the 

dy 
tangent to the curve of deflection must be horizontal at that end. When jc = /, then -j-'=^ ^y hence 

uX 
PI* 

C\ = , and 



dx 



Px' pn 

2 2 



Integrating again 



^. Px' ^ prx 

Ely = 7 — f- f- CV 



PI* 

Since the deflection at the fixed end is zero, for x = i y = o, and hence C, = — — , and 



* A beam is said to be of uniform strength when it is so proportioned that the outer forces cause the same strain 
per unit of cross section at all points. 
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. „. P:f ^ Prx PI* , , 

EIy=-—^.—--— (5) 

This equation gives the deflection at any point. The deflection at the end is evidently greatest, 
making then ;i: = o, we have the maximum deflection, 

'"--TBI « 

If the cross section is rectangular, / = — , and 



J = - 



Ebh 



a • 



(^.) Breaking Weight. — In order to find the breaking weight, we have from equation (4), 
page 220, 

77 

V 

where T is the tensile strain in any fibre distant v from the neutral axis. For symmetrical cross 

h 2 Tl 

sections,* » = — and T is the tensile strain in the outer fibre, and hence M = — 7 — • For t^ = — 

2 n 

— we have the compressive strain in the outer fibre upon the other side. Calling this C we have 

2 CI 

M = — r— . Theoretically T and C should be equal. Thus, in the present case, the greatest 

moment is PL Hence, for symmetrical cross section, 

Pl^^ TI _ 2CI 
or, 

hi hi "^ 

For a rectangular cross section / = — and 

12 

JW_ ^ Cbjf^ 
6/ "" 6/ ' 

Theoretically, then, if we know the tensile strength T or the crushing strength C of the material, 
either of these should give us the breaking strength P, This, however, is not the case in practice. 
The crushing strength is not always equal to the tensile strength. Moreover, the theory from which 
the formula is deduced is based upon the assumption that the elastic limit is not exceeded. But at 
the breaking point this limit is exceeded. The breaking weight is then really given by 

^=^ (») 

where R must be determined for each kind of material by experiments made at the breaking point. 



* If the two outer fibres are at different distances from the neutral axis, we must put for v its greatest value, so as 
to get P on the safe side. 
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We may call R^ then, the breaking ^trtn^Yi for flexure. It evidently varies with the material, and 
for the same material varies with the shape of cross section. In the Table which follows, R is de- 
termined by experiments with rectangular cross sections only. It is found by experiment that R is 
always intermediate between T and C. If then experiments are not at hand, we may take that 
value of T ox C which is the smallest^ and if the cross section is not symmetrical, that value of v 
which is the greatest. We shall thus always be on the safe side. 

We give below a few average values of T', C, R and E^ for some of the most usual materials, 
all in pounds per square inch, R being determined for rectangular cross- section. 



I 



R 



E 



Wrought 
iron 



bars rolled, 


57,557 


angle iron, 


54,729 


plates, lengthwise, 


50,737 


plates, crossways. 


46,171 


Cast iron. 


16,000 


Oak, 


17,000 


Ash, 


17,000 


Pine, 


7,800 



30,000 



96,000 

9.500 

9,000 
5>4oo 



IZy^O^ 


24,000,000 


36,000 


17,000,000 


10,000 


1,451,200 


10,000 


1,645,000 


9,000 


1,700,000 



More extended Tables may be found in special treatises upon the strength of materials. 

In using our formulae, all dimensions should be in inches, if T', C, Ry E are in lbs., or tons per 
square inch, and the result P will then be in lbs. or tons. If the dimensions are all taken in feet, 7', 
C, -^ and jS" must be taken in lbs. or tons per square foot. 

Case 2. — Beam Fixed at one End and Loaded at the Other — Uniform Strength. — 
Suppose the cross section or I is not constant as before, but varies in such a manner that at every 
point of every cross section T' or C is constant. The beam is then of uniform strength throughout. 

We have from (4), for the outer fibre, 

For a rectangular cross section, for instance. 



T = 



6 Px 



This, then, gives the value of T at any point distant x from the end. Suppose the breadth and 
height at the fixed end are denoted by di and Ai, Then, 



T = 



6P/ 
Ml* • 



l^ow since T is required to be constant, we have. 



6Px 



6 P/ M' 

or 



^A 



s f 



W 



X 



(9) 



X 

If the height is constant, then A = ^„ and we have the breadth at any point d = di—. That is, 
the breadth varies as the ordinates to a straight line, as shown in Fig. 165. If, on the other hand. 
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X 



the breadth is constant, ^ = ^ , and we have ^' = h\ y . That is, the height varies as the ordinates 
to a parabola, as shown in Fig. i66. 



Flff.165 




Fiir.iee 




Flir.167 




If both b and h vary, but the cross section at all points is similar, we have, 

b\ b - b\h 



and hence substituting in (9), ff = A* — -, which is the equation of a cubic parabola. The breadth 

varies according to the same law, as shown in Fig. 167. 

{a). Deflection and Change of Shape, — Since / is no longer constant, we have in the present 
case, from (4), 



d^" EI '^ 



Px 



E X 



bjr 
12 



where b and h are variable, as we have just seen. If, as in Fig. 165, the height is constant and 
always equal to hx , then, as we have seen, b = bi—. 
Hence for rectangular cross section, 



dx* "~ 



12 Fl 
Ehx^bi 



Integrating this, since for a: = /, -y- = o, we have 



^ — _ 12^^' 12 Pl^ 
^ "" Ehx% ^ £hi%' 



Integrating again, since for a: = /, ^ = o, we have 



y^- 



6 Flx^ , 12 prx 6 Fr 

+ 



EhiX ' Ehi'b^ Ehi'bi 



• . • 



• 



(to) 



This equation gives the deflection at any point for a beam, as shown in Fig. 165. 



* ■* 
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The greatest deflection will be at the end, and is equal to 



Eh.^K 



The deflection for a beam of the same length with constant cross section, we have already found 

A PI* 
to be ^ for rectangular cross section. We see, then, that other things being the same, the beam 

of uniform strength deflects f as much as the beam of constant cross section. 
In similar manner we find for constant breadth, Fig. 166, 



>- = 2J.[i-3^ + 2/(^)'] (.1) 



J = 2 Jo = 



%Pl 



Ebyflx 



3 y 



where Jo stands for the deflection of the beam of constant cross section, or 
For similar cross sections, Fig. 167, we have. 






-=M.[.-v^.fV(f)'] (..) 



J = I Jo = V 



PV 



Eb^h} 



. If we call the volume of the beam of constant cross section F, then in the first case, Fig. 165, 
the volume T, = i V ; in the second, Fig. 166, Ti = f V ; in the third, Fig. 167, F, = | F, or 

V \ r, : r, : Ti = 30 : 20 : 18 : 15. 

The maximum deflections, as we see, are as 

2 Jo , I Jo, f J09 or as 20, 18 and 15. 

That is, the deflections at the ends for a beam of uniform strength in the three cases are as the 
volumes, 

{b) Breaking Strength. — We have, just as in the case of constant cross-section, 

■ 77. CA 

where /i is the moment of inertia of the cross section at the fixed end = -^ bihi for rectangular 
cross section. 

The breaking weight is evidently the same as for beam of constant cross section, if the weight 
of beam itself be disregarded. The only difference is, that 
more material is required in the latter case. 

Case 3. — Beam as Before, Fixed at One End — Uni- 
form Load — Constant Cross Section. — If /is the load per 
unit of length, we have for the moment at any point distant x 
from the free end. Fig. 168, from (4), 



Fls.168 









• 

1 




! 1 

1 1 . 






! 

, 1 - 




EI 






X 

-fxx — 



m 



2 




r 
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dy 
Integrating once, since for ;i: = /, -^ = o, we have 



dx b t 



Integrating again, since ior x = l,y — o, we have 



Ely^ 



24 6 



PJL 

8 



(13) 



The deflection at the end, then, is 



A = 



_ //* 



S £/ 



or only f as great as for an equal load at the end. 

For the breaking weight, we have, since the greatest moment is at the fixed end and equal to 



Ml 



2 



, from (4), 



^-ZZ 



2 



V 



or 



CI 



hence// = 



2 TI 

vl ' 



or 



2 CI 

vl ' 



taking always whichever value of T ox C is the least, or twice as much as for an equal weight at the 
end.* 

Case 4. — Beam Fixed at One End— Uniform Load— Constant Strength. — We have 

the moment at any point - — . Putting this equal to — r — , we find T = ^ . , or for rectangular 

cross section T = ^.\, ■ . If bi and hi are the. breadth and height at the fixed end, then since T 

on 

must be constant. 






bh' 



w 



b^'~ /' 



(H) 



If the height is constant A = Ai, and ^ = ^ f — j . This is the equation of a parabola, as 



Fis.169 




*i 




shown in Fig. 169. If the breadth is constant, d = ^i, and (14) becomes ^ = ^ — . This is the 
equation of a straight line, as shown in Fig. 170. 

* If the two outer fibres are at different distances from the neutral axis, we must put for v its greatest value so as 
to get P on the safe side. 
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For similar cross sections we have — ^ = — , or^ = 'v-. Hence (14) becomes ^' 



or* 



This is the equation of a cubic parabola. The shape of the beam 
is, therefore, as shown in Fig. 171. 

Change of Shape. — We have from (4), 



Fiff.171 



or for rectangular cross section. 






h = 






For constant height we have, as we have seen, b ^ bi-pi> and 

hi. Hence 

d^y _ 6pr 
dx" '^ EbM" 




dy 
Integrating, since for ^ = /, ^ = o, we have 

dy_ _ 6 pl\x 
dx £b\h\ 



6/»/' 



Integrating again, since for a: = /, ^ = o, we have 



_ 3//V 6 //'a- 3 pi* 
^ Ebjif EbA* JSbxh^ 



The deflection at the end is, then, 



J = 



Ebyhl. 



(■5) 



or twice as much as for a beam of constant cross-section. In a similar manner we can easily find the 

deflection in the cases of Figs. 170^ and 171. 

Case 5. — Beam Supported at Both Ends — Constant Cross Section — Concentrated 

Ri Load. — Let the weight P be distant from the left end. Fig. 

^'iB-i'* Rt 172, by a distance Zx and from the right end by a distance «t. 

1 Let the distance of any point from the left end be x. 

The upward reaction at the left support is by mo- 

Pt 
ments -^i x 2 / = P x «, , or -^1 = ' 



I 



I. 



2< 




2/ • 



The moment at 



any point between the left end and the weight, or when 



PZxX 

2 / 



For any point to the right of -P, or when x > «i, 

Jf = + RyX' - P {,x - z^) = 



Pz^ X 

2/ 



- T' (a- - «,). 
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The greatest moment is evidently at the point of application of the load, or when x = Sp Hence 

P z z 

the maximum moment is — ~. 

2 / 

{a.) Br^akifig Weight, — From (4) we have 

^=^'= ZZ. or/' = A^'; 

2 1 V VZiZf 

where for T we must put J^ when known by experiment, or that value of T or C which is the smallest, 
and for v the distance from the neutral axis to the outer fibre.* 

For rectangular cross section / = — , and hence JP = For a load in the middle Zi = Zf 

12 3 ^i^% 

A. RI 

= /, and P = ; , or 4 times as great as for a beam of the same length fixed at one end and free 

at the other end. 

(^.) Change of Shape. — From (4) we have 

when X < 5,, EI -~ = — ;- ; when x > z^ EI -— = — r (2 / — x). 

dx^ 2 / dx 2 / ^ ' 

Integrating, we have 

dx aI dx 2 I \ 2/ 



dy 
For x =^ Zi these two values of -y- are equal, and hence, since s, = 2 / — Si, we have Ct = C\ 

ax 



/»».• 



2 

We thus have the two equations 



dx 4/ dx 2 1 \ 2/ 2 ** 

both containing the same constant C\, 
Integrating again we have 

Pz%^ Pz f 3^\ Pz *x 
when X <z^,£Iy = -^ + Qx + C, ; when;c > «i, £Iy=jj(lJ^-j) j- + dx + C^. 

In the first of these equations, when a: = o, 7 = o ; hence C, = o. When x =z Zi,y in one equals 

Pz* 

y in the other, hence Ci = —^ • For ;ir = 2 /, ^ in the second equation is zero, hence Ci = — 

777 ^^^~'»^- 

Substituting these constants we have, when 

when^>«i, j'= 12^// (gi*-4^+-^) (i?) 

* If the two outer fibres are at different distances from the neutral axis, we must put for v the greatest of the two 
values, so as to get P on the safe side. 
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The deflection at the load is, therefore, for ^ = »i. 



>• t 






6 Ell 



If we insert the value of Ci in the value for -r- and place -?• 

dx dx 

which mak^s the deflection a nuzximuMj 



= o, we find for the value of x 



^= Vi(4/-«i)«i (18) 

The greatest deflection is not at the weight, therefore, except when the weight is in the middle. 
Inserting this value of x in the value for^, we have for the maximum deflection 

A Pz\Zt (4 ^ — ^1) / 7 — -, r 

If the load is in the middle of the beam, we have z^ = z^=i /, and the equation of the curve of 
deflection is 



The deflection at the weight in this case is found by making ;ir = /, or 



J = 



pr 

6£I' 



01 only -j^th as much as for a beam of the same length fixed at one end and loaded at the other end. 

(r. ) Uniform Strength. — The change of shape and form for uniform strength may be easily 
found, precisely as on page 223, for a beam fixed at one end and loaded at the other end. 

If the weight, for instance, b at the centre of the beam, the deflection is greatest at the weight 





Each half of the beam may then be considered as a beam of the length /, fixed horizontally at one 

p 
end and with an upward force — at the other. Each half of the beam should then have the shape 

of Figs. 165, 166, or 167, according as the height or breadth is constant, or the cross sections are 
similar. 

Thus, Fig. 1 73 shows the shape of a beam of uniform strength, for constant height, weight in 
the middle. 

Fig. 174. for constant breadth, weight in the middle. 
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Fig- ^75> for similar cross sections, weight in the middle. 

In each of these cases, the deflection is the same as for a beam whose length is /, fixed at one end 

P 

horizontally and with an upward force of — at the other. The deflection in each case is given by 



2 



(lo), (ii) and (12), where for P we must insert — 



2 



When the weight P is placed at any point, we have only to find the point at which the deflection 

dy 
is greatest, or that point for which ^ = o. . This point we may consider as the fixed end of a beam, 

whose length is the distance to each of the other ends, the force at the extremity being the reaction. 





Equations (10), (11) and (12), will then give the deflection, when we put for / the length of each 
portion, and for P the reaction at the end. 

The method of page 223 must be followed in each case. Owing to the shear, Figs. 173, 174 



rig.177 




FIg.178 




and 175 cannot end in a line as shown, but cross section enough should be allowed at the ends to 
resist the shear at those points, as shown in Figs. 176, 177 and 178. 

Case 6. — Beam Supported at both Ends — Constant Cross Section — Uniform Load. — 

For a load/ per unit of length, the entire load is 2 pi, Fig. 179. 
r The reaction at each end is//. The moment at any point is 

2 
^ . ^ 

This is evidently greatest at the centre, or when x = L Hence 

max M = ^— • 
2 




. r 
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For the breaking weight then, from (4) 



^—^ — or 2//= — J- or — J- (19) 

or four times as much as for a beam of the same length loaded uniformly and fixed at one end. 
For the change of shape, we have from (4), 

Integrating once, since for jp = /, -^ = o, we have 

^jd2 ^pl^_P^_pP^ 
dx 2 6 ^ 

Integrating again, since f or jc = o, ^ = o, 

Ely = ^ ^ ^ — , 

6 24 3 

or 

-^=i^ <*'*'- ■"'-*''> (»°) 

This is greatest at the centre, or for jc = /. Hence the maximum deflection is 

2^ EI ' 

or only -j-f^ of a beam of the same length fixed at one end and uniformly loaded. 

For uniform strength, since the deflection is greatest at the centre, we c^n consider each half of 
the beam as a beam fixed horizontally at one end and with an upward force at the other equal to//. 

For rectangular cross section each half will then be as shown in Figs. 173, 174 and 175. The 

deflection in each case may be found as in equation (15). p p 

The same method applies easily to any other form of "^ Fig.iso \ 

cross section. I ^ ^2/. • 

Case 7. — Beam Supported at Both Ends — Con- \ ' 

I I* 

ST ANT Cross Sections — With Two Equal and Svm- L^ ^^^^-^ 

metrically Placed Loads.— Let the beam. Fig. 180, ^ ***■ — ...^ -r-— — 

support two weights Z', P, placed at equal distances » <r j j j j > 

from each end. The reaction at each support is then -P, i X 

and the greatest moment is evidently at the centre and ^ 

equal to Pn, 

For the breaking weight we have, then, 

r, TI CI ^ TI CI 

Pz = — , or — , or P = , or — . 

V V vz vz 

For rectangular cross section, / = -^M\ and v = — , hence 

63 
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For change of shape, we have, from (4), 

d^y d\ 

when X <z, EI -pf = Px^ when x > Zy EI A- = A. 

ax aX^ 



Integrating, we have. 



dv Px^ 

dx z * 



EI^- 



dx 



= Pzx + Q 



In the second of these equations, when jr = /, -^ = o ; hence C« = — Pz/, When at = «, -~ in 

the first is the same as -j- in the second, hence Q = - Pz/, Hence 

ax 2 

AV 2 2 dx 

Integrating again, since for a: = o in the first of these equations^ = o, we have 

Pa^ Pz* X Pz:^ 

Ely^^^ ^-^-^ - Pzlx, Ely = ^^±-^ Pzlx + C,, 



Pif 



when JT = 5, y in the first is the same as v in the second, hence Cj = -2—. 



The deflection for any point on the left of the first weight is given by 



y- 



Px 
6 EI 



(jr» + 3 «' - 6 »/), 



and for any point between the weights, 



y = 



Pz 



6 EI 



(«* + 3a^-6:r/) 



(ai) 



The maximum deflection is at the centre and equal to 

6EI^ ^ ^ 



(") 



If the loads are uniformly distributed, instead of being concentrated as shown in Fig. t8i, we 
Fiff.isi <^^ put//& in the place of P. Equation (22) then becomes 







for the deflection at the centre, 



If we integrate this between the limits z^ and «i , we have 



J = 



24 EI 



[ («/ - 8/) - 6 /• («.• - «,«)] 



(»3) 



When the load covers the whole beam, Zi = /, and z^ = o, and 



a^EI' 



as already found. 



". ^ 
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Case 8. — Beam Supported at one End and Fixed at the Other — Constant Cross 
Section — Concentrated Load. — Let the beam be 
fixed horizontally at the right end, Fig. 182. At this 
end, then, we have not only a vertical reaction Rt^ but 

also a negative moment M^ which causes the beam to I™« *' 

be horizontal. At the left end we have only the reac- | 

tion ^1. Let the weight -P be distant from the left ^ 

end by a distance «„ and from the right end by a dis- j 

tance z^ Then from (4), taking x from the fixed end, Z\ i ^_jL- >|| 

when X > «„ £1 — ^ = ^1(2/— x), \ 

d*v 
when X <s^ ^^7^ =^ Ex{2 I — x) ^ P {z^^ x). 

Integrating we have 

dx J " dx 2 2 

t 

When -^ = °> "^ io ^^ second equation is zero, and hence d = o. WHen j: = «,, ^ is the 

same in both. Hence Cj = * . Inserting these values of C, and Cj, and integrating again, we 

have 

2 2 

When j: = o, ^ = o, in the second equation, and hence Ci = o. When a: = «,, ^ is equal in both, 

hence C% = —^ . When x •=• 2 l^yxa the first equation is zero. Hence -^i = ^ ^ ., * . 

Substituting these values of CV, C% and ^1, we have for the deflection at any point between the weight 
and the supported end, 

^ _ P r ^t* (6 / - ^) (6 / ~ or) jg * 



tEI 



[j-^ Jji (3 ^ - ^t) «i J . . . • (24) 



dy 
Putting the values of -^ =0, we have for the point at which the deflection is a maximum. 



= ''-'^^7^ ('5) 



Substituting this value of x in the value of ^^ above, we have for the maximum deflection 



^=-5%("-)^l7^ (■«) 



When the weight is in the middle, J?, = ^ Z', and 

J = - ;rvrrx -;., or 



6£I Vs"' '^Vl 
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as much as for a beam of same length, fixed at one end and loaded at the other, and only -7= as 

V5 
much as for beam of same length simply supported at both ends. 

Breaking Weight. — Since we know ^„ we can find the moment at any point. Rupture will 
occur where the moment is greatest, that is, either at the fixed end or at the weight. 

The moment at the weight is -^, ( 2 / — z^). The moment at the fixed end is 2 RJ — Pz^, Now 
as ^1 is always less than P^ we see at once that the moment at the weight is greatest We have, then 
from (4), 

_ , , . Pz,' (6 / - z ,) , , . TI CI 

J?i (2 / — «,) = ^T-TT ^ (2 / — £r,) = or — . 



Hence the breaking weight is for symmetrical cross section, 



P = 



32 77/' 



hzt^{6l — z^) (2 I —Zt) 



(n) 



'K2 TI 

If the weight is in the middle, P = . jli > or f ths as much as for the same beam supported 

at the ends. 

Case 9. — Beam Fixed at One End and Supported at the Other — Constant Cross 
''i Fig. 183 Section — Uniform Load. — In this case. Fig. 183, the moment 

at any point is 

Integrating twice and determining the constants by the con- 



I 
I 



2/ 



£ 



I 



§S! 



1 



^1 = 1^/, and 



i=i^(^*''-^°^+«''> <'«) 



y = ^i^^-»)i6^-'") ' 



(29) 



Putting (28) equal to zero, we find for the point at which the deflection is a maximum, 

15 — Vr? 
x= "^ ^^ I, or :r= 1.157/. 

The maximum deflection itself is then 



_ 3 9 + 55 V^ pi* _ 0086a -^'^ 



J = - 
For the breaking weight we have, since the greatest moment is at the fixed end and equal to 



//• 



//• _ TI 



= , ox 2 pi — 



V 



ATI 
vl • 



The strength is then \ as great as for the same load in the middle, but no greater than for beam 
of same length and load supported at both ends. 
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Case 10. — Beam Fixed at both Ends — Constant Cross Section — Concentrated Load. 
— Let 2i be the distance from the left end to the 
weight, Fig. 184, and 2, the distance from the right ' 
end to the weight. Let the reaction at the left 
end be -^1 and the moment at the left end Mx> 
Let X be measured from the left end. **' 



Then we have from (4) 




Flg^. 184 



s/ 




^— T,— f— -.7— 



when X < arj, E I -^ = RxX -f 3/i, 

oar 



I 
4 

P 




when .r >s i, EI -^jr = -^1* — /* (-^ — ^i) + Mi, 

Integrating we have 

EI %^E,^ ^M,x + C, ; EI^ = R,— ^ P— + Pzix -\- MiX ^ Cr 

dx 2 dx 2 2 

If jp = o, -— in the first equation equals zero, and C\ = o. For x =^ Zi^ ~ is the same in both 
dx ax 

Pz* dy 

equations, and hence Ci = • For ^ = 2 /, ^- in the second equation is zero, and hence 

2 dx 



4 M^i-Pz^ - 4 Pz^i - 4 p,r + 4 pr 

Integrating again, after substituting the values of C\ and Ci, 



(30) 



£Iy = Jl,j +M,-+C,; Ely = R,'^ - 



Px' Ps,x' 



2 



2 



Pz*x 



+ C|. 



For a: = o,>' in the first equation is zero, and hence Q = o. 

Pz^ 

For X = Zi^y in both equations is the same, hence C4 = -7^ • 

o 

For ^ = 2 /, J' = o in the second equation, and hence 

12 MJ' ='6 Pz*/ - 12 Pz,r - 8 E,r + SP/*- Pz^ 



• • • • • 



(3') 



Equations (30) and (31) contain two unknown quantities, M\ and ifi. Eliminating^!, we have 



„ _ 4 />/' + ^g,' - 3 Pz,*l 
H. ^7. — — 



Or 



ji^=p'lSl^^,^^ji, = P^lhl^ (3,) 



Eliminating ^1 we have 



J/. = - /> ^ , and 3/. 



4/' 



• • • 



Substituting these valuies, we have 



1= r^'[4/».-(3«. + i^)^] 



• (33) 



(34) 
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■^ = :i^^f*'^'-<3«' + ''>-*^ • 



(35) 



The point at which the deflection is a'maximum is then 



4/0, 

X = — ^ — - 



3 «^i + «t 



and the maximum deflection is 



s« t 



J = 



2 Pz{zi 



s£/{SZi-¥ £,)• 



This expression will be itself a maximum when «i = «^ or «, = /. That is, the greatest deflec- 
tion is at the weight when the weight is in the middle. This deflection is 



J = 



J^r 



2a£J* 



or only ^th as much as for beam supported at the ends. 

Breaking Weight, — The greatest moment is easily shown to be at the nearest end, and equal to 

This is a maximum for ;ff, = } /. That is, the greatest moment at the end occurs when the load 

is distant one third of the length from that end. 

8 PI 
The value of this greatest moment is • Hence from (4) 

%Pl Tl „ 27 TI 

27 V ovi 

or f } times as great as for a beam supported at the ends. If the weight is in the middle, we have 

Pi TI ^ /^TI ' 

— = — , or -P = ^—j- , 
4 V vl 



or twice as much as the same beam simply supported at the ends. 

Case ii. — Beam Fixed at both Ends— Constant Cross Section — Uniform Load. — In this 

case, Fig. 185, the reaction at each end \&pL 
We have then from (4) 



^ 







I II ' ri I ' I ITTTl 







dx 2 6 



Integrating, since for .r = o, ^ = o 



/*• 



When a: = 2 /, ~- also equals zero, hence 3/" = — — • 

' dx ^ ' 3 



JL 



• i ^. 
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Inserting this value of M and integrating again 



Ely 



_pl^ P^ pl^^ ^ 



24 



Since for ;r = o j' = o, the constant is zero. 
The deflection at any point is then 



•^=^/(^^-^-^''> 



(36) 



This is greatest at the centre, or for a: = /. The greatest deflection is then 

2^ EI 

The greatest moment is easily proved to be at the end. Hence the breaking weight 

//* TI ^, 6 77 

^— = — , or 2 pi = — -r- • 
3 P ' ^ vl 

In the beam fixed at one end and supported at the other as well as in the beam fixed at both 
ends, the moment at a fixed end is negative, />., causes tension in the upper- fibres. 

The beam may be fixed either by letting it into the wall or by prolonging it beyond the support 



FtiT* 186 



I 
I 
I 

¥ 



H 



i 

p 



t9 



Fi«. 1«7 



and suspending a weight from the end, as shown in Fig. 186. In 
this case> the moment at the end being found as above, we can 
easily find the weight «/, if the prolongation a is given, or the pro- 
longation a if the weight w is given. Thus wa must equal the mo- 
ment at the end. 

From the fixed end the moment decreases to a point where the moment is zero. Past this 
point the moment becomes positive, and in the case of the beam supported at one end, increases 
gradually to a maximum and then decreases to zero at the supported end. In the beam fixed at 

both ends, it increases to a maximum, then decreases to zero, 
then changes sign and becomes negative again and increases 
to the other end, as shown in Fig. 187. These pointfe at 
which the moments become zero are paints of inflection^ be- 
cause here the moment changes sign, />., the curvature 
changes from convex to concave or the reverse. They can 
be easily found by finding the values of x which make the 
expression for the moments zero. 

Thus for a beam fixed at one end and supported at the 
other, uniform load, the inflection point is at a distance from 
the fixed end of ^ = i the length. For both ends fixed, we 
make 

equal to zero and find x = 0.42262 /, and 1.5774 ^ where / is the half length. 

The curve of moments in any case may be determined gvaphically according to the principles 
of Chap. IV. page 34, or by a discussion of the equation of moments. 




n> 



We give below ■ KcapilnUtion of out molts, h well u lome 
LEAMS OF CONSTANT 



„„ 


.0»„,. 


EQUATION OF ELASTIC LINE. 


t 




._J 






max. JW = - /•/. 




c 


> 






*- 




,, 




when ^ < /, 


'' = 6^7 ""■""■ 


-^ 


"\ 


-^ 




O^ 




ft 


tl 








tp 




c 


)' 




max, deflection occurs at 






.= f 1(4/-..)... 








i 


Af. = P, = inax. AT. 


"ra/ ["■--' -•-■■! 


TT^ 


'-'-- 1. 






*^-» 


i 
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Others which the student can now readily demonstrate. 
CROSS SECTION. 



BREAKING WEIGHT. 



TI 

77' 



/>= — r, or 



C7 

vr 



RELATIVE STRENGTH. 



„ 2TI 2 CI 

P = — ;— , or 



vl ' 



vl' 



p = 



2 Til 



In general, either T or C, whichever 
is the least, is to be put for 7" in all 
formulae for breaking weight. 



«i «« 



v% 



I 

2 — 

% 



GRAPHIC ILLUSTRATION OF MOMENTS. 
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We give below a recapitulation of oar results, as well as some 

BEAMS OF CONSTANT 



CASE. 



MOMENT. 



EQUATION OF ELASTIC UNE. 




X > /. 

X < /, 



if/, = — (IIX--6/X 






X > /, 



y = 



I pn 



[5 x» - 3Zr» 4- 48 ^x-i6/»] 



max. M = -/to* PI* '-^ 



^^6 A/' 
Max. deflection occurs at 






^.=^A'.''-».' 



16/ 



a • 



X < Zm, 



X < 2,, 



+ 3 -^«t Jr« — Px*], 



X > «», 



iff, = A*! (2 / - x) 

iff. = ^, (2 / - x). 

max. Af=i Pi(2l — «t). 



*</, 



iff. = — (2X - /). 
4 



^ = r-^^T^i x« - 6 i?, /x* 



6^/ 



+ 3 /'^s'j: - /"««']. 






Max. deflection occurs at 






x> I, 



M.=. — (3 . - 2 jr), 

max. ^ = — . 

4 



^i =/> 



«t'(3«i + ««) 



Mx-^P 



8/' 



«i s«' 



4/" 

X < «j, 

iff, = ^, Jf + J/„ 

X > «,, 

Mm = PiX 



max. i)/ = 



A I* 



at end. 



X < /, 

Px^ 
V = — jTr [3 ^ — a x], 
24 ^/ •• •' 

X> /, 



>' = 



J = 



24 iff/ 
24^/' 



[2 x" + 12 /■ X 

-4/»-9^]» 



X < «„ 

/'x*«t' 

•^ = I07? [^ '» ^ ~" (3 '» + **) •'J- 

X > «i, 

_ />x*2,« r s/M^-^i)* 

-^ " 48 £//* L x» «,« 

+ 6t,/--{3«i+*t)xJ. 

j^ 2 Pz^* 2,« 

3^/(3«i + ««)•' 

Max. deflection occurs at 
4/21 



X = 



3 il -1- «« 
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others, which the student can now readily demonstrate. — Contintud, 
CROSS SECTION. 





BREAKING WEIGHT. 




« _ '6 7-/ 

5f/ • 







/> = 



16 77/« 



V2a* (6 / — Sa) (2 / — «s)' 



7^ = 



4JY 

vl ' 



P = 



27 r/ 

8 v/ 



RELATIVE STRENGTH. 




32/* 



;f«' (6 / - 2,) (2 / - «0' 



8. 



6.75. 



GRAPHIC ILLUSTRATION OF MOMENTS. 




Distance of point of inflection 



II 




Distance of point of inflection 



jr = 



Pzi—2Rt/ 
P-R^ ' 




Distance to point of inflection x = — . 




Distance to point of inflection 



Xi = 



Xt = 



2/. 



321 + «a 
8 «i/*— 2«i««*/ 



8 /»- a»*(3»i + ««) 
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CASE. 










We give below a recapitulation of our results, as well as some 

BEAMS OF CONSTANT 



MOMENT. 



X < «, 

Pz^ 
.V, = /'jr + ^ - Pt 



EQUATION OF ELASTIC LINE. 



X < 2, 



V = 



Px" 



2/ 



X > s, 



Pt^ 

Ms = — r = max. Af. 

2 I 



iVx = 



2 • 



max. iV = 



2 



ilf, = plx - 



/^ 



max. M ■=■ 



_/^' 



12 Eli 

X > z, 

Pz* 



[6 /« — 3 2' — 2 x/], 



^ = 1^7 f''- 



2 2] at centre. 



y 

A 



_ / 



24 EI 

pi' 



[;r*-4/'* + 3/*], 



^=A^f'*-^'''-^«'']- 



X < «i, 



Mm-= p («i — «i) X, 



X > 2s, 

2 



X < 2„ 

V = — - Tx' (2, 
^ t EI '• ^ 



X > ««, 



iV, = -^ (2 X - 

4 

(2/-X). 



max. ilf 



2 



iV, = 



//» 



/x» // » 
^23 



max. iV = — 



/^' 



X < 2,, 

iV, =/x(2i — 2,) 

2 
X > 2«, 



2,«) (12 x/ - 6 x») 



>' = 



38 £/ 



(2 / - X) (6 / - 2 x). 



J =0.0864^, • 

Max. deflection occurs at 
X = 1. 157 /. 



y-Si^"^^'^-'"'^ 



A = ---=-,- at centre. 
24 EI 



X < 2i, 

12 zt// 

— 2 /.r (3, — 2i), 
jr > 2,, 
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Others, which the student can now readily demonstrate. — Continued. 
CROSS SECTION. 



BREAKING WEIGHT. 



P - 



2 Til 



vz 



a • 



/» = 



2 77 

vl • 



P- 



4 TI 

vl • 



P- 



4 TI 



V («a + «,) 



/» = 



4 7-/ 



y^ = 



12 Tfl 



V (ra* + 2a «i -h 21^)* 



RELATIVE STRENGTH. 



4-^ 



8 



8 



«i + «i 



8 



24/' 




z% ■\- Z%Z\ + «i' 



GRAPHIC ILLUSTRATION OF MOMENTS. 




JTi = a — 



2/ 




Curve of moments a parabola. 




Curve of moments a parabola. 




EEffl 





X, = i /. 

Curve of moments a parabola. 




x\ = a 42262 /. 




CHAPTER III. 



CONTINUOUS GIRDER, 




Arxi 



In the following we shall give the complete development of the general formulae of Chapters 
X. and XI. As these formulae include, as we have seen, all the others as special cases, it is suffi- 
cient to show how they are obtained in order to enable the reader to deduce all the others. The 
notation adopted is the same as that given on page 135. 

Conditions of Equilibrium. — In the r th span of a continuous girder, whose length is /r, Fig. 

188, take a point vertically above the r th support as the origin of co-ordi- 
I ^j nates, and the horizontal through o as the axis of abscissas. At a distance x 
from the left support, conceive a vertical section, and between the support and 
this section let there be a concentrated load Pr^ whose distance from the left 
support is a. 

Now, if the girder is continuous over any number of supports, we have at 
the support r a moment M^^ and just to the right of support r, a shear Sr 
For any point of the girder the necessary conditions of equilibrium are, 

1st. The algebraic sum of all the horizontal forces must be zero. 

2d. The algebraic sum of all the vertical forces must be zero. 

3d. The algebraic sum of the moments of all the forces must be zero. 

Thus for any section x we have from the third condition for the moment M, at the section x\ 

M,= Mr + SrX- Pr{x-a) (l) 

If in this we make x = /„ M, becomes Af, ^ i , and we have 

Mr^l= Mr -h Sr/. - Pr {Ir ^ a). 

From this we obtain the shear Sr in terms of the moments at the two supports, or 

5. = ^-"'-^- + f^(/.~^) (2) 



This is the same as equation (Ill.tf), page 135. 

For an unloaded span the weight P disappears, and we have 

c — ^^»* -h 1 ~ M^ 

This is equation (IV.), given on page 135. 

For the shear just to the left of the right support of loaded span, 

C — P Q -.^^r— ^r+l , Pra 
*^ r+l — -^ "• *Jr — • r 



Ir 



Ir ' 



•_i:u 
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This is the same as equation (III.^), given on page 135. For unloaded span, the weight P dis- 
appears, and 



S' = 



L-x 



S « is the shear on the left of any support m, and S^ that on the right. The reaction at any 
support is 

'Rm = S'^ -\- S^. 

These are the formulae already given in Chapter X., page 135. 

Equation of the Elastic Line. — We can now easily deduce the equation of the elastic line 
for the continuous girder of constant cross section, or constant moment of inertia. 
The differential equation of the elastic line is (page 220), 

£I^=M. (3) 

where £ is the coefficient of elasticity, and / is the moment of inertia of the cross section. 
Inserting the value of M^ as given by (i) we have 

(Ty ^ ^r 4- SrX -^P , {x-a) 
dx'' EI 

We can integrate this expression between the limits jc = o, and Xy upon the condition that x is 
always greater than a^ that is, the point considered is always on the right of the weight* When, there- 
fore, jc = o, a must be zero also, and hence (x — a) •=. o. We must, therefore, take the integral of 
Pr {x — a) simultaneously between the limits x = a^ and Xy or treat (:r — ^ ) as a variable which be- 
comes zero when x =■ o. 

We have, then, integrating once, 

dy_ __ 2MrX + SrX'- P r {x ~ g )' 

dx 2 EI ^ ^'' 

dy 
where the constant of integration C = -7- = tr = the tangent of the angle which the tangent at the 

support r to the curve of deflection makes with the horizontal. Hence 

dy ^ ^ 2 MrX^r Sr x^ -Pr{x- ay . , 

^-/^ + VeI ..... . . (3^) 

If we take the origin at a distance h, above the support r. Fig. 204, and integrate again, the con- 
stant will be hr , and hence 

h A.* ^ zMr:^-\-Sr^^Pr(x^aY , . 

y = K + trX^ ^ ^-g;^^ 5^ ^ (4) 

which is the general equation of the elastic curve. If in this we make x = i^^y becomes ^, + 1 . If 
also we put ~ z= k, ox a = kl,, and insert for S, its value as given by (2), we have for /, 

/, = ^-^'^^ ^- ~ ^ [2 Mrlr + M.^,1. + Prlr' (2 >^ - 3 >^' + ^P)] . . . (s) 

We see, therefore, that the equation of the curve of deflection is completely determined when 
we know Afr and i/r 4. i , the moments at the two supports of the loaded span. 
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Theorem of Three Moments. — These moments are readily found by applying the " theorem 

_. of three moments," which we shall now deduce. 

In Fig. 109 we have represented a portion of 

T^--^ — , — - — T f — --* — ^ — -** T-— a continuous girder, the spans being A, /f, etc., /„ 

I and the supports i, 2 . . . . r. 

The equation of the elastic line between P^ and 
the r + ith support is given by (4), and the tan- 
gent of the angle which the curve makes with the 
horizontal is given by (3 a). If in (3 a) we substi- 
tute for Sr its value as given by (2), and for A its 

dy 
value from (5), and make at the same time x = A, then ^- becomes /, + i, or the tangent atr + i, and 

we have 

Equation (6) gives the tangent of the angle which the tangent to the curve, at the support r + i, 
makes with the horizontal. 

If we were to suppose a weight P,-, in the span /,_, at a distance klr-\ from the support 
r — I, the origin being taken at », Fig. 189, instead of at o^ and were to find in a similar manner /,, 
we should evidently obtain precisely the same equation as (6), only each of the indices would be di- 
minished by unity. Hence we can write down at once 

t^l, ^^- ^'-^ + _L_ [Mr-,l..^ + 2 J/./.-, + Pr-J\. {k - ^)] ... (7) 

If there is no weight in the span /,_i, equation (7) still holds good, only Pr-\ is zero. 
But equation (5) gives us t, for a weight Pr in the span l^ If there is no weight in that span 
Pr is zero. Equating these two values of /,, we have, generally, 

-p,^,i;^,{k'-e) - PriH^k-z^ -^^) .... (8) 

This is the general form of the theorem of three moments for a girder of constant cross section. 
It gives the relation between the moments at three consecutive supports, in terms of the spans, the 
load in the spans and the height of the supports. 

The moments at the end supports are of course zero, when the girder is merely supported at the 
ends. For each of the piers, then, we can write an equation like the above, and thus we have as 
many equations as there are unknown moments. 

Determination of Moments — Uniform Load — Supports all on a Level — Spans all 
Equal. — When all the supports are in the same horizontal line, the ordinates ^i, ^t» ^j, etc., are all 
equal. Hence the term involving EI disappears, and we have simply 

If the spans are all equal, we have 

ilf,_,+ 4^r +il/; + ,= ~/'r-,/(^->?) - ^r/(2>l-3>^ + >^)- ' ' ( ' ©) 

If we have the girder loaded from end to end with the load u per unit of length, then uda = P. 
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a 



Substituting this value of P and remembering that >t = — , and integraling between a 
a =^ ly yft have 

/'.../.Li (>&->e) = '^^,andP./*(2>t-3>? + >^) = ^. 

4 4 



= o and 



Hence for level supports, spans all equal, and uniform load, our theorem reduces to 



Mr^l-¥ 4^r + Mr^x = - 



2 



• • 



(11) 



Let J be the number of spans. Then, applying equation (11) and remembering that il/i and 
M,^x are both zero, we can write down the following equations : 

yr ^ 
Ct 4 Mx + Mt = , 

r, if/, + 4 if/, + il/4 = - — 

2 



u/ 



Mi t 4M^ -^ Mi = — 



M, + 4M, -h Mt = : 



2 



Mt, 4- 4 ^* + ^t = 



u/ 



0-1 M,^t+ 4-^.-1 -^ M, = — , 



c. 



M,^r+ 4M, = - 



ur 



(12) 



The solution of these equations can be best effected by the method of indeterminate coefficients. 
Thus we multiply the first equation by a number Ct, whose value we shall hereafter determine, so as 
to satisfy desired conditions. The second we multiply by r,, the third by o, the r th by r^ + i, etc., 
the index of c corresponding always to that of M in the middle term. Having performed these 
multiplications, add the equations and arrange according to the coefficients of M^, M^^ etc. We thus 
obtain the equation 



(4 Ct ■{■ c^ Mt •\- (cf\- 4 Ct-^^ c^j M1+ {ct •¥ 4Ca + c^ M^ -\- 

+ (r.-t 4" 4 0-1 + o) M,^x + (c^x + 4C,) M, = (o H- r, + . . . . c,) 



. ... (I 



3) 
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Now suppose we wish to determine M„ We have only to require that such relations shall exist 
among the multipliers r, that all the terms in the above equation shall disappear. We have, then, for 
the conditions which these multipliers must satisfy, 

4 r, + r, = o, r» + 4 r* + rs = o, r._, + 4 ^.-1 + ^. = o, 
^t + 4 ^» + ^4 = o, ^4 + 4 ri -f /•« = o, etc. 

Assuming r, = i, we find, therefore, 

r» = — 4, ^4 = + i5» ^s = — 56, /•* = + 209, ^T = — 780, r« = -h 2,911, etc. 

The numbers, as we see, change sign alternately, and each is equal to four times the preceding, 
minus the one next preceding it. 

From equations (12) we see now that 

Mt = r, J/, , 

2 



2 



Mi = — 4 Afi — Mt = — 



4c,M,'{- 2ur - M, = c,Mt + ^ -, 

2 2 

u/* «/• 12 u/* 

4 ^4 Mt — 6 «/• — r» -^t H = ^» -^t — . 

2 2 - 2 



In similar manner. 



M, = c.Mt + ^i^— , M, =c,Mt- i^ii^, etc. 



But 1,-3, + 12,-44, + 1 65* etc., are the algebraic sums of r„ r, 4- rt, r^ + rs + ^4, r,- 
+ ^1 + ^4 + rs, etc., respectively. Hence we have in general for the moment at any support. 



M^ = c^Mt — (^f + . . . ^«-i) 

z 



('4) 



Now from equation (13), since all the terms except the one containing M, are zero, we have 



«/• 



(r« + ^8 + . . . r.) 



^.= - 



r.«i + 4r, 



But since according to the law of the numbers denoted by r, r, _ 1 -f 4 r, + r, + 1 = o, we have 
r,_i + 4 r, = — r, + i. Hence 

- - «/' (ra 4- ra 4- ... c) 

If the spans are all equal, the supports horizontal, and the load uniform over the whole girder, 
the moment at the support s must be the same as the moment at the support 2, or M, = M^. Hence 



J/, = 



///* (r, + rs 4-. . . . . r.) 



2 o + i 



Equation (14) then becomes 



(is) 



iw- = r« ^- (r, 4- . . . r«_,) 

2^. + l 2 



(x6) 



• ■* 
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If we write down the values 



Cx = I, 

4 ^-f + ra 

^1 + 4 ^3 + ^4 

^« + 4 ^4 + rs = o, etc., 



= o. 



= o. 



we see that the sum is in general 



6 (^r« + r, + . . . cj) + 5 ^., + 1 + r, 4., = I. 



Hence the sum of the first m numbers is 



(^« H- ^j + . . . . ^-.) = i (i — 5 ^- + 1 — ^- + t) 



(17) 



Applying this formula for the sum of the numbers to equation (i6), we have 

(r, + . . . r.) = i (i — 5 ^. + 1 — ^. + t)> 



(r, + . . . r«_,) = i (i — 5 r« — r« + i). 



Hence 



il/n. = 



«/• 



12^. + , 



[^- (' — 5 ^. + 1 — ^.-H«) — ^* + i (i — 5 ^- — ^« + i)]> 



or, after reducing, 



iV-.= 



«/' 



12 r« 



-HI 



[^-. (i — r,4.,) — r, + , (i — r« + ,)] 



(i8) 



This is the formula given on page 141. 

Determination of the Moments— Supports all on Level — Concentrated Load- 
Spans ALL Different. — When all the supports are on a level, the term involving ^/ in the theorem 
of three moments disappears, and we have 

Now let s be the number of spans, and let a single load P be placed in the r th span. 
From the above theorem, since J/, and M, + , are zero, we may write down the following equa- 
tions : 

2 Mt (/, -h A) -v M^it = o, 

if/, /, + 2 M^ (/, + /,) -^ M,h = o. 






^ 



M.^J.^x -h 2M. (/.»i + /.) = o. 



• • • 



(19) 
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We can best solve these equations by the method of indeterminate coefficients. 

Thus we multiply the first equation by ^2, the second by c%y and so on, the index of c correspond- 
ing always to that of the middle term. Having performed these multiplications, add the equations 
and arrange according to the coefficients of M^^ M^ etc. We thus have the equation 

[2 C^ (/, + /.) +r, /J Mt + [r. IfV 2Cx (/, + /,) + ^4 /,] iV, + . . . . , 

+ [r,_,/._i 4- 2 r, (/,_i + /.)] if/", = — -r^r, — -^^, + 1 (20) 

Now suppose we wish to determine M^ We have only to impose such conditions upon the 
multipliers that all the terms in the first member of the above equation, except the last, shall disap- 
pear. We have then evidently^ for the conditions which the multipliers must satisfy, 

2 c^ (A 4- /t) + cJt = o, 
V« + 2 r, (/, 4- /.) 4- cJt = o, 



r,-l/r-l 4- 2 r, (/,_, 4-/,) 4- Cr + i/r = O, 



r._,/,_, 4- 2 r,_i (/._« + /._,) 4- r^.-i = o, etc., 
while for M, we have at once 

^•"" r._,/._,4-2r.(/.., 4-/,)" c.^,/. ^' ^ 

If in similar manner we multiply the /ax/ of equations (19) by the number <^. the last but one 
by dif the r th by ^«.r + i, etc., then add, and make all terms except that containing Jft equal to zero^ 
we should have the conditions 

2^,(/. 4-/.-.x) 4-flV,.i = o, 

^/_i 4- 2 //3(/,_i 4-/.-t) + ^4/,-!= o, 
• •••••• 

^/«.r + l/r 4- 2 d,^r^t{ir + /, - 1 ) 4" //^_, + 8/,-l= O, 



//,_,/, 4- 2 ^._i (/, + /,) 4- dJi .= o, 
while for the moment Mt we have 

jLf — ^ ^^«-f + « 4-^</,-r + i __ Ad,^r + t 4- Bd,^r'^\ / \ 

The values of -^2 and M, are thus given in terms of the quantities A and B and r and d, 
A and -5 depend simply upon the load and its position in the r th span. Thus A = Pi, {2 k — 
ik* -\- ^)y B = PIJ {k — lf)y as for the multipliers c and dy they depend only upon the lengths of the 
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spans, and need only satisfy the conditions above. Hence assuming ri = o, ^, = i, and d^ = o, ^^ = 
I, we can deduce the proper values for all the others. Thus 



C\ = o, 
r, = I, 



^, = - 2 



^4 = — 



/, + h 



dx = o, 

<4 = — 2 






/i 



<^i= — 



^^' /, ■ 


-n- 


, ^ '' + '* 





</« = - 



d, = - 



2 dt ; a^ ; , 



/,- 



/._t 



2 //4 T //a 7 , 



_ A + /5 A , 

^6 = — 2 ^5 — 7 C4 7-, etc., 



Oi = — 2 /Ti ; //4 -; , etc. 



/..4 



/.-4 



Now from equations (19) we see at once by examination, that M^ = ^»i/;, Jf4 = ^iil/i. Aft = 
^silff, etc., or generally when m < r -\- i 

M^=c^Af, = ^-^{Ad..r^, + Bd.,r^.) (23) 

Also taking the same equations in reverse order, M,.x = dJUf^ -^•-« = dj^^ etc., or generally, 
when m > r, 

M^ = d.^^^,Af. = ^'^^^{ACr + Bc.^x) (24) 

These are the equations I. and II., given on page 135. 

Uniform Load. — The above equations (23) and (24), give the moment at any support for a 
concentrated load in any span. For a uniform load over the whole of any one span, we have only 
to give a different value to A and B. 

Thus, for several concentrated loads, we should have 

A = 2PP, (2 >& - 3 >P + k,). 
For a uniform load over the whole span /r, let w be the load per unit of length, then 



2P = wddf or since a =^ klr2 P^ 



Ir 



7Vlrdk. 



Inserting this in place of 2Pj and integrating, we have 



In similar way we find 



A=\ wl^ 



B=i; w/r\ 



These are the values of A and B given on page 136. 

Equations (23) and (24) hold good, therefore, both for uniform and concentrated loading, for 
any number of spans of any lengths, provided only the supports are all on a level, and only one span 
is loaded. 
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Uniform Load over Entire Length of Girder. — Let the uniform load, «, per unit of length 
extend over the entire girder, covering all the spans. Then the general theorem of three moments 
(page 246) becomes 



Mr-Jr^X^ 2Mr{/r^l+ Ir) ^^ M,^J,^ 



4 



Applying this theorem and remembering that Mx and M, + 1 are zero, we have the following 
equations : 



u 



4 



4 



4 



► . . . . (i) 



4 



u 



iff..,/.-, + 2 M.iUr + /.)=- -(/".-i + //). 

4 



Let us solve these equations precisely as we have equations (19) on page 249. Thus if we mul- 
tiply the first by c^, the second by c^, and so on, and then add and arrange according to the coeffi- 
cients of Mt9 M^ etc., we have 

[2 e, (/, + /,) + ct /,] M, + [cJt + 2 f, (/, + /,) + cJt] Aft 
+ . . . . + [r._,/,_, + 2 <•,_,(/,_, + /,_,) + f/_, J il/",_, 

+ [r._,/._, + 2 r.(/._, + /.)]M. = -- [(/,' + /.*)<:, + (/.' + /,') c,+ ... (/•._, + i*)e.l 

4 

If we give these numbers r, such values as shall make each term in the left of this equation, ex- 
cept the one containing J/„ equal to zero, we shall have evidently the same values for c as given on 
page 251. 

If, in similar manner, we multiply the last of equations (i) by ^f, the next by du and so on, and 
add and arrange as before, we should have 

[2 d, (/, + /,.») + //,/.. J Af. + [d^,_, + 2 d, (/._, + /,.,) + dj,^,] M.^y 
+ +[//.-./,+ 2 flT,., (/, + /,) + //y,]jl/, 

+ W-,/. + 2^,(/. + A) ]ilf. = --[(/".-, +//)^, + (/•.-. +/•.-!) ^,+ (/,' + 4')i/J. 

4 

If we give these numbers </, such values as shall make all the terms on the left except the one 
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containing Mt, equal to zero, we shall have evidently the same values for </ as on page 350. If then 
we take these values for dy we have 



M^ = 



4 



rf._,/. + 2<4(4+/,) 



• • • • • 



But from equation (i) we see that 



(«) 



or 



-a/. = - 77 (A* + /.') + C^ Mr, 
4 *i 



il/i = — h -^ Ci Mty where b^ 
4 



/.' -t- /.* 

~ir' 



In similar manner, 



« 



Mi=. —bi^Ci Aft, 
4 



where i^ = — 



u 



Mt = — ^» + M,, where ^, = — 






2/ 



Aft = —- ^^ + c. M^, 
4 



where ^4 = — 



4 + /. 


/. + /, 


/a + /. 



— 2 ^3 



— 2 ^4 , — bi 






or generally 



u 



M^= — d^+ c„ Aft, 

4 



where ^« = — 



7 2 ^5 y Oi 






L-i 



L-x 



/.-; 



Inserting the value of iV,, as given by equation (2), we have 



^- = ft-- 



d.-xlt + 2d.(ly + /,) 



]• 



This is the formula given on page 141 of the Text. 

FoRMUL-« FOR THE TipPER. — The expressions for the moments and shears in this case, already 
given on page 155, may also be easily deduced. The* solution is tedious by reason of lengthy reduc- 
tions, but the process of deduction is simple. 

The construction in this case is indicated by Fig. 130, page 155. We suppose, as shown there, 
a weight P upon the first span. Under the action of this weight the beam deflects, and one centre 
support falls and the other rises an equal amount. Thus if we take the level line as reference, 
/4j = — ^|. Moreover, the reactions at these two supports must always be equal. 

We have, then, ^ = — ^,, and calling the supports i, 2, 3 and 4, we have from (2), page 244, 
since Afi = Af^ = o, and A = i^ 

♦I 



•1 '» 



R^ = 5', + 5, = 



M, - M^ Mi 



h 



A' 



R,= S,= 



Mt 

A* 



(25) 
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These reactions will evidently be known if we can determine the moments. Let 



Y, = 6EI y*' 7 ^— + :*i^lA±i 1. 






Then the general equation of these moments as given by equation (8) becomes, when we neglect 
Pry that is, suppose only the first span loaded, 

^._l/.-l-h 2 il/, (/_, + /,) + Mr^J, = ^ Yr — Pr-,IK, (>&->^). 

This expresses a relation between the moments at three consecutive supports, for load between 
the first two. Let r— i = i, orr=2. Then since My^ = M^ = o, we have 

2 M^ (A + /,) + M^ /, = - K. - /'A* (>^ - >^*) = ^ (26) 

where R stands for convenience for the expression on the right. Let r — i = a, or r = 3. Then 
the weight disappears, and since A = /i, 

^. /. + 2 iw; (/. + /,) = - y, (27) 

From (27) we have 

3/. = ^-1^ -A^AiAjti) (,8) 

But since R% must always equal R^^ we have from (25), 

M^-M,^ 2M.-2M. ^pj^ (,^) 

Substituting (28) in (26), we have 

'~ 3/.' + 8/.'. +4/,' ^^°^ 

Substituting (28) in (29) we have 

^•= 3/.'+8U + 4/.' • (30 

From (30) and (31) we have, then, 

Y^-\- R = iJ^Pk. 
Insert this in the value of R given by (26), and*we have 

K, - Y^ = - Pi,*{k-e) -P/| /,>& = - P(A*>&-A*>e + /|A>&). 
Now in the present case Ai = o, ^4 = o, and ^ = — Aj, and since also 1% =■ A, we have 

That is, y, = - F,. 



■-:ju 
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Hence from our equations above, 

Substituting these values in (27) and (29), we can obtain at once M^ and M^^ which finally sub- 
stituted in equation (25) will give us the reactions as already given on page 156, where we put nl in 
place of A. 

The student will do well to deduce the equations of page 155, and thus check their accuracy. 
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CHAPTER IV. 

GRAPHIC DETERMINATION OF MOMENT OF INERTIA. 

From the preceding Chapters we see that when it is required to determine the breaking weight 
or deflection of beams, or the proper shape for uniform strength, it is necessary that we should know 
the moment of inertia of the cross section with reference to an axis through its centre of gravity. We 
have already given, page 213 of this Appendix, the definition and significance of the term ** moment 
of inertia," and have illustrated, by several examples, the method of calculating it. We have also 
given on page 215, a Table containing the moment of inertia for all the more usual forms of cross 
section which occur in practice. 

Other forms may, however, sometimes occur which are not given in the Table, and the calcula- 
tion of which is very difficult or tedious. In such case, several practical methods are in use. 

Practical Method of Determination. — Thus take for instance, such a cross section as that 
shown in Fig. 190. It has been suggested in such a case, to find the centre of gravity of the cross 
section by first cutting out the cross section, drawn to any convenient scale, from a piece of card- 
board. Then by balancing the cross section thus cut out upon a knife blade, first along some line 

XX y and then along some other line as YYy the posi- 
tion of the centre of gravity, C, may be found. 

This being done, the cross-section may be ruled 
off into portions as shown in Fig. 191, and the area 
and centre of gravity of each of these portions meas- 
ured and determined. The moment of inertia of the 
whole cross section is then taken as equal to the sum 
of the moments of inertia of each of these portions. 
The moment of inertia of each portion is taken as 
equal to its area multiplied by the square of the distance of its centre of gravity from the centre of 
gravity of the whole cross section. This is not, strictly speaking, correct. The method admits, 
however, of a good approximate determination. 

Graphic Method of Determination. — The graphic method proceeds in a similar manner, 
only the successive operations are all performed by construction, without cutting out and balancing, 
and the results are more accurate. 

ij/. Centre of Gravity. — We have first, then, to determine graphically the position of the 
centre of gravity. 

In Section I., Chapter IV., we have already deduced the properties of the equilibrium polygon. 
We have seen that one of these properties is that if any two of its sides are produced, the point of 
intersection is a point upon the resultant of all the forces between these two sides 'page 39). Thus 
in Fig. 192, if XX is an axis of symmetry, we know that the centre of gravity must lie somewhercs 
on that line. Now we can divide the cross section up into a number of smaller ones, by vertical 
lines. The area and centre of gravity of each of these portions must then be found by separate 
construction, to be given hereafter. Suppose, then, these centres a r, . . Ci found. Fig. 207. Con- 
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aider the areas 0%, a, . . . Hi of each portion as a force or weight, and lay it off to any convenient 
scale. Then choose a pole, O, and draw the strings St, St, S^ .... Si. Considering, then, each 
force a„ a, etc., as acting at its centre of gravity, we can draw the equilibrium polygon. The inter- 
section of the two outer lines S^ and St, give 
then a point H in the resultant (page 39). We 
can, therefore, draw this resultant, JiH. Its in- 
tersection with the axis of symmetry, XX, will 
give the position of the centre of gravity, C. 

If there is no axis of symmetry, we have 
only to divide the cross section into strips by 
lines at right angles to the first lines of divisioa 
The areas and centres of jpravity of these strips J ~ 
being found, we take the new areas as forces 
acting at rigtt angles to the former direction of ' 
the area forces, and construct A new force poly- ' 
gon whose lines are respectively perpendicular ^ 
to the corresponding lines of the first. In other 
words, we may consider the cross section in Fig. 191, turned round through 90". We thus find a 
new resultant. The intersection of this new resultant with that just found, will give the centre of 
gravity. 

In Fig. 193, we have given this construction for a cross section which has no axis of symmetry. 
Thus dividing the cross section by vertical 
lines, we find the centres of gravity c„ c^ o, and 
consider the area of each portion, ax, Hi, a„ as a 
vertical force acting at each centre of gravity. 

We can then lay off these forces, choose a 
pole, O, and draw the strings S^, Su St, S^. Con- 
structing the equilibrium polygon and prolonging 
the sides St and .S'„ we obtain the resultant JiR. 
Somewhere in this resultant the centre of gravity 
must lie. 

Again, divide the cross section by horizon- 
tal lines. Find the centres of gravity c\, ('„ c\ 
and consider the area of each portion a\, a\, a\ as a horizontal force. Lay these forces off, choose, 
a pole o' and draw the strings, i"s, 5 '1, .Sir's',. Construct the corresponding equilibrium polygon 
and produce the strings 5 '0 and .S'j. We thus find the resultant J? '^. The intersecrion C, of the 
two resultants, gives the position of the centre of gravity. 

Centre of Gravitv of Partial Areas. — We thus see that we can find the centres of gravity 
of any cross section by a general method of construction. But in order to apply this method, we 
must first find the areas and centres of gravity of the small portions or slices into which the entire 
cross section is divided. These slices are in general either parallelograms, triangles, or trapezoids. 

Area and Centre of Gravity of Parallelogram. — ^The area of a parallelogram is the 
product of its base by its altitude. The centre of gravity is at the intersection of its two diagonals. 
Area and Centre of Gravity of Triangle. — The area of a triangle is half the product of 
its base by its altitude. The centre of gravity is at the intersection of the two lines drawn from any 
two vertices to the middle of the opposite side. Fi«.i94 ,n 

Area and Centre of Gravity of Trapezoid. — The area of a trapezoid, ,. A 

Fig. 194, is equal to its breadth multiplied by half the sum of its two parallel sides. rL/N/ 

Its centre of gravity may be found as follows : Draw a line, ef, through the centre iL^ 

oicdandai. Then «/ is an axis of symmetry. Prolong o^ and make ^' equal to y" 

cd. Prolong cd tilt ck is equal to ab. Then join ik. The intersection of ik with ef 
gives the centre of gravity. 
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We can thus find the areas and centres of gravity of the small slices into which the entire cross 
section is divided, as shown in Fig. 191 or 193. We should in general take the lines of division in 
the case of curved sections so close together that each slice may be treated as a trapezoid. When 
not limited by this restriction, the fewer the slices taken the better. Thus, in Fig. 192, we have taken 
narrow slices at the curved ends, but much broader slices where the bounding lines are straight. 

id. MouENT Forces. — The centre of gravity of the given cross section being thus easily 
found by construction, we know from the properties of the equilibrium polygon (page 40), that the 
pole distance multiplied by the ordinate to the polygon gives the moment of the forces. Thus, in 
^iK.ios P'8- '9Si 'he distance ob cut oif from the resultant RR by the two 

strings S„ and .S*) prolonged, taken to the scale of distance, multi- 
plied by the pole distance OH taken to the scale of force, gives the 
moment of the force n, with reference to the line RR as an axis. 
In like manner be multiplied by the pole distance gives the moment 
of a„ and (d gives the moment of Cj, all with referenft to RR. 

If, then, we find the centre of gravity, as illustrated in Figs. 
19Z or 193, the segments into which the resultant R is divided by 
the strings prolonged, are proportional to the moment of each area 
or slice with reference to that resultant as an axis. 

If, therefore, we takes these moments and consider them as 
forces, by laying them off to scale and choosing a new pole and 
drawing a new equilibrium polygon, the new se^ents thus found, 
multiplied by the new pole distance, will give the moments o/the mo- 
ment forces, or the moments of inertia of the slices. 
r THE MOMEKT FoRCES-^The, moment forces should not, however, 
be considered as acting at the centre of gravity of the slices, but at a distance from the centre of 
gravity equal to the radius of gyration of the slice. The radius of gyration being that distance at 
whicli, if the whole mass of the slice were concentrated, its moment of inertia would be the same as 
the moment of inertia of the slice itself. We have seen, page Z14, that it is found by dividing the 
moment of inertia by the area- 
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b is the breadth or horizontal distance between the parallel sides, the axis KV being vertical. The 
moment force, therefore, should be considered as acting, not at the centre of gravity C, but at a dis- 
tance aC from the axis YY, as shown in the figure. 

The radius of gyration of a triangle, Fig. 197, is — pi-. , where h is the distance A£, and the 
3 V 3 
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axis YY through the centre of gravity is vertical. The moment force should, therefore, be taken as 
acting not at the centre of gravity C, but at a distance aCfrom the axis YYy equal to the radius of 
gyration. 

The radius of gyration of a trapezoid, Fig. 198, is equal to 



where h and hi are the lengths of the two parallel sides. 

The distance a of the axis KF through the centre of gravity from the side h is 






'h -¥ 2 hx\ b_ 
3 



The moment force should be taken, therefore, as acting at a distance aC from this axis equal to 
the radius of gyration. 

In any case, the distance aC is laid off to the left of KF, if the axis through the centre of grav- 
ity of the entire cross section lies on the right of KK, and vice versa. 

Example. — We can now give an example showing the entire process of finding graphically the 
moment of inertia of any cross section. 

Suppose a cross section such as Fig. 199. It is required to find its moment of inertia with ref- 
erence to the vertical axis YY passing through its centre of gravity. 

1st To Find the Centre of Gravity. — Draw the axis of symmetry XX, if there is one. 
Then divide the cross section by vertical lines into straight lined slices. In our Fig. 1 99 we have one 
triangle, one trapezoid and two rectangles. Find the centres of gravity ri, r„ c^ and Ca of these areas, 
as already instructed, and also the areas Fig.ias 

^1, ajy tfj and ^4, themselves (page 257). ^ ^ 

Consider these areas as vertical forces 
acting at the corresponding centres of 
gravity, as shown in Fig. 199. 

Next form the force polygon. Fig. 
200; by laying off the area forces to any 
convenient scale, as 10 sq. inches to an 
inch for instance. Choose a pole Oy and 
draw the strings S^ Si . .^4* Now draw the 
corresponding equilibrium polygon in Fig. 
199. The intersection Fof its extreme 
strings •S'o and S^y gives a point on the re- 
sultant YY which passes through the *^««^ 
centre of gravity. The intersection C of 
KK with XX gives the centre of gravity 
of the cross section. 

If there were no axis of symmetry the process should be repeated, considering all the area forces 
as acting horizontally. We should thus obtain a second resultant at right angles to YY, 

2d, To Find the Moment of Inertia. — The segment Yax cut off from YY taken to the 
scale of length adopted for the Figure, multiplied by the pole distance H taken to the scale adopted 
for the areas in Fig. 200, gives the moment of the area ai with reference to YY, In the same way 
ai at y. H gives the moment of the second area, ai ai x H gives the moment for the third area, 
and ai ai gives the moment for the fourth area. 

Now consider these moments as if they were forces. Choose a new pole Oy and new pole dis- 
tance iTy and draw the strings Si^ Si . . Si, 

Find the radius of gyration of each area (page 214), and consider the moment forces as acting at 
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c\ Cti Cty Ca\ the distance C\ C\ being equal to the radius of gyration of the first area, etc. Observe 
that this distance is laid off on the left of the centre of gravity for the first two areas, and on the right 
for the other two. That is, the centre of gravity is always on the same side of the new centres as Jthe 
axis YY. 

Consider the moment forces as acting at these new centres, and construct the new equilibrium 
polygon. Produce its extreme strings to intersection oo with YY, Measure oo to the scale of length 

adopted for the entire Figure. Then oo x If x If ' is the moment of inertia, where If is measured 
to the scale ©f area forces adopted for Fig. 200, and If' to the scale of length of Fig. 199. 

In similar manner the moment of inertia of any cross section may be found, with reference to 
any desired axis. The lines of division should always be parallel to that axis, and should be so close 
together that the boundary between may be considered straight, and no closer. 
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PART II. 



DETERMINATION OF DIMENSIONS AND 

DESIGNING OF DETAILS. 



IL DETERMINATION OF DIMENSIONS. 

CHAPTER I. 

STRESSES, OR OUTER FORCES— DEAD AND LIVE LOADS— WIND FORCE. 

Inner and Outer Forces. — In Part I. we have discussed the methods of deter- 
mining the strains caused in the various pieces of any framed structure, by certain as- 
sumed outer forces or ^^ stresses.'' These strains we may call, if we please, the inner forces ; 
and the stresses or exterior forces, which cause them, we may call the " outer forces'* 

These outer forces include the dead weight of the structure itself, which we call the 
^^ dead loady' and the loads which the structure is intended to carry, such ats a train of cars, 
etc., which we call the " live load'* Structures such as bridges, roof trusses, etc., have to 
sustain also the weight of snow and the force of the wind blowing against them from either 
side, above or below. The wind may thus produce the effect of a load, either live or dead, 
and this equivalent load we may call the " wind load.** 

These include, in general, all the outer forces to which such structures as we have dis- 
cussed are subjected. 

Snow and Wind Load. — Trautwine recommends 12 lbs. per square foot as the 
maximum snow load. Zerah Colburn estimates that the weight of saturated snow on 
bridges in America is equal to 6 inches of water, or 30 lbs. per square foot, over the whole 
floor of a bridge. A cubic foot of snow, says Trautwine, " may, by a gentle sprinkling of 
water, be converted into about half a cubic foot of slush weighing 20 lbs. ; which will not 
slide or run off" from a shingled roof sloping 30°, if the weather is cold. A cubic block of 
snow saturated with water until it weighed 45 lbs. per cubic foot, just slid on a rough board 
inclined at 45** ; on a smoothly planed one at 30°, and on slate at 18°.'* In view of these 
results, Mr. Colbum's estimate would not seem excessive. It must always be remembered 
that it is the maximum^ and not the usual or average load, which we have to provide for, 
if the structure is to be safe. 

We have given on page 64 a table giving the normal pressure upon an inclined sur- 
face due to a horizontal wind pressure of 50 lbs. per square foot. This pressure is gener- 
ally considered as equivalent to the force of a violent hurricane. Winds have been regis- 
tered by anemometers in Liverpool and Glasgow as high as 42 and 55 lbs. per square foot, 
and in the case of great storms as high as 80 and even 92 lbs. per square foot have been 
observed. 

The best American practice, in regard to wind pressure upon bridges, is so well sum- 
marized by Mr. C. Shaler Smith, Transactions American Society Civil Engineers^ May ^ 1881, 
that we give it here. 

*< The portal, vertical and horizontal bracing shall be proportioned for a wind pressure 
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of 30 lbs. per square foot on the surface of a train averaging 10 square feet per lineal foot, 
and on twice the vertical surface of one truss. The 300 lbs. pressure per lineal foot due 
to the train surface shall be treated as a moving load, and the pressure on the trusses as a 
fixed load. Trusses of less than 200 feet span shall also be proportioned for a pressure of 
50 lbs. per square foot when unloaded, and the greatest strain by either method of com- 
. putation shall in each case be used in determining the sectional areas of the bracing. 

" Iron piers, and spans carried by them, shall be designed to resist a force of 30 lbs. 
per square foot on train and structure, or 50 lbs. per square foot on the structure alone. 
The compressive strains on the leeward columns of the piers shall be computed with the 
assumption that the maximum load is on the bridge, and to these shall be added the com- 
pressive strains produced by the wind, and the columns shall be proportioned to resist 
these combined strains with a factor of safety of four. The minus strains on the windward 
columns shall be computed with the lightest train on the bridge which will not be blown 
off by a wind force of 30 lbs. per square foot, and such a width of base shall be given to the 
pier that there shall be no tension in any of the columns composing it. 

** If the bridge is on a curve, the centrifugal force due to the maximum load moving 
at 40 miles an hour shall be added to the strains arising from wind pressure on span and 
pier. To resist the strains computed as above specified, tensile bracing (wrought iron) 
shall be proportioned at 15,000 lbs. per square inch ; the shearing sections of pins, bolts 
and rivets at 10,000 lbs. per square inch ; rivets in tension at 5,000 lbs. per square inch ; 
bending stress of pins at 22,500 lbs. per square inch, and struts in compression with a 
factor of safety of four. The end connections of all wind bracing shall be stronger than 
the bracing itself. Joints of pier columns shall be fully spliced, so that not less than one 
half of the sectional area of the column is available for a tensile strain. In case the sec- 
tional area of a pier column proportioned for the load, wind and centrifugal strains com- 
bined, with a factor of four, is less than the section required for load and centrifugal strains 
only, at the specified factor for load stress, the largest section shall be used in all cases. 

"To all strains computed as above', for wind bracing, there shall be added an initial 
stress of 10,000 lbs. in each member, in order to allow for the strains produced in screwing 
up the rods during the adjustment of the bracing.'* 

Mr. Smith goes on to remark : " Two features in the foregoing require explanation : 

^^ First. Relating to the area of exposed surface, my experiment on the Rock Island 
pivot span in 1872 showed that the resistance to wind by the structure was that due to 
rather more than i-^ times the exposed surface of one truss. 

" Last. The wind pressure on the train is treated as a rolling load because the action 
of lateral shear on wind bracing is precisely the same as that of vertical shear on the web 
members, /. e.^ greatest with partial loads.** 

Mr. Gottlieb, recommends in addition to the foregoing, that the section of bottom 
chords of spans over 200 feet, should be increased to resist the horizontal strains due to 
wind. In other words the bottom chords should be proportioned not only to resist the 
tensile strain due to live and dead loads alone, but also the tensile strain acting upon one 
line of chord due to the lateral rods. 

The increase of section in bottom chords from this cause he recommends at 

For 100 feet span, 16 per cent. \ 

For 200 feet span, 26 per cent. > Over and above the sections usually given. 

For 400 feet span, 33 to 35 per cent. ) 

The importance of such addition should not be underestimated. For instance, it may 
happen that the longitudinal component of the strains in the lower wind bracing may 
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exceed the strains due to dead weight alone in the bottom chord of the corresponding 
panels. 

If they do, there is a tendency to buckle the lower chord bars, which should be stif- 
fened to resist a compression equal to the difference between the longitudinal component 
of the wind brace and the existing tension. " Unless this point be attended to, there is 
no use in employing a strong lateral system, for should the latter be strained up to its 
working limit, it would buckle the bottom chord and destroy the bridge. In nine cases 
out of ten this consideration is not taken into account." * 

The reasons which lead to the adoption of 30 lbs. per square foot with train, or 50 lbs. 
without, although wind pressures have been registered as high as 90 lbs. per square foot, 
are that such extreme pressures are limited to narrow belts, less than the length of ordi- 
nary spans, so that the entire span is not subjected at once to this pressure, and also that 
no trains would venture across a bridge during such a tornado ; so that the allowance of 30 
lbs. per square foot with train may give higher strains even than 90 lbs. per square foot 
without, or even if not, still the strains on the bracing proportioned for 30 lbs. per square 
foot, due to the extreme pressure, will be within the limit of elasticity. 

The rule for estimating the exposed surface of one truss adopted by Mr. Smith, is to 
add to the geometrical surface as shown on the drawing for upper chords and posts ^ one and a 
half times the surface of the tics^ and twice the surface of the lower chord. 

Live Load. — On bridges for turnpikes and common road traffic the greatest full load 
is due to a crowd of people. An experiment by Mr. Nash, architect of Buckingham Palace, 
gave 120 lbs. per square foot as the greatest possible load produced by wedging men 
together as closely as possible. 

The French standard is 42 lbs. per square foot. Stoney and Trautwine recommend 
100 lbs, per square foot. Local circumstances must have some weight in the load adopted. 
If it is desired to guard against possible contingencies, it would be well lo reckon 100 lbs. 
to the square foot. Local loads due to heavily loaded teams, as for instance, a load of 
stone, or heavy forging or casting, may cauce a concentrated moving load at one or more 
points, and this should be taken into account in the specifications and calculations, not 
only of the bridge proper but of the floor system as well. Such loads may reach as high 
as 1 5 tons on a single pair of wheels. 

For a railroad bridge, single track, the heaviest live load can scarcely exceed that of 
a string of the heaviest locomotives coupled together. The usual practice is to consider 
a train averaging about i ton per lineal foot, preceded by two of the heaviest locomotives. 
It is the practice of some engineers to consider the train load as distributed, but to take 
the wheel loads of the engines just as they are in reality. We consider this last as a use- 
less refinement in view of the allowance covered by the usual factor of safety and the as- 
sumptions necessarily made in the methods of calculation. The method of calculation for 
such case, however, is sufficiently indicated in Appendix, page 209. 

We prefer and recommend the method by " locomotive excess," for all spans over 50 
feet in length, as given on page loi. We have assumed in our calculations in this work a 
locomotive covering 50 feet, to concentrate 90,000 lbs. upon a wheel base of 12 feet. This 
gives for the locomotive excess over 2,000 lbs. per foot a concentrated load of 33 tons. A 
second locomotive would give a similar load 50 feet from the first. The method of taking 
into account this locomotive excess is fully detailed in Part I. in our practical ex- 
amples. 

We consider that this allowance is slightly in advance- of present practice, but that 



•See a Paper by J. A. L. Waddell, C. E. En^'inff ring News, March 25. 
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with the ever increasing weights of train and engine, and the not yet sufficiently well 
known effects of wind, high speed, snow, cold, and poor fittings, as well as shocks, it is not 
excessive. 

The actual wheel weights of two ** consolidation engines " are given in the following 

diagram, Fig. 200. 
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This is one of the heaviest engines in present use, thou3h there are heavier on some 
roads. It will be observed it gives about 146,00x5 lbs. on a wheel base of 45 feet, but of this 
88,000 comes on a driving wheel base of 14.7 feet. In view of this, our assumption of 
90,000 lbs. on awheel base of 12 feet, with a uniform load of 2,000 lbs. per foot, gives 
156,000 lbs. for the total load, and does not seem excessive. Whatever practice be adopted 
our methods of calculation remain unchanged. 

It is customary with some engineers to require that the web members of the trusses 
as well as the stringers and floor beams shall be determined from the actual wheel weights 
as specified. If this be necessary, it can be easily done in accordance with the principles 
of Part I., page 86. We consider our method by locomotive excess, page loi, equally 
reliable and much simpler. 

For the sake of simplifying the calculation of the chords, an "equivalent load," 
uniformly distributed, is allowed. This equivalent load must be such that the stresses 
produced by it will, for all bays, either equal, or be greater than the stresses that would 
be obtained from the actual train load, placed in positions giving maximum results. It 
is obtained by making it of such value that it will give the same stresses on the end post 
and end bays as the train load. The excess that this will give in the middle bays of long 
spans is intended as a partial provision for cases of two trains on the span at the same 
time, one following close upon the other. 

The student can thus easily compute such equivalent load for any specified wheel 
weights and given panel length. Here also we consider our method, page 88, of loco- 
motive excess equally reliable and simpler. 

We give in the following two Tables, allowable live loads for Highway and Railway 
Bridges which niay be adopted in preliminary calculations. 

TABLE OF LOADS FOR HIGHWAY BRIDGES. 



SPAN IN FEET. 


CITY AND SUBURBAN BRIDGES 
UABLE TO HEAVY TRAFFIC 


BRIDGES IN MANUFACTURING 
DISTRICTS. BALLASTED ROADS. 


BRIDGES IN COUNTRY DIS- 
TRICTS. UNBALLASTED ROADS. 


100 and under, 
100 to 200, 
200 to 300, 
300 to 400. 
400 and over, 


TOO lbs. per square foot, 
80 " *' ** " 

-Q «« «• «« «« 

m^ (( 4 4 4 4 4t 


90 lb. per square foot, 
60 " " '* " 

|.Q 1* 4 4 4 4 4 4 
mQ. 4 4 4 4 4 4 4« 
.Q 4 4 4 4 4 4 4« 


70 lbs per square foot, 
60 ** ** ** ** 

g^ 4t 4 4 4 4 4 4 
.f 44 44 4( 41 

45 

a- «< 44 44 (( 
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TABLE OF LOADS FOR RAILWAY BRIDGES. 



SPANS IN FEET. 


DEAD 
PER 


LOAD IN LBS. 
LINEAL FT. 


UVE 
PER 


H 

LOAD IN LBS. ! 
LINEAL FT. • ^^^^ '^ '^^^^• 


DEAD LOAD IN LBS. 
PER UNEAL FT. 


LIVE LOXD IK I.BS. 
PER UNEAL FT. 


5 




450 




12,000 


100 


900 


2,750 


10 




500 




5»500 


125 


M35 


2600 


15 


' 


550 




5»ooo 


150 


1,225 


2,500 


20 




625 


1 


4.750 


175 


1,300 


2,500 


25 




625 




4.500 


200 


1.500 


2,400 


30 




650 




4.000 


250 


2.000 


2.400 


40 




700 




3.500 


300 


2,400 


2.250 


50 




750 




3.250 


350 


3,000 


2.250 


75 




800 




3.000 


400 


4.000 


2,250 



Then the cross-section of the various pieces necessary to resist these strains being 
found, and their lengths being known, we can compute the weight of material correspond- 
ing. Assuming now this weight, and taking the outer forces the same as before, we can 
make a new calculation and find a new weight. We might thus proceed until our assumed 
weight is sufficiently exact. 

Such a proceeding can be much abridged by assuming at once a dead weight which 
shall be reasonably near the actual amount. Such a preliminary estimate can in general 
be made so closely that there shall be no necessity to revise it, or make another calculation. 

For this purpose, we may make use of the weight of completed structures of the same 
character and about the same span. There are also certain elements which are indepen- 
dent of span and style of structure which we ,may estimate once for all. 

Thus in the case of Roof covering, a close approximation can be made of the actual 
weight of Roof. To this we may add an estimate of the weight of framing, assumed from 
reference to the weight of similar structures, and thus obtain a tolerably accurate estimate 
of the dead weight, to start with. 

Bovey, Applied Mechanics^ Montreal^ 1882, gives the following Table for the weight of 
ordinary roof coverings ; 



h • 



TABLE I. 



WEIGHT OP VARIOUS ROOF COVERINGS IN LBS. PER. SQUARE FOOT, 



Thatch 6. 5 

Felt, asphalted 0.3 to 0.4 

Tin 0.7 to 1.25 

Sheet lead 5. to 8. 

Sheet zinc. 1.25 to 2.0 

Copper 0.8 to 1.25 

Sheet iron d^ inch thick) 3.0 

Cast iron plates (} inch thick) 15.0 

Sheet iron (16 W. G.) and laths. 5.0 



Corrugated iron and laths 5.5 

Slates (ordinary) 5 to 9 

Slates (large) 9 to 11 

Tiles 7 to 20 

Pantiles 6 to lo 

Slates and iron laths lo 

Boarding (} inch thick) 2.5 

Boarding and sheet iron (20 W. C.) 6.5 

Timbering of tiled and slated roofs, ad- 
ditional 5 5 to 6. 5 



'« jr ■ 



Trautwine gives for spans not exceeding about 75 feet and with trusses 7 feet apart, 
for the load per square foot, including the truss itself ^ purlins,* etc, the following Table : 



*The ** purlins " are the longitudinal members which reach from truss to truss 
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TABLE II. 

Roof covered with corrugated iron, unboarded 8 lbs. 

** ** if plastered below the rafters i8 

corrugated iron on boards 1 1 

** ** plastered below the rafters 2i 

slate, unboarded or on laths / 13 

on boards i\ inch thick 16 

plastered below the rafters. 26 

shingles on laths. 10 

" plastered below rafters or tic beam 20 

For spans from 75 to 150 feet it will suffice to add 4 lbs. to each of these values. 

The extra load due to snow and wind must be added to these values. 

In any given case, the construction being determined upon and designed, we need 
not confine ourselves to such a Table, but can compute very closely the weight per square 
foot of the roof-covering adopted, as this weight is entirely independent of the style of 
truss or span. 

For the weight of roof framing, we have the following Table, compiled from executed 
works, from which we may form a rough estimate at least, of the probable load due to 
the weight of framing, preparatory to commencing any calculations of the strains. The 
weights given refer to the square foot of the projection of the roof on a horizontal plane, 
or per square foot of area covered by the roof. 

TABLE III. 

WEIGHTS OF VARIOUS ROOF FRAMINGS IN LBS. PER SQUARE FOOT OF HORIZONTAL PROJECTION. 



DESCRIPTION OF ROOF. 



Pent. 
Common Truss. 



«« 
tt 
(( 
t< 
t< 
It 
tt 
t( 
t< 
(< 



Timber rafters and 
struts, iron ties. 



if 
t« 



Bowstring. 



tt 
t( 



Arched Roof, small 
t< 

Arched Roof (R. R.). 



« 
t( 

t€ 
tt 
H 
t« 
tt 



LOCATION. 



• • • • • 



COVERING. 



Liverpool Docks. 



Liverpool Docks. 



«* 
t< 
t« 

tt 



Manchester. 
Lime St. 
Birmingham. 



Strasbui^. 

Paris. 

Dublin. 

Derby. 

Sydenham, 
tt 

St. Pancras. 
Cremome. 



Felt. 



Zinc. 
Zinc. 
Zinc. 
Slates. 



Corrugated 
Iron. 



CLEAR 
SPAN, 
FT. 



15 

37 
40 

54 

55 

53.25 
72 

50 

84 
100 

130 
140 

62 
76 

79 

80.7 

90.2 

50 

154 
211 

40 

60 

97 

153 

41 
81.5 

120 

72 

240 

45 



DISTANCE 

APART OF 

PRINCIPALS 

FT. 



5 
12 

14 

6.5 
ii.o 

20 

10 

9 
14 
26 

12 

12 

25 
13 
11.7 



20 

II 
26 
24 



13 
26 

16 
24 



2933 
14.5 



WEIGHT PER SQUARE FT. OF COVERED 
AREA IN LBS. 



Total 

with 

Covering. 



Of 


Of 


Total 


Purlins, 


Princi- 


Iron 


etc. 


pals. 


Work. 


• • • • 


.... 


3.5 


I.I 


3.5 


4.6 


2.0 


3.5 


5.5 


6.5 


3.0 


9.5 


4.6 


7.0 

_ _ _ 


II. 6 




4.2 

• a • • 

2.6 

• • • • 

0.8 

• • • • 

• V • • 



9.5 

3.4 
10.8 

7.9 
8.4 

7.4 
6.2 



2.8 

. • . . 

5.9 

• • • • 

5.6 

4.5 

• • • • 

• • • • 



4.9 
7.3 



5.5 

7.3 
6.0 

39 

2.9 

17.1 
5.3 



7.0 
3.0 
8.5 
7.0 
6.4 



3.0 
2.6 
3.86 
4.72 



6.9 

7 
5.2 



9,0 
8.0 



8.66 
10.32 

9.28 
16.82 



13.6 


9.6 




II.O 




• • • • 


2.5 


• • • • 


3.5 


12 




15 




10.7 




16.8 




II.8 




11.3 




24.5 




11.5 





PITCH. 



30 



30' 
30' 
30- 

26'' 34' 



I 
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Trautwine gives for the approximate weights of roof-trusses of the Fink system, for: 
Rise \ span ; trusses 7 feet apart ; load 40 lbs. per square ft. of roof, including truss, the 
following Table : 

TABLE IV. 





TOTAL WEIGHT OF 


WEIGHT PER FT. OF 




TOTAL WEIGHT OF 


WEIGHT PER FT. OF 


TOTAL SPAN. 






TOTAL SPAN. 








TRUSS. 


SPAN. 




TRUSS. 


SPAN. 




lbs. 


lbs. 




lbs. 


lbs. 


20 


129 


6.46 


100 


3.228 


32.3 


25 


202 


8.08 


105 


3.557 


33-9 


30 


290 


9.67 


IIO 


3.904 


35.5 


35 


396 


"3 


"5 


4.267 


37.1 


40 


516 


12.9 


120 


4.640 


38.7 


45 


654 


14-5 


125 


5.041 


40.4 


50 


807 


16. 1 


130 


5»442 


42.0 


55 


976 


17.8 


135 


5.880 


43-6 


60 


1,160 


19.4 


140 


6,336 


45-2 


65 


1*363 


21.0 


145 


6,782 


46.8 


70 


1,584 


22.6 


150 


7 260 


48.4 


75 


1,815 


24.2 


J55 


7,750 


50.0 


80 


2,064 


25.8 


160 


8,256 


51.6 


85 


2.331 


27.5 


165 


8.782 


53.3 


90 


2,616 


29.1 


170 


9.324 


54-9 


95 


2.912 


30.7 


175 


9,879 


56.5 



For king and queen trusses, add \ part to the tabular weights when the rafters are as 
usual of the same size throughout. 

For trusses 14 feet apart, the tabular values are twice as great, and so for any other 
distance apart the weight must be proportionately increased. 

In like manner if the load is 20 lbs. per square ft. of roof, the tabular numbers are only 
\ as much, and so for any other load, the weight must be found to correspond. 

Example. — ^Thus suppose we wish to estimate the weight of a Fink roof, 60 feet span, rise i, trusses 14 feet apart, 
covered with slate on boards \\ inches thick. From Table IV. we have the weight 1,160 lbs. for trusses 7 feet apart. 
For 14 feet apart we should have, then, 2,320 lbs. But this is for a total load of 40 lbs. For slate on boards we have, 
from Table II., 16 lbs., and adding, say 50 lbs. for wind and snow, we have total load 66 lbs., instead of 40. We may 
then take the weight of the truss V of 2,320, or 3,77a 

Dead Weight — Bridge Trusses. — The weight of bridges of the same span will 
vary according to the design, quality of iron, proportions, coefficients of safety or unit 
strains, whether the roadway is on top or below, etc. Even for bridges of same kind, and 
other things being equal, Stoney says, " no definite ratio exists between the length and 
weight of girders, and any arg^ument based upon such an assumption must be altogether falla- 
cious.** We heartily indorse this opinion. Still it is desirable to be able to make an esti- 
mate which shall at least be better than a mere guess of the probable weight of an intended 
structure. Such formulae the engineer must deduce from his own practice. Our bridge 
companies and engineers by comparison with existing structures of their own design, can 
make in general a close approximate estimate of weight. New designs and unusual spans 
may, however, require several approximations in the manner already detailed, page 267. 

We give a few empirical formulae which may sometimes be of aid in making a good 
guess, for it amounts to no more, of the weight of a bridge preliminary to calculation. 

Still the student is warned not to take such formulae as in any sense general. Like all 
empirical formulae they must be used intelligently with reference to the limits and data and 
assumptions from which they have been derived. A formulae deduced for short spans and 
under certain conditions of unit stress, etc., should not be used for long spans and other 
conditions. 
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Trautwine gives for a rough preliminary estimate for spans not over yx^feet^ for the 
weight per foot of a single track railway bridge of the two trusses only^ not including the 
weight of the floor beams, flooring, lateral bracing, etc., the following empirical rule: 

weight per ft. of the two ) _ 5' 



trusses only in tons. 



I ~ 350O ^A 



where 5 is the span in feet. 

The weight of cross-girders, floor and lateral bracing, floor boards, rail stringers and 
rails, together with spikes, bolts, rods, nuts, washers, etc., will be independent of span, and 
can be estimated separately. So also for wind bracing, etc. 

Trautwine gives the following table : 

TABLE V. 

TABLE OP APPROXIMATE AVERAGE WEIGHTS PER FOOT OP SPAN, OF ONLY TWO IRON TRUSSES TOGETHER, FOR A SINGLE- 
TRACK RAILWAY BRIDGE OF THE ORDINARY SYSTEMS. ALSO THE WEIGHT, INCLUDING FLOOR, LATERAL 

BRACING. ETC., COMPLETE, TAKEN AT 403 LBS. PER FOOT OF SPAN. 









WEIGHT OF TWO TRUSSES 




WEIGHT OP TWO 


WEIGHT OF TWO TRUSSES 


SPAN IN 


WEIGHT OF TWO TRUSSKS 




SPAN IN ^^ 








W ^ ^B^^ ^^^ ^ ^ ^. ^■^ ^B ^ ~ ^ ^--^ ^ ^^~- ^^^ ^.~ ^.~ ^^^^^ 




ROADWAY, ETC, COM- 


-— ^ TRUSSES PER FT. OF 


ROADWAY, EI'C, COM- 


FEKT. 


PER FT. 


OF SPAN. 


PLETE PER FT. OF SPAN. 


FEET. 


SPAN. 


PLETE PER Fr. OF SPAN. 




ton. 


lbs. 


ton. 


lbs. 


1 


ton. 


lbs. 


tons. 


lbs. 


5 


.021 


47 


.201 


450 


90 


284 


636 


.464 


1.039 


7i 


.029 


65 


.209 


468 


100 


•314 


703 


•494 


1,106 


10 


.038 


85 


.218 


488 


! 110 


•344 


771 


•524 


1,174 


12^ 


.046 


103 


.226 


506 


120 

1 1 


.374 


838 


.554 


1,231 


15 


.054 


121 


.234 


524 


130 


.404 


905 


•584 


1.308 


I7f 


.062 


139 


.242 


542 


140 


.434 


972 


.614 


1,375 


20 


.070 


157 


.250 


560 


150 


.463 


i»037 


.643 


1,440 


25 


.086 


193 


.266 


596 


160 


•493 


1,104 


.673 


ii507 


30 


.101 


226 


.281 


629 


170 


.523 


1,172 


•703 


1,575 


35 


.117 


262 


.297 


665 


180 


■553 


1.229 


•733 


1,642 


40 


•133 


298 


.313 


701 


190 


.583 


1.306 


. ^763 
.792 


1,709 


45 


.148 


332 


.328 


735 


200 


.612 


1,371 


1,774 


50 


.163 


365 


•343 


768 


225 


.687 


1.539 


.867 


1,942 


60 


.194 


435 


.374 


838 


250 


760 


1.702 


.940 


2,105 


70 


.224 


502 


.404 


905 


275 


833 


1,866 


1. 013 


2,269 


80 


.254 


569 


.434 


972 


300 


907 

1 


2,032 


1.087 

1 


2,435 



Stoney gives the empirical formulae for girders not over 200 feet span, 

G^ial, 
where G = the weight in tons, 

a = the theoretic area of the compression flange at the centre in square feet, 
/ = the span in feet. 
Rankine gives the following method for computing the ratio which the weight of a ^ 
bridge of any given design will bear to the external load : 

First determine /rt?;« an existing bridge of similar design the following data — 
/ = the span in feet. 

B = the gross weight of the superstructure, either in all or per foot of span. 
S^ = the factor of safety applicable to that weight (say 3), ** 

W = the greatest working travelling load (either over all or per foot of span) con- 
sistent with a proper factor of safety Sx (say 6). This is not to be taken 
from the actual travelling load, but computed as follows : Let W be the cal- 
culated breaking load ; then 
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^^„_ W-S,B 
•Si 

From these data compute the following quantity : 

5, W^ 






Then, for any other bridge of similar design and proportions, the probable proportion of 
the weight of the superstructure to the greatest working travelling, load is given by 

If, for instance, 5i = 6, and 52 = 3, these formulae become as follows : 

B 2/ 

W" L- I' 

The following are some examples of values ol L\ 

For tubular bridges not continuous; the depth about ^V^h of the span (as the Con- Feet. 

way Bridge) ; the effective section |ds of the whole 614 

For tubular bridges, mean depth about i^th of the span, continuous over piers ; /in 

the formulae denoting the span of the greater or intermediate spans (as the 

Britannia Bridge) 760 

Warren girder bridges, not continuous, with cast-iron struts ; depth about ^th of 

span 670 

Warren girder bridges, not continuous, with the frame entirely wrought iron ; depth 

about ^th of the span 900 

Iron arched bridges, rise about Jth of the span 630 

Wire cable suspension bridge, deflection ^^j^th of span ; cables ^ths the weight of 

the superstructure ; ultimate tenacity of the wire 90,000 lbs. per square inch 

(as Niagara Bridge) 2,000 

For railway bridges W is in general assumed to be i ton, or 2,240 lbs., per foot for a 
single track. For bridges not carrying railways, the greatest moving load may be assumed 
to be that of a closely packed crowd, or about 120 lbs. per square foot of platform, so that 
in such cases W^ =120 lbs. x breadth of platform in feet. 

For a bridge with two platforms, one carrying a road and the other a railway, these 
two loads are to be combined. 

Unwin gives the following formula : 

_ (zc/i + w^ Ir 
.""» " Cs- Ir • 

where w^ = total live load per foot, 

w^ = weight of platform per foot, 

zt/j = weight of main girder per foot, 

/ = clear span in feet, 

r = ratio of span to depth, 

s =z average strain in tons per square inch on the gross section at the centre. 



* 

* 
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The most usual value for j is 4 for wrought iron. If ^i is the strain per square inch on 
grross section in compression, and s^ the strain per square inch of net section in tension, we 
may take 

Unwin gives the following values of dT as deduced from a few well-known bridges of 

different types : 

C 

Tubular, not continuous (Conway) 1,700 

Tubular, continuous (Britannia) M6i 

Tubular girder (Torksey) I|i97 

Box girder (Cannon Street) i,540 

Plate girder ( " " ) 1,598 

Small plate girders, 30 to 60 feet 1,280 

N. Truss (Connecticut) 1,548 

Lattice (Charing Cross) 1,880 

(Oykell) 1,590 

Warren (Crumlin) 1,820 

Bowstring (LoughTcen) 1,490 

Buck's Method. — The preceding formulae may often be found useful in determining 
an approximate weight upon which to base, in the first instance, the calculations for a bridge 
or roof. The following method, by Mr. J. H. W, Buck, M. Inst. C. E., enables us to find, 
during the process of designings the proper strains very closely in every piece. The appli- 
cation of Mr. Buck's method is as follows : 

WHEN THERE IS NO LIVE LOAD. 

(i.) Find the dimensions of each piece of a girder of the strength required to carry the 

fixed distributed load W^ but not its own weight in addition, and note the sectional area 

of each member. Let the weight of this girder = a, 

W 
(2.) Multiply the sectional area of each member by vp • 

WHEN THERE IS A LIVE LOAD OR WIND PRESSURE ACTING LONGITUDINALLY, AS IN THE 

CASE OF A ROOF. 

(i.) Find the dimensions of each piece of a girder of the strength required to carry the 

fixed load ^(including, in a bridge, its proportion of the floor, lateral bracing, rails, etc.), 

but not its own weight in addition, and note the sectional area of each member. Let the 

weight of this girder = a. 

W 
(2.) Multiply the sectional area of each member by y^ (this step being taken at 

once, in some cases reduces the additional material for stiffening the struts, accruing from 
the next steps). 

(3.) Find the additional material required in each piece to enable the girder to carry 
the moving load (in a roof to resist the action of the wind), and also in any new members 
which may be required for the same purpose (such as counterbraces, etc.), and note the 
sectional area of each member. Let the total weight of this additional material = b (not 

to be added). 

W -vb 
(4.) Multiply the sectional area of every member, except the new ones, by — fjT"' 
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(5.) Add the additional material found in (3), assigning to each member the increment 
of sectional area due to it, and inserting the new members, if any. 

FOR SMALL STRUCTURES. 

(i.) Find the dimensions of each piece of a girder of the strength required to carry 
the live load, but not its own weight in addition, and note the sectional area of each mem- 
ber. Let the weight of this girder = b (merely note this). 

(2.) Find the dimensions of each piece of a girder of the strength required to carry 

W + d, but not its own weight in addition. Let the weight of this girder = c. 

W -k- b 
(3.) Multiply the sectional area of each piece as found in (2) by . rr;. ,v ^ . 

(4.) Add the material found in (i) allotting to each piece the increment of sectional 
area due to it. If (i) has more pieces than (2), insert the additional pieces. 



1. 



< 
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CHAPTER II. 

CROSS-SECTIONING. DETERMINATION OF DIMENSIONS OF PIECES. 

In Part I., we have learned how to find the strains in the various pieces of any framed 
structure due to the action of assumed outer forces. In the preceding Chapter we have 
just learned how to estimate the intensity of these outer forces, viz. : snow and wind load, 
live and dead load. 

It is evident that having then properly assumed our outer forces, in accordance with 
the preceding Chapter, and then having calculated the resulting sfrains in the pieces, as 
directed in Part I., only one half of our problem is solved. The other half is to properly 
determine the cross section of any piece in order that it may resist the strain that comes 
upon it. This is in fact the most important part of our problem, as upon it depends the 
safety and efficiency of the structure. 

Its proper solution requires a thorough knowledge of the strength of materials. This 
is in itself a subject for special treatises, and we cannot attempt to include it here. We 
shall content ourselves, therefore, in the present Chapter, with giving the results of the 
best modem practice as regards wood, iron and steel, referring the student to other works 
which treat of the subject specially for fuller information. This part of our problem is 
still in process of development, as our knowledge of materials is continually being increased 
by experiment, and the student will therefore bear in mind that the practice of to-day may 
be modified by future knowledge. 

Ultimate Strength and Limit of Elasticity.— The smallest quiescent load per 
square inch which, causes rupture of a piece, we call the breaking load, or the ultimate 
strength of the material. 

It is found by experiment that if a piece of any material be subjected to pure tension 
or pure compression, the change of length is, within certain limits, very nearly proportional 
to the load. That is, a double load causes a double elongation or compression, three times 
the original load causes three times the original elongation or compression, and so on. 
This law is not exactly true, but within certain limits is approximately so. Thus, for any 
material, the cwrve denoting the relation between change of length and acting load, is within 
these limits approximately a straight line. This limit is called the " limit of elasticity'^ 
We may, therefore, define the limit of elasticity as that point at which the law of propor- 
tionality of change of length to acting force ceases to hold good. The load corresponding 
to this point will evidently be much less than the breaking load. 

We give in the following Table a few mean values of the ultimate strength and limit 
of elasticity for wood, iron and steel. These values will of course vary considerably with 
the quality of the material, mode of manufacture, etc. In any special case the only relia- 
ble knowledge for the engineer to build upon is actual experiment. Such values as we give 
are useful only for preliminary calculations. Much more detailed knowledge maybe found 
in those works which treat specially of the strength of the materials. 
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TABLE OF ULTIMATE STRENGTH AND LIMIT OF ELASTICITY IN POUNDS PER SQUARE INCH. 



Wood, 

Oak, parallel to fibre 

** transverse to fibre . 
Pine, parallel to fibre 

** transverse to fibre. . 
Beech, parallel to fibre . . . 
*' transverse to fibre. 
Iron, 

Cast iron 

Wrought iron 

Plate iron 

Wire 

Steel, 

Soft steel 

Plate 

Wire 

Hard 

Cast steel — soft 

" '* hard 

** •• wire 



ULTIMATE STRENGTH. 



Ccmp. 



10,000 
5,000 
8,600 
3,000 
9,400 
5,000 

100,000 
60,000 

43fOQO 



80,000 
70,000 

107,000 
143,000 



Tens. 



11,400 
700 

10,000 
640 

14*300 
1,000 

18.600 
57.000 
47,000 
86.000 

71,400 
71,400 
130,000 
107,000 
114,000 
143,000 
160,000 



Shear. 



1,140 
2,300 

860 
1,860 

940 



15,000 
45 » 700 
37,000 



57,000 
57,000 

85,700 

91,400 

114,300 



UMIT OF ELASTICITY. 



Comp, 



2,570 



21,400 
20,000 
20,000 



28,600 
36,000 

38,600 

71,400 



Tens. 

3,000 
3,000 
2,300 



10,700 
20,000 
20,000 
31,400 

28,600 
36,000 
64,300 
38,600 
53,600 
95,000 



Shear, 



300 



00 



8,600 
16,000 
16,000 



23,000 
28,600 



30,860 
40,000 
76,140 



COEFF. OF 
ELASTICITY 



1,070,000 



14,000,000 
28,700,000 
26,000,000 
31,300,000 

29,000,000 



32,000,000 
34,000,000 

43,000,000 



Allowable Stress per Square Inch — Factor of Safety.— The limit of elas- 
ticity marks the point beyond which the material should never be strained. In practice 
the working strain should be well within this limit, say i or §ds of it at most for quiescent 
loads. 

When this limit is not known, it is sometimes customary to take a certain fraction of 
the ultimate strength as the safe load as, for instance, ^th or |th. In such case we call 5 
or 6 the ^'^ factor of safety^' that is, it will take five or six times the working load to break 
the piece. Evidently the ultimate load divided by the factor of safety ought to give a re- 
sult well within the limit of elasticity. Also we may evidently take this factor less for qui- 
escent loads than for intermittent and oft-repeated loading accompanied by shock. 

If /? is the allowable stress per square inch, and /i is the ultimate strength, and n the 
factor of safety, then we have 



/? = 



n 



We give in the following Table the factor of safety n according to good practice : 



TABLE OF FACTOR OF SAFETY. 



MATERIAL. 



Wood 

Cast iron 

Wrought iron. 

Iron plate 

Ordinary steel. 
Bessemer steel 

Cast steel 

Stone 



TEMPORARY CON- 
STRUCTIONS. 



10 



BUILDINGS IN 
GENERAL. 



9 
6 



30 



BRIDGE AND ROOF 
CONSTRUCTIONS. 



1 
I 



10 

7 



^ 5 to6 



30 



MACHINES AND 
STRUCTURES SUB- 
JECT TO SHOCK. 



15 
10 



7 to 8 



35 
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We have accordingly for the allowable stress in pounds per square inch for average 

materials, /? = - , the following Table : 

ti 

TABLE OF ALLOWABLE STRESS IN POUNDS PER SQUARE INCH. 



MATERIAL. 



TEMPORARY CON- 
STRnCTlON. 



Tens. 



S?^^ [ Direction of fibre. . J'?^ 
Pine S 1. 710 

Cast iron 4»300 

Wrought Iron 17.100 

Iron plate 

Iron wire 

Ordinary steel (soft) 

Steel (hard) | 

Cast steel 



Comp. 




1,710 

1.430 
lojoo 
17,100 

t • • • 

• • • « 

• • • • 



Shear. 



BUILDINGS IN 
GENERAU 



Tens. 



210 1,300 

140'i 1,143 

3,400. 3,600 

14.300 14,300 

11,430 



• • • • 



Comp. 



1. 143 
1,000 

8,600 



BRIDGE AND ROOF 
CONSTRUCTIONS. 



Shear. I Tens. 



143, 

100 
2,860: 



14,300: 11430 



11,430 



8,6oO{ 



1. 143 
1,000 

2,860 

11,430 
10,000 
17,140 
14,300 

21,430 
28,600 



Comp. 



1,000 
860 

7.140 
",430 
10,000 

• • • • 

14,300 
21.430I 
28,600 



Shear. 



114 

86 

2,140 

9,140 

8,000 

• • • • 

".430 
17.140 
23,000 



MACHINES AND 

STRUCTURES SUBJECT 

TO SHOCK. 



Tens. 



860 

714 
1,860 

7,i4o| 
4,300' 
1 1 430 
10,000 
14,300 
20,000, 



Comp. 



714 
600 

4,300 
7,140 
4,300 

• • • • 

10,000 
14,300 
20,000 



Shear. 



86 

60 

1,430 

5,710 
3.430 

• V • • 

8,000 

",430 
15,710 



Under temporary constructions we include scaffoldings, arch centreings, etc., as well 
as trusses for quiescent loading. Under constructions in general, such structures as are 
subjected to but little shock and whose load can be exactly determined. 

From A Mamial of RuleSy Tables and Data for Mechanical Engineers^ by D. K. Clark, 
London, 1877, page 625, we extract the following: 

" The elastic strength of materials, cast iron excepted, is, in general terms, half of its 
ultimate or breaking strength. For cast iron, though there is no already defined plastic 
limit, the same measure may be adopted. If a working load of half the elastic strength, 
or one-fourth of the ultimate strength, be accepted, equal range for fluctuation within the 
elastic limit is provided. But, as bodies of the same material are not uniform in strength, 
it is necessary to observe a lower limit than a fourth where the material is exposed to 
great or to sudden variations of load.*' 

Cast Iron. — Mr. Stoney recommends one-fourth of the ultimate tensile strength, for 
dead weights ; one-sixth for cast-iron bridge girders ; one-eighth for frame posts and machin- 
ery. In compression, free from flexure, according to Mr. Stoney, cast iron will bear 8 tons per 
square inch ; for cast-iron arches, 3 tons per square inch ; for cast-iron pillars, supporting 
dead loads, one-sixth of the ultimate strength ; for pillars subjected to vibration from 
machinery, one-eighth ; and for pillars subjected to shocks from heavy loaded wagons and 
the like, one-tenth, or even less where the strength is exerted in resistance to flexure. 

Wrought Iron. — For bars and plates, 5 tons per square inch of net section is taken 
as the safe working tensile stress ; for bar iron of extra quality 6 tons. In compression, 
where flexure is prevented, 4 tons is the safe limit ; in small sizes, 3 tons. For wrought- 
iron columns, subjected to shocks, Mr. Stoney allows a sixth of the calculated breaking 
weight ; with quiescent loads, one-fourth. For machinery, an eighth to a tenth is usually 
practised ; and for steam boilers, a fourth to an eighth. 

Mr. Roebling says, " long experience has proved, beyond the shadow of a doubt, that 
good iron, exposed to a tensile strain not above one-fifth of the ultimate strength, and not 
subjected to strong vibration or torsion, may be depended upon for a thousand years.* 



^Engineerings August, 1867. 
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Steel. — A committee of the British Association recommended a maximum working 
tensile stress of 9 tons per square inch. Mr. Stoney recommends, for mild steel, a fourth 
of the ultimate strength, or 8 tons per square inch. The limit for compression must be 
regulated very much by the nature of the steel, and whether it be unannealed or annealed. 
Probably a limit of 9 tons per square inch, the same as the limit for tension, would be the 
safe maximum for general purposes. In the absence of experience, Mr. Stoney recom- 
mends that, for steel pillars, an addition not exceeding 50 per cent, should be made to the 
safe load for wrought-iron pillars of the same dimensions. 

Timber. — One-tenth of the ultimate stress is an accepted limit. Timber piles have, 
in some situations, borne permanently one-fifth of their ultimate compressive strength. 

Foundations. — According to Professor Rankine, the maximum pressure on founda- 
tions in firm earth is from 17 lbs. to 23 lbs. per square inch ; and he says that, on rock, it 
should not exceed one-eighth of the crushing load. 

Mason Work. — Mr. Stoney says that the working load on rubble masonry, brick- 
work or concrete, rarely exceeds one-sixth of the crushing weight of the aggregate mass ; 
and that this seems to be a safe limit. In an arch, the calculated pressure should not 
exceed one-twentieth of the crushing pressure of the stone. 

Ropes. — For round ropes, the working load should not exceed a seventh of the ulti- 
mate strength, and for flat ropes, one-ninth. 

Professor Rankine gives the following data as factors of strength : 

Dead Load. Live Load. 

Factors of safety for perfect materials and workmanship 2 4 

For good ordinary materials and workmanship : 

Metals 3 6 

Timber 4 to 5 8 to 10 

Masonry 4 8 

A dead load on a structure is one that is put on by imperceptible degrees, and that 
remains steady ; such as the weight of the structure itself. 

A live load is one that is put on suddenly, or is accompanied with vibration ; such as 
a swift train travelling over a railway bridge, or a force exerted in a moving machine." 

Allowable Stress for Wrought-Iron Bridge Members. — Evidently, the allow- 

able stress per square inch, even for the same material, must be varied according to the 
mode of action of the stress, whether quiescent, or intermittent, etc. 

In bridge construction the quality of the iron used is carefully covered by specifica- 
tions stating in detail the tests it must satisfy. We refer the student to the specifications 
at the end of this work for information as to current practice on this point. 

For wrought iron, which shows an ultimate strength of 52,000 lbs. per square inch and 
stretches 18 per cent, in a distance of 8 inches, the allowable tensile stresses adopted by 
our leading railroads are about as follows : 

Lbs. per square inch. 

On lateral bracing 15,000 

On solid rolled beams, used as floor bedims and stringers 10,000 

On bottom chords and main diagonals 10,000 

On counter rods and long verticals 8-9,000 

On bottom flanges of riveted floor beams 8,000 

On bottom flanges of riveted longitudinal plate girders, over 20 feet long 8,000 

On bottom flanges of riveted longitudinal plate girders, under 20 feet long 7,000 

On floor beam hangers and other members liable to sudden loading 5-6,000 
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The allowable compressive stresses are as follows : 

Lbs. per square inch. 

On rolled beams used as floor beams and stringers lO^cxx) 

On riveted plate girders used as floor beams 6,cxx) 

On riveted longitudinal plate girders over 20 feet 6,000 

On riveted longitudinal plate girders not over 20 feet 5,000 

Long Pieces in Compression. — When a long piece is in compression it is subject to 
flexure, and requires more material than would be necessary for the compressive stress 
alone. The formula in general use for finding the "crippling" strength Pper sq. in. is 

where for wrought iron }i = 38,500 ; c = rvhur iov pillars with Jiat ends; c = ^jtrnr for *^^A 
ends pinned, and c = nJinr for 0^^ end flat, tfie other pinned ; I = length of pillar in inches, 
r = least radius of gyration of cross section about neutral axis, in inches. This formula 
is a modification of that known as ** Gordons formula " as deduced from Hodgkinson's ex- 
periments upon long pillars and struts. 

The crippling strength, P, must be multiplied by the factor ^ for rectangular 

and circular cross sections where d = least diameter or diameter in direction of bending, 
in inches, in order to obtain the safe allowable stress. For angular cross sections in gen- 
eral, we may put in place of d, twice the radius of gyration, or 2 r. 
We have then for wrought iron, 

20 r r* 

for the safe allowable stress, where c has the values already given for wrought iron. The 
value of A thus found for any assumed cross section, should of course be equal to or 
greater than the actual stress coming on the piece. 

For hollow cylindrical columns of diameter d we have the following Table : 

HOLLOW CYLINDRICAL COLUMNS. 





FLAT ENDS. 


ONE END HINGED. 


BOTH ENDS HINGED. 




/ 

■ — - • 

d 


38,500 

2 r 

9,000 d^ 


38.500 

I /•• 
I -f -rr 

3,000 d* 


38.500 


44- i-^. 

^^ lOd 




4 /' 
9,000 </• 




10 
IJ 

12 

13 

14 

15 
16 


37,663 

37,492 
37,3f>6 
37.106 

36.893 
36,667 
36,428 


37,258 
37,008 
36,736 
36,4»7 
36,139 
35,814 
35»473 


36,862 

36.535 
36.184 
35,810 

35.414 

35,000 
34,567 


5 

5.1 

5.2 

5.3 
5.4 
5.5 
5.6 



-■»'. .^ 
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HOLLOW CYLINDRICAL COLUMNS.— Ci?«A««^</. 





FLAT ENDS. 


ONE END HINGED. 


BOTH ENDS HINGED. 


I / 


/ 






. 


■ 1 ■ • 

d 


38.500 


38,500 


38.500 

4 /«" 


4 -f — -• 
\od 




. 2 /" 


I /•' 




I H T^ 


I H r« 


I + — -^ — —^ 






9.000 </* 


3,000^* 


9,000 d* 




17 


36.177 


35,117 


34.117 


5.7 


18 


35.914 


34.747 


33.653 


5.8 


19 


35.640 


34,365 


33.177 


5.9 


20 


35.357 


33.971 


32.688 


• 6 


21 


35.064 


33.566 


32.190 


6.1 


22 


34.761 


33.152 


31,684 


6.2 


23 


34.450 


32.729 


31,171 


6.3 


24 


34.131 


32,298 


30,653 


6.4 


25 


33,805 


31.862 


30,130 


6.5 


26 


33.472 


31.420 


29,605 


6.6 


27 


33.133 


30.973 


29,079 


6.7 


28 


32,787 


30.523 


28.551 


6.8 


29 


32,438 


30.070 


28,025 


6.9 


30 


32,083 


29,615 


27,500 


7 


31 


31.725 


29.159 


26,977 


7.1 


32 


31.363 


28,702 


26.458 


7.2 


33 


30.998 


28,246 


25,943 


7-3 


34 


30.631 


27,791 


25433 


7.4 


35 


30,262 


27,337 


24.928 


7.5 


36 


29,891 


26,885 


24,428 


7.6 


37 


29,520 


26,436 


23,936 


7.7 


38 


29*147 


25,990 


23,450 


7.8 


i9 


28,774 


25,547 


22,971 


7.9 


40 


28,402 


25.109 


22,500 


8 



For hollow cylindrical cast-iron columns, we have the crippling strength 



P= - 



80,000 



'2 > 



I + C 



.■ 4 



where / is the length and d the inside diameter in inches, and c = -gl-^ for both ends flat 
c = Y^ for one end flat and the other end hinged, c = j^ for both ends hinged. To 

obtain safe resistance, multiply by the factor —j- • 

4 + — T/ 
10 (i 

For rectangular timber pillars, we have for pine 



P = 



__ 5,600 



/2» 
14..^, 



where / is the length in inches, d= least side in inches, c = -ylir for both ends square, c = 
tJ^ for one end square and one end hinged, c = ]f4T^o^ hoih ends hinged. 

For other kinds of wood, the value of P may be increased in the ratio of their ulti- 
mate strength as compared with pine. 

To obtain the safe resistance, multiply by the factor j • 

10 d 



28o 
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The forms of wrought-iron column in general use in American bridge construction 
are as follows : 



SQUARE COLUMN. 



B C 

PHC£NtX COLUMN. AMERICAN COLUMN. 



•tt 



|_ 




' 



Flff.901 



wmwmvm k 




I 



•el 



VM,,yy,\^^/y/>yi,^A 



COMMON COLUMN 



f 






Flf.SOl 





r'- 

mi : 



COMMON CHORD SECTION. 



CT"2mtt 



1 




Flc.201 



^ 



For these forms, the following special formulae are recommended for wrought iron ; 
where d is the least diameter^ and / is the length in inches. 



A. 



B. 



Flat ends, 


38.500 

T J. 


42.500 




4.500 d* 




5.820 d^ 


One pin end, 


38,500 
T 1 


40,000 


2,250 </* 




3,000 </• 


Two pin end, 


37.800 


36.600 


T -i- 


T -1- 



c 



36,500 



z>. 
36.500 



^. 



I H- 



/« 



3.750 ^' 



I + 



/* 



2,700 </• 



36.500 



36,500 



I + 



2,250 </• 



I + 



1,500 //" 



1,900 d^ 



1,500^' 



I + 



36,50 



36,500 



The pin being so 
placed that the mo- 
ment of inertia is, as 
near as practicable; 
equal on both sides 
of same, use formula 
for square column. 



1.750 </• 



I -+- 



1,200 </• 



The greatest allowable stress is found by multiplying the ** crippling stress " as deter- 
mined by the above formulae, by the coefficient — 



^ I / 



For square wrought-iron posts open and latticed on two opposite sides, we have 



/» = 



I f 38.6oo \ 



where c has the values already given for wrought iron. For" trough posts 1 1 latticed on 

open side, ^ is the same as for square posts, radius of gyration being computed from an 
axis through centre of gravity of section. 

Old Method of Dimensioning. — The method of dimensioning still customary with 
many engineers is as follows : 

Let F be the cross-section of the piece, max. B the greatest stress which ever comes 
upon it, and P the allowable stress per square inch. Then 



F^ 



max. B 



Max. B is found by calculation of strains, § is taken in accordance with the preced- 
ing remarks, varying with the action of the stress, whether quiescent or intermittent. 

If fi is the n th part of the ultimate strength, the piece it said to have a factor of 
safety of », or «-fold security. This, however, is not really the case except for quiescent 
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loading. For intermittent loading, especially accompanied by shocks, the factor of safety 

is really less. 

The above method gives the cross section for pure tension or pure compression. If 

a piece is sometimes in compression and sometimes in tension, it is customary to take the 

area equal to the sum of the area which would be required for each stress separately, 

E. max. tens. 4- max. comp. -j j .1. 1 . .1 , ,, . j 

ov r = : i— provided the piece is so short that the compression does 

not cause flexure as in the case of long struts. In this latter case we have 

^ __ max. tens. max. comp. 



column strength 



where " column strength *' is to be found from the formula already given for long struts, 
viz. : 



4 + 



I / /" /H 

1 1 + c-^T 

20 r \ f^i 



New Method. — We have called the method just explained the " old method," not 
because it is in any sense antiquated, for it is still used by many if not most of our best 
engineers, but in order to distinguish it from a later method, based upon the experimental 
results of Wohler and Spangenberg, and developed mainly by Weyrauch, Launhardt and 
Winkler. This method we shall therefore call the "new method." It affords a more 
satisfactory and rational means of allowing for the effect of oft-repeated stress than the 
** old method," where such allowance is made simply by an arbitrary change in the value 
of /?, which resembles a guesSy based upon experience, to be sure, but liable to vary con- 
siderably with different engineers. In 1858, Wdhler called attention to the necessity 
of experiments made with oft-repeated stress, in order to obtain a more rational basis for 
a method of dimensioning. In the years 1859-1870 he made many very careful experi- 
ments, under the appointment of the Prussian Minister of Public Works, upon tension, 
flexure and torsion. In these experiments, the specimens were rapidly strained and re- 
leased within fixed limits, by means of an apparatus driven by a steam engine, and the 
number of deformations registered. In the years 1 871-1873, these experiments were con- 
tinued by Prof. Spangenberg at Berlin. 

From these experiments the following conclusions were drawn : 

1. Rupture may be caused not only by a stress equal to the so-called " breaking load " 
once and gradually applied, but by a very much smaller stress than this, if it is often 
enough repeated. 

2. The injurious effect of repeated vibration or change of stress is least near the position 
of zero strain, and incre^es as the deformation departs from this position and approaches 
the allowable limits for quiescent load. 

3. When the maximum stress is less than a given amount, depending upon the ma- 
terial, rupture will take place only after an infinite number of repetitions. 

4. This given amount is less for alternating stress (alternately compression and ten- 
sion) than for repeated stress of one kind only, and less for repeated stress of one kind 
only, than for quiescent stress. 

Launhardt's Formula. — Let us now seek to determine the allowable stress ft per 
unit of area, from the given working strength. 

According to W5hler*s conclusions, the number of repetitions may be greater the 
less the loading, so that when the loading sinks to a certain amount, rupture will take 
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place only after an infinite number of repetitions. If then we denote the stress per 
unit of area, for which, after removal, the piece returns to its originally unstrained condi- 
tion, by 7, then rj will correspond to an infinite number of repetitions. If, however, the 
unit stress is greater than ?/, then, after cessation of stress, the piece does not return to the 
unstrained condition, but has a certain set or residual strain ff. In other words rj strains 
the piece just to the " limit of elasticity." Such a stress, greater than ;;, which will, there- 
fore, in general cause rupture, we call the " working stress," and denote it by ^, while the 
stress T] we call the " primitive safe stress," ** safe " because it admits of an infinite number 
of repetitions, and ** primitive," because at each repetition the piece returns to its primi- 
tive unstrained condition. 

Let 6 be the difference between the working stress a and the residual stress a. Then 
d = a— cff and 

a= d ^ (X (i) 

We see then that the working stress a is some function of (J, or in general, 

a = kd (2) 

where k denotes some unknown coefficient. 

In order to determine k, we have for the limiting values of a, when the residual strain 
(T =Oy a =^= ^ ; when the difference d = Ofa = (r=/i = ultimate strength for quiescent 
load. 

Thus ultimate strength and primitive safe strength are special cases of working 
strength. 

Since now, for (^ = o, ^ = /i, we see from (2) that for this limit, k = 00. Since also 
for (J = 17, we have a =d, wg see from (2) that for this limit k :^ i. 

These conditions satisfy perfectly the expression which Launhardt gives, viz., 

IX- a 

This expression we have still to test by experiment for intermediate values, of course 
before we can accept it finally as correct. Assuming its correctness at present, we have 
from (2) : 

Or putting for d its value from (2) : 



a = \a — o). 



Reducing : 



'■='(-^'-:) <3) 



If we denote by min. B the least and by max. B the greatest stress on the piece, then 
we have evidently 

(T __ min. B . 
a ~~ max. B 



• . 
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and hence the working stress 

a= r}\ I + ^ ' 25 (4) 

L V max. BA 

This is Launhardt's formula. We see from equation (i) that it manifestly holds good 
only for the case where min. B and max. B have the same sign, that is, only for repeated 
tension or repeated compression. Also in the latter case it is understood that there is no 
tendency to flexure. 

The value of 7 for compression has not yet been satisfactorily determined. We 
therefore take the values of }a and 17 the same for compression as for tension, a practice 
which seems justified by certain observations, and which, as regards /i, has always been the 
custom heretofore. 



We have yet to show that Launhardt's expression for the coefficient k holds good for 
intermediate values of r} and jw. For this purpose, we solve (3) with reference to «, and 
obtain 



= i + «/(!)■+ ^c.- 



v\ 



where we must have 4- before the radical, because a must be positive and greater than 7. 
According to the method of loading and the kind of material, }i and 7 vary, as also a^ for 
any given (T. Hence, in order that an experiment may possess any value, the results 
must all be obtained in the same manner and with the same material. The results best 
suited for comparison are beyond doubt those obtained by Wohler with Krupp cast-steel, 
and it may be said for Launhardt's formula that it agrees excellently well with them. 
Thus Wohler found /< = 1,100 centners, 7 = 500 centners, hence 



a = 250 + V62,500 + 600 (X. 
Below we give the comparison of the formula with the experimental results of Wohler: 



For (T — 


250 


400 


600 


1,100 


a by experiment = 500 


700 


800 

• 


900 


1,100 


a by formula = 500 


711 


800 


900 


1,100. 



According to previous views, the single quiescent stress of 1,100 is that necessary for 
rupture, but we see from the above that a// stresses down to 500 may cause rupture^ if re- 
peated often enough, 

Weyrauch's Formula. — It frequently happens that a piece may be subjected to 
alternate compression and tension. Since the formula of Launhardt no longei* holds 
good in such case, we must deduce one which docs. Such a formula is Weyrauch's. 
Wohler has shown that the working strength is much less than when the repeated stress 
is always of one kind. He has also investigated the case in which the opposite stresses 
are equal. The strength in this case we call the ** vibration safe strength^* and denote it 
by tj'. Thus if the stress in one direction is zero, t)' becomes 7, the primitive safe strength. 
Here then are two limits given. 

Let now, a piece of one square unit cross section be subjected to alternate compres- 
sion and tension. Then for any value a for the greater of these two stresses, there will 



' ■■• 



284 ' DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS, 

be a corresponding value a! for the less, so that for the greatest number of alternations 
which can ever occur between ± a and T a\ the material remains uninjured. The differ- 
ence of the stresses is then 

6-a'\- a' 
or \ (5) 

where simply numerical values are inserted without regard to sign or character of stress. 
Now, according to Wohler's law, a decreases as 8 increases ; and, in general, a is a 

function of S. We can, therefore, put 

» 

a^kd (6) 

But from (5) we have 

when «' = o, a = t} =^Sy 

when a = a\ az= tf' = ^S. 

We have also, from (6) 

when a = Tfj Jk = i^ 

when a =ir^\ k = \. 

These conditions are satisfied by 



hence 



2 7 — 17 —a 



a ; o, 



2 17 — 17 — tf 

or since 



we have 



a = "^ 7 - (a + a\ 



-r-'-v^'f] 



If now, for any piece, max. B is the greatest stress whether of tension or compres- 
sion, an3 max. B the greatest stress of the opposite kind (less than max. E), we have 

oi __ max. B' 
a max. B ' 

and hence 

r Tf — v' max. B'l ,. 

''=''U--^siir:5j ^7) 

This IS We5nrauch's formula. All quantities are simply to be inserted numerically 
without reference to their signs before insertion. 

The primitive safe strength is 7, the vibration safe strength 17', and a the working 
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strength in the direction of the greatest of the two stresses, max. B, Since 17 is not yet 
known for compression, we may, as in Launhardt*s formula, for the present use its value 
for tension, which is rather too small if any thing. 

In many constructions, the alternations occur between the limits a and a' for primi- 
tive stress of zero. In others, we have a previous stress of <r, in most cases due to the 
dead weight. However we may conceive it to be, the action of each complete alternation 
must be similar, nor can it be changed by the long continued actton of a, which lies far 
within the elastic limits. 

If then generally, we denote by q) the ratio of the two limiting stresses of a piece, the 
less to the greater, without reference to sign, our formulae become : 

For repeated stress of one kind only 

« = v[.+^^] (I.) 

• For repeated stresses of alternate kinds 

^ = v[i-^V] (II.) 

New Method for the Determination of the Allowable Unit Stress. — As 

soon as we have determined the maximum strains in any piece by statical calculation as 
detailed in Part I, we can find by equations (I.) and (II.) preceding, that strain a per unit 
oi area which will cause rupture only after an infinite number of repetitions. It is under- 
stood, of course, that in the case of compressive strains, flexure is not considered, that is, 
all struts are supposed very short ; also, no account is taken of those prejudicial influences 
which do not admit of precise estimation, such as sudden shocks, impact of moving loads, 
lack of homogeneity of materials, action of the atmosphere, rust, changes of temperature, 
etc. 

These things we must still allow for by means of a " coefficient of safety," that is, by 
taking for the allowable unit stress fi, only a portion of the working stress a, which will 
be less as the material is more affected. But this coefficient of safety no longer includes, 
as in the older method, an allowance for repeated loads also. 

The difference then between the old and new methods is, that while in the former a 
portion of the ultimate strength is taken, in the latter a portion of the " working strength " 
is taken as the allowable stress. Also in the latter account is taken of the action of re- 
peated loading, which in the older is neglected except by the arbitrary choice of unit 
stress. 

In what follows we shall give for wood, iron and steel the allowable stress ft per square 
inch, deduced from the working strength ^, and shall choose such a coefficient of safety 
that the special case of quiescent load shall agree with previous practice. 

A. WOOD. 
I. Repeated Stress of one Kind Only. — We have for this case from I., 



r ^ IX— r} min. B~\ 

rt = 17 I -f i 

L v max. BA 



Since now, for wood we have on the average 7 = 2,860 lbs. per square inch and ^ 
8,580 lbs. per square inch, we have 



% , 
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a = 2,860 1+2 . 

L max. Bj 

If now, for wood, we take, on account of the prejudicial effect of the air, etc., a factor 
of safety of 10, we have, for the allowable stress per square inch in round numbers, 

a r min. B^ zov 

/?=30oLi+2-^ . (8) 

For quiescent loading, min. B = max. B, and 

fi = goo lbs. per square inch. 

For structures such as wooden bridges and roof trusses, min. B is caused by the dead 
load/, and max. B by the total load/ -h fn. Hence 

min. B : max. B \\ p \ p -\- m. 
Hence 

/»=30o[.+2^J (9) 

From this formula, we have for different values of — — — the following allowable 

p -{- tn 



stresses. For 








\ 












^ = 0, 
/ + w 


h 


f. 


i 


♦. 


A, 


6 
1T» 


,'j, 


!. 


I. 


/?= 300, 


400, 


470, 


525, 


576, 


600, 


628, 


650, 


700, 


900 


Thp fir^f rfl 


icp- 7ns.. 


/ 


= n rf^fp 


TQ fo VP 


r\r cViort 


HriHcTPQ 


whprp fh 


p Hparl 


\JL'PiorVlt 



' p + m ^' : "^ ^ _ ..-^ - 

can be disregarded. For this case /? = 300 lbs. per square inch, or less than for any of the 
other cases, which is justified by the fact that the influence of shock is greater the less the 
dead weight with respect to the moving load. 

The other limit, !>/>., — — — = i, refers evidently to bridges of such length that the 

moving load is very small compared to the dead weight. Such structures can have the 
highest allowable stress. 

Repeated Stress of Alternating Character. — We have from this case from II., 



r V — v' max. j5'~| 
L v max. B _\ 



For wood, we have the average values 7 = 2,860 and 7' = 1,430, hence 



_, r , max. 51 

a = 2,860 I — 1 rr 

L max. B J 



For ten-fold security, we have for the allowable stress per square inch in round 
numbers 



/? = 300 



, max. Bl ,, V 

I — i - — ^ (10) 

* max. B J ^ ^ 



where B' is the least numerical value of the two maximum strains. 
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For pieces whose alternate stresses of compression and tension are equal, we have 
max. B = max. B and 

y^ = 150 lbs. per square inch. 

B. WROUGHT IRON. 

I. Repeated Stress of one Kind Only.— For wrought iron we have as average 
values, /i = 50,000 lbs. per square inch, and ;; = 21,430, hence from I 



r . . min. B'\ 



Taking a factor of safety of about 4.5 we have for the allowable stress per square 
inch in round a umbers 

/J I . min. -5 "1 , . 

For pieces which sustain a quiescent load, we have min. B = max. B, and hence 

/? = 10,500 lbs. per square inch. 

For bridges and roof trusses, if/ is the dead load, and/ 4- m the total load per foot, 
we have' 

min. B : max. B \\ p \ p •\- m^ and hence 

/J = 4.500 [i + 1^-^] (12) 

From this we have for 



P _ 



= o, \, 4, I, f ,»u, ^\, t\» !» I- 



p -^ m 

/?= 4,500, 5,500, 6,215, 6,750, 7,170, 7,500, 7,773, 8,000, 8,500, 10,500. 

The first limit, — - — = o, refers to very short bridges and structures where/ is very 

p ^ ffi 

small in reference to m. The second limit — ^ — = i, refers to very long bridges and 

p -\' ffi 

structures whose dead load is very great compared to the live load. 

2. Repeated Stress of Alternating Character. — For this case, we have rj = 

21,400 lbs. per square inch and 17' = 0.6 7 = 12,840 lbs. per square inch. Hence from II. 



r .max. B'^ 
« = 21,400 I -f ^ • 

L *^ max. B J 

For factor of safety of about 4.5, we have the allowable stress per square inch 

^ r , max. i?'"| /, s 

/J = 4,5oo|_i-|j;^^^J (13) 

For the special case of max. B' = max. B, we have the least allowable stress /? = 2,700 
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lbs. per square inch. In our formula, max. B' denotes the least and max. B the greatest 
of the two opposite maximum stresses. 

C. ORDINARY STEEL— NOT HARDENED. 

I. Repeated Stress of one Kind Only. — For ordinary soft ductile steel, of about 
0.45^ carbon, suitable for Bridges, we have /i = 71,430 lbs. per square inch and t} = 28,600 
lbs. per square inch. Hence 

o >r r . . niin. B~ 

a = 28,600 I 4- i „ • 

L max. B_ 

Taking a factor of safety of 3, we have for the allowable stress per square inch 

i 

For quiescent loading, min. B = max. B, and the greatest allowable stress is therefore 

ft = 23,825 lbs. per square inch. 

For bridges and roofs, we have, if / is the dead load and/ -f m the total load per 
foot, 

min. B : max. B :: p : p ■\- m^ 

hence 



/» = 9.53o[i+|^-:f J 



If/ is very small compared to/ + w, we have for the lower limit P =9.530 lbs. per 
square inch. 

2. Repeated Stress of Alternating Character.— For 7 = 28,600 and 7' 17,140, 
we have from II, 



o ^ r • max. j5n 

a = 28,600 I - I ^ 

L max. B J 



For factor of safety of 3, we have the allowable stress per square inch 

a - r • max. B"^ , . 

If the compression and tension stresses are equal, max. B = max. By and hence 

fi = 5»7^o lbs. per square inch. 

D. CAST STEEL. 

I. Repeated Stresses of one Kind Only. — For soft cast steel, of about 0.6^ carbon, 
with phosphorus below 0.03^, we have /i = 1 14,300 and ;; = 53,6oo lbs. per square inch. 
Hence from I., 



^ , r , min. ^n 
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For coefficient of safety of 3, we have the allowable stress per square inch 

^=,;,87o[, + ,.,35|4] (.6) 

For pieces subjected to quiescent load, min. B = max. B and ft = 38,000 lbs. per 
square inch. 

For bridges and roofs, if/ is the dead load and/ -f m the total load per foot, 

min. B : max. B \: p :p -\- m 
and 

/?= 17,870 [i + 1.3 y^] (17) 

If/ is very small with reference to «r, or — — — = o, /? = 17,870 lbs. per square inch. 

2. Repeated Stress of Alternating Character. — For the same quality of cast- 
steel, rf = 53,600 and 7' = 28,570, hence 



- /: r .. max. B n 

a = 53,600 I - W D- • 

L max. B J 



The coefficient of safety of 3, we have the allowable stress per square inch 

max. B' 



a ^ o r « max. B ~] 

fi = 17,870 I - A w 

L max. B J 



For pieces subjected to repeated stress of opposite character equal in each direction, 
fi = 9,570. 

£. IRON WIRE ROPE. 

For iron wire rope, we have the average values pi = 85,700 and p = 34,300 lbs. per 
square inch. Taking a factor of safety of 3, we have for repeated tension, from Laun* 
hardt's formula, 

^ r . min. -5 "I / Qv 

F. STEEL WIRE ROPE. 

For good steel wire rope, we have f* = 163,000 and 7 = 80,000 lbs. per square inch. 
Hence for repeated tension we have, from Launhardt's formula, 

/? = 26,700 [i + ^^] (.9) 

G, SHEAR. 

« 

We can also apply our formulae 



ft L V max. B J 
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and fi='L\,^>^-v'^^^-n, 

« L V max. Bj 

to shear also. Thus Weyrauch has shown that for iron and steel we may take the allow- 
able unit stress for shear 

where ft is to be found as before. 

New Method — Recapitulation. — If a piece then is subjected to tension or com- 
pression only and if max. B is the greatest stress in lbs. per square inch, then the cross 
section is equal to 

r^ max. B , . 

^ = — ^— (20) 

just as for the old method, only the value of yS is to be found from Launhardt's formula, 

fi = ^-\, + ^1^^ '^HIL^.I (2,) 

n i_ rf max. B j ^ ' 

for repeated stress of one kind only, and from Weyrauch 's formula 

/, = ^rx-^i^H^i (22) 

« L V max. B J ^ ^ 

for alternating stress. 

For the preceding we have for 

n ff 1] 

Wood, 300 2 J, 

Wrought iron, 4,500 f f. 

Ordinary steel (soft), 9,530 f |, 

Soft cast steel, 17,870 1.13 ^, 

Iron wire rope, 11,400 | 

Steel wire rope, 26,700 i. 

In these formulae, max. B is the greatest stress and max. B' the least of two opposite 
stresses, while min. B is the least stress for repeated stress of one kind, all inserted numer- 
ically without reference to their character, whether tension or compression. 

For shear, for iron and steel 

A = i/» (23) 

where /? is found as above. 

Example i. — Ont of the lower bays of a wrought-iron girder has a tension of 6o,cxx> ibs. due t€ the live load and a 
tension of 30,000 due to the dead had. What should be the allowable unit stress and area t 
For this case min. B = 30,000 and max. B = 90,000. We have then from (21) 

[30 ooo~| • 

I -h J ^-^ — = 6.500 lbs. per square inch, 

and from (20) 

- QO,O0O o • L 

F^ , =13.8 square inches. 

6.500 -^ ^ 
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Example 2. — One of the braces has a tension ^/ 40,000 lbs. due to the live had and a compression due to the dead 
had of 5,000 llfs. What should be the unit stress and area, neglecting flexure f ♦ 

For this case, max. B = 5,000 and max. B — 40,000. We have then from (22) 

fi = 4,500 [ I - f 7^^ J - ^'^^^ ^^' P*^^ ^MAtt^ inch, 

and from (20) 

^ 40,000 , , 

F = ^-^ = 0.3 square inches. 

4.275 ^"^ ^ 

New Method— Application to Long Struts.— The method just given applies 
to pieces in pure compression or tension, but does not take into account the extra material 
required for stiffening, in the case of long struts. The usual method for finding the allow- 
able stress in such cases has been already given on page 278. The formula there given 
for the crippling stress per square inch is 






which must be multiplied by the variable factor of safety 

I 
4+iAr- 

or, for round and rectangular cross sections 



~~T' 

in order to find /3. This formula enables us to find for any given cross section the safe 
allowable stress, which should not of course be exceeded by the actual computed stress. 
This formula is, however, open to the objection that it considers the load as quiescent in- 
stead of repeated. 

We may, however, apply our method to this case also. 

Thus we have from the Theory of Flexure, for the crippling stress in lbs. per square 
inch 

1'=^ to) 

where 6 is an experimental constant. Now let 



«=^- •• (^^) 



Then from (23) 



P- ^ 



N 



*See page 292 for flexure. 
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Now equating this value of P with the value of P given by Gordon's formula, we have 



or 6> = I + ^ — 



(25) 



The values of c we know already. Thus 

T2 L* ' 12 1 

For wrought trofty c = 



for square ends, round ends, and one 



36,cxx> 36,000 24,000 
end square and one round, respectively. 

For cast iron, c ■= - — , > —i" > and {or wood c = , , — — for square ends, 

800 400 1,000 550 275 550 ^ ' 

round ends, and one end square and one round respectively. 

The required cross section, then, taking flexure into account, is 



F = 



max. B 



(■-:.■) 



max. B 



(26) 



where the values of c are as just given for various materials, and ft is given by the for- 
mulae of Launhardt or Weyrauch. Thus, for repeated compression only. 



0,_, V r J . ^LZlJl mi n. B "1 

^1 "^ ^ I + r -^^ max. ^ J 



(27) 



for alternating stress of max. B compression, and max. B' tension, we have when 
(i-^-c -j-j max. B > max. B', 



ft = 



V 
n 



_ !iZ' 7.' max. /?' "1 



when ( I -f r 



(■-^-) 



max. B < max. B 



/» = 



V 

n 



I — 



(I .\. c - ) max. B 
V - if \ r' J 



max. Jj 



(28) 



For various materials we have the following values, already given on page 29a 



n 



Wood, 


300 


Wrought iron, 


4,500 


Soft steel. 


9.530 


Soft cast steel, 


17.870 



V 

2 

i 

'•'3 



V 

I. 
f 
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We see from equation (26) that flexure may be neglected when ^ 3- is very small 
An example or two will suffice to illustrate the method of calculation. 

Example i. — A squart^nded column of wrought iron of rectangular cross section^ QO feet long, is subjected to repeated 
compression of io,ooo Ibs.^ and has a permanent compression due to dead load of 5,000 lbs. Neglecting flexure, what should 
be the cross section f 

We have for this case, min. B = 5,000 and max. B = 15,000, hence from (21) 

fi = 4»500 1 + i -^ = 6,500 lbs. per square inch. 

The cross section then is 

_ 15,000 . , 

F zr. =2.3 square inches, 

6,500 -^ ^ 

whatever may be the form of cross-section, and whatever the length of piece. 
If the load were quiescent, we should have, neglecting flexure, 

fi = 4,500 [ I + J ] = 10,500 lbs. square inch, 
and 

_ 15,000 . , 

F = ~ = i'4 square inches. 

10,500 ^ 

Example. 2. — In the preceding example, should flexure be taken into account? and if so, what should be the cross 
section? 

We have first to assume the shape of cross section, say, for instance, that it is rectangular. Then 

F bd ^ 

We see then that r* will vary with the assumed value of d, and we see from (26) that the greater r* is taken the 
less will be the required cross section. Since d stands for the least dimension, we may make any number of assumptions 
as to the values of d and b and find the corresponding f* and cross section ; only d must always be taken less than b, 
or at most equal to it, but never greater. 

Thus we have already found /* = 2. 3 square inches, where flexure is neglected. Let us suppose that for flexure, 
this must be increased to, say, 4 square inches. This is merely our first approximation. Now we may assume different 
dimensions of the rectangular cross section, provided only that ^</ = 4 and d is taken less than b. Thus we may take 

</=2 1.75 1.50 1.25 I, 

b = 2 2.28 2.66 3.2 4, etc. 

For our first approximation it is best to take those values of d and b which give the greatest value for r*, because 

as we see from (26) the greatest value of r* corresponds to the least or most economical cross-section. 

/ A bd* 
Taking then </= 2 and * = 2, we have f* = — = ^—-r- = A ^^> ^^ ''* = "Ar*^ «= iV 4 = o»33- For this as- 

I* od 

snmed value of r* we have 

f ^ = ^Q* -. 57»6oo _ 

r* 36,000 X 0.33 36,000 X a33 

This is considerable, and we see then from (26) that flexure should be Uken into account. 
We have, then, from (27), which applies to the present case, 

fi = 4.500 [x + J ^J^^^^ = 'bout 5.900. 
Fronr(26) then 

p »- \ ^' 4; 5* _. nijQ^t J 5 square inches. 

5,900 

We should have then an area of about 15 square inches, providsd we so choose the dimensions that the value 
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OF r* REMAINS EQUAL TO 0.33. It is important to note this point, because if we change r', /'will evidently be differ- 
ent. We may then have a rectangular cross section, whose least side is given by ^ //' = 0.33, or d=. about 2 inches, 
provided ^ = 7.5 inches. 

But this is by no means the most economical area. Thus, we assumed 4 square inches to start with, and found 15 
square inches. Our assumption was, therefore, too small. 

Let us again assume an area of 9.6 square inches. Then for square cross section -j'^ 9.6 = 0.8 = r*, and r — |- =2. 

We have from (27) 

/^= 4,500 I I + J — ^-^?^ — I = about 5>«)0, 
L 15,000 X 3 J 

and hence from (26) 

-, 3 X 15,000 . , 

F = = Q square mches. 

5,000 

We see then that we may take an area of about 9.5 square inches, provided we keep r* = 0.8. This win give us for 
<^. tV ^* = 0.8, or </ = about 3 inches, and hence ^ = 3. 15 inches, or a cross section nearly square. 

For quiescent load the area ought not to be so great. Let us assume an area of 8.4 square inches. Then, since 

'—n and ''* =0.7 and c -^ = 2.3, we have from (27) 

max. B ' ^a ./» V // 

/!( = 4.50o[i+^-/--]= 6.300. 

and from (26) 

r, 3'3 ^ 15.000 , « . , 

F = - — = about 8 square inches. 

6,300 ^ 

We can, therefore, take for quiescent load an area of 8.4 square inches //vz'idV</ we keep r * = 0.7, or take </= 2.9 
and & = 2.9. An area of 3 inches by 3 inches will then be amply sufficient. 

From Gordon's formula, page 278, if we assume an area of ii square inches, we have for square cross section, r* 

= 0.92, d = 3.22, ^ — , = 1.74, hence ^ 



Hence 



r' 

I 38. 500 

p = :?_?_ = r22a 

'^ 240 2.74 

/* = ' = about 12 inches. 
1,220 

Gordon's formula gives us then an area of about say 1 1.5 square inches, provided we keep r ' = 0.92. That is, make 
</= 3.32 inches and d = 2*3^ inches. 

We see, then, that Gordon's formula gives a greater area than our present formula. Our example is for a long stmt 
sustaining a very small load, only 15,000 lbs. at most. This gives a very small area, neglecting flexure. For a heavier 
load, the area, neglecting flexure, will be much greater, and the allowance for flexure less. In such case, the difference 
between the results of our formula and Gordon's will be less marked. 

As it is, we see from our Example that in practice we should have for quiescent load, from our formula 

d= b=. 2.9. * 

For repeated stress, from our formula 

d=% ^=315. 
While from Gordon's formula we have 

</=3.3, ^=3.3. 

Example 3. — Suppose in the preceding example wv have alternating stress of 10,000 lbs, compression = max. B^ Oftd 
5,000 lbs. tension = mcuc. B'. What should be the cross section, disregarding Jlexure f 
We have for wrought iron, from Launhardt's formula, page 290, 



■. < 



hence 
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fi = 4,500 I — I — ^ = 3>6oo lbs. per square inch, 

10,000 
F — -T — = about 3 square inches. 
36,000 ^ ^ 

For repeated stress of one kind only, between the same limits, we found 2.3 square inches. 

Example 4. — What should be the cross section tcUdng flexure into account? <md how can we tell whether flexure 

ought to be taken into account ? 

Let us decide the last question first. 

We must first assume the shape of our cross section. Let it be, say, circular. The diameter for 3 inches area 

icd^ 
will then be </ = 1.95. The moment of inertia is then, page 218, / = —r — . The square of the radius of gyration is 

04 

/ nd^ nd^ </• ,„ . , , 

then r' = — = — \ = — - = a24. We have then, for square ends, 

./4 04 4 10 

/« 240* 

c -r = -7 — -^ = 6.5. 

/• 36,000 X 0.24 

Since this is considerable, flexure should be taken into account, because, as we see from (26), flexure can only be 
neglected when r -^ is very small compared to unity. 

Let us assume as a first approximation /* = 8 square inches. 

_, _ nd^ ..32 , . r ^<^* * -^ ^' 32 , *,r ,^ 

Then smce F = — , « " = ^^— : and smce / = -r- » '' = -7; = -7-= -t~ = 0*63. We have then 

4 ic 04 r \Ki TSifC 

n 240* 

r -=- = 1 2- = 2.54. 

r" 36,000 X 0.63 "'^ 

and 

/• 
i + ^ 71 = 3.54. 

Since in this case then ( i + r — ^ J max. B = 3.54 x 10,000 = 35,400 is greater than max. B^ we must use the 

first of equations (28). We have then 

]» 
=r about 4,240 lbs. per square inch. 

Hence 

F =r — ! 5l53 = 8.3 square inches. 

4,240 ^ ^ 

As this is nearly equal to our assumed value, we do not need to make another approximation. A circular cross 

section, whose area is about 8.2 square inches, is sufficient. This corresponds to a diameter of about 3.2 inches. 

From Gordon's formula, page 278, we have for an area of 9 square inches, </= 3.4 inches and r' = 0.73. Hence 

/• . 

I + r -5 = 3.19 and 

/?= ? 3?i500^^^^ 

240 3.19 

4 + 

lo X 3.4 

Therefore 

_ 10,000 . , 

F = — - — = 9 square inches. 
1,100 ^ ^ 



Add to this the area required for tension, viz., 

5.000 



= a5. 



10,000 
and we have /* = 9.5 square inches. 
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An area of about 9.2 square inches therefore is sufficient. This corresponds to a diameter of about 3.4 inches. 

We see then that Gordon's formula gives a somewhat greater area than that called for by our formula. 

Example 5. — In exampU 2, on page 291, ought flexure to be taken into account^ supposing that the length 0/ brace is 
10 feet f If so, what should be the area ? 

Let us assume the shape of the brace to be rectangular. We have found its cross section, neglecting flexure, to 

be 9.3 square inches. Let us take ^=1.5 inches, and therefore 6 = 6.2 inches. Then r ^ = ^ </* = about o. 19. Sup- 

2 
pose it is hinged at both ends. Then c = —z and 



120' 



Hence 



c — ,= — = 4.2. 

r' 18, coo X 0.19 

We see then from (26) that flexure should be taken into account, because r -^ is much larger than unity. 

Let us take the area 14 square inches, and </ = 2 inches and ^ = 7 inches. Then r' = -j^ </* = 0.33 and c 

/« /* / I* \ 

— = 2.42. Hence i + r — j- = 3.42 and f i + ^ -r ) ^^i''' ^ — 242 x 5,000 =12, 100. Since this is less than max. B' 

= 40,000, we must use the second of equations (28). We have then 

p = 4,500 fi — I — *- — = 3,950 lbs. per square inch. 

_ 40,000 , . , 

F z= = about 10 mcnes, 

3»950 

provided we so arrange the dimensions that r* is still 0.33. We may then take </ = 2 and ^ = 5 inches. 

Example 6, — Suppose a wroughM'ron column, 20 feet long, to have a cross section in the shape of a double Tee, and 
to be subjected to a stress of 140,000 lbs. repeated comptession, and 60,000 lbs. compression due to dead load* Let it be fixed 
at both ends. Ought we to provide against flexure ? and if so, what should be the cross section t 

If there is no flexure we have from Launhardt's formula 

P r= 4,500 I + J — ^ = 6,300 lbs. per square inch. 

This would give us for the area 

_ 200,000 . , . , 

F = -H = about 32 square inches. 

6,300 ^ 

The area for this form of cross section is, page 216, 

F'=^bh-'{b-b,)hx, 

We may, therefore, take ^ = 8, ^ =- 8, &i = I and hx = 4.57 inches. The moment of inertia then is 

/= tV [ ^^* - (* - *i) ^1"] = 285. 
We have then 

-<4 32 

Hence 

/• 57»6oo - 

^-r = < 5— = 0.18. 

r* 36,000 X 8.9 

/« 

We see then that r -^ is quite small, and hence from (26) the area is increased but very little. We may then take 

40 square inches as the required area, provided we so arrange our proportions that r* remains nearly 8.9. 

Allowance for Impact. — Even after the proper cross sections have been found, 
either by the " old " or " new " methods, it may sometimes be necessary to make allow- 
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ance for the effect of impact. It is evident that the effect of impact will be greater for 
short spans than for long, and, therefore, heavy spans whose inertia is considerable. 

For railway bridges the following allowances for impact are specified by the Keystone 
Bridge Co. : 



Length of span. 


30 


45 


60 


75 


90 


105 


120 


•35 


feet. 


Allowance for impact, 


20 


15 


12 


10 


8 


6 


4 


2 


per cent 



Above 135 feet no allowance is made. The above allowances are for truss members 
only, u e.y chords and main braces. For other members the specifications are as follows : 
" Stringers, floor beams and counter ties, 25 per cent. ; middle ties and posts, 10 per cent.; 
riveted connections of stringers and floor beams, 50 per cent. ; floor-beam hangers, 100 per 
cent." 

We should never forget ^ when calculating the areas of the several pieces of a structure, to 
make allowance for the effect of impact, when such allowance is called for l)y the character 
of the loading. This allowance, we see from the preceding, may be very great. Thus for 
direct impact, as in the case of floor-beam hangers whose weight is small, the allowance is 
100 per cent. For indirect impact, as in the case of floor-beams and their connections, it 
is 50 per cent. 
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CHAPTER III. 

DETAILS AND CONNECTIONS. 

After we have found the strains in every piece of the structure, according to the 
principles of Part I., and then determined the necessary cross section of each piece ac- 
cording to the methods of the preceding Chapter, it still remains to put these pieces to- 
gether in such a manner that the connections shall be at least as strong as any other part 
of the structure. 

As a combination of pieces is only as strong as its weakest part, it will be at once seen 
that the choice and disposition of proper connections is a vital point in the designing of a 
good structure. 

We have but few principles to guide us in this direction. The student will do well to 
study intelligently and carefully and to compare one with another, the details and con- 
nections used by our best bridge companies, as shown in their illustrated albums. Also to 
note all such points of interest as come under his observation in existing structures, and to 
learn to criticise such details with reference to their points of relative advantage or disad- 
vantage. 

In the attainment of such knowledge books can be of little value, except so far as 
they give illustrations of good practice. We shall endeavor to give here a few selected 
examples of the most approved details and connections, and point out how and wherein 
they are good. Also a few selected examples of details and connections not so good, and 
point out why they are not desirable. A few remarks will accompany each illustration. 
The rest must be left to the student's application, industry and intelligence. 

Floor Beams — Computation of. — The locomotive we have assumed concentrates 
90,000 lbs. on six drivers, three on each side, on a 12 feet base. The locomotive and tender 
cover 50 feet. The 38 feet not covered by drivers we suppose loaded with 2,000 lbs. per 
foot. The total weight assumed for locomotive and tender, then, is 90,000 + 38 x 2,000 = 
166,000 lbs. 

Now each floor beam extends from an apex of one truss to the corresponding apex of 
the other. Upon the floor beams we have longitudinal stringers, and upon the stringers 
rest the rails. 

If the length of bay is six feet, then the centre driving wheels can cause a concen- 
trated load of ^^ = 30,000 lbs. on the floor beam. 

If the length of bay is 12 feet, the centre driving wheel may rest directly on the floor 
beam, while half the weight of the front and rear drivers is also supported by the beam. 
In addition to this we have 2,000 x 6 = 12,000 lbs. in front of the fore drivers and behind 
the rear drivers. One fourth of this is carried by the floor beam. We have, then, alto- 
gether, 30,000 + (2 X 15,000) + (2 X 3,000) = 66,000 lbs. for the weight sustained by floor 
beams. 
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For bays greater than 12 feet, we consider a load of 2,000 lbs. per foot extending from 
front and rear drivers to the nearest floor beam at each end, and suppose the centre driver 
to rest on the floor beam. 

Thus for a bay of 20 feet we have 30,000 lbs. due to centre driver. Then for front 
driver, and also for rear driver, we have iJ x 30,000 = 21,000 lbs. on floor beam. While for 

2 000 X \A. X 7 

the load of 2,000 lbs. per foot we have -^ ^ ^ = 0,800 lbs. on floor beam. The 

'^ 20 ^ 

total load is, then, 

30,000 -f 2 X 21,000 + 2 X 9,800 = 91,600 lbs. 

We can thus find the total load on floor beam for any length of bay. Of this total load, in 
any case, one half acts on floor beam over centre of one rail, and one half over centre of 
the other rail. The floor beam is, therefore, in the condition of a beam resting on sup- 
ports at the ends, and acted upon by two equal known loads at equal distances on each 
side of the centre, for single track, and by four equal loads, symmetrical on each side of 
centre, for double track. 

If the floor beam is a framed girder, we can calculate the area of its flanges and 
braces, in accordance with principles already laid down for framed girders. 

If the floor beam is a solid rolled beam of any cross section, we must apply the prin- 
ciples of Appendix to Part I., Chapter II., page 212. 

In either case we must not forget to add th^ percentage for impact^ page 297. 

In highway bridges the floor-beams support stringers, placed about two feet apart, 
parallel to the axis of the bridge, and upon these stringers we have the floor. The load of 
such a floor-beam may be taken as uniform over the whole length. 

As the principles of framed structures have been already explained fully, it will be 
unnecessary to illustrate the method of designing a framed floor beam. 

Example.* — Let us take as an example, then, a solid built beam for a highway bridge. 
Let the length be 20 feet and the beams 12 feet apart. Suppose the weight of flooring, 
beam and load, to be 120 lbs. per square foot. Then the total load sustained by each 
beam is 

20 X 12 X 120 = 28,'8oo lbs. 

The moment at any point distant x from the end (page 230) is then 

M^^ ^-^ X —^-- (i) 

22 ^ ' 

where p is the load per unit of length and / is the length. In the present case, / = ^^f^ = 
1,440 lbs. The moment at the centre is, then, 

1,440 X 20 1,440 X 100 

-^-^-^ 10 ^=^ = 72,000. 

2 2 ' 

In designing solid beams, the web is supposed to take the shear only, and the flange 
strain at any point is found by dividing the moment by the depth at that point if the 
flanges are horizontal. If one flange is inclined, the quotient should be multiplied by the 
secant of the angle of inclination with the horizontal. 

Shape and Dimensions of Flanges. — The depth of floor-beams may be taken at 



• Wc have taken the above example from ** Stresses in Bfidge and Roof Trusses,'* by Prof. Wm. H. Burr. Wiley 
& Son, New York, TS8a The quotations are in the words of the book referred to. 
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i to T^f the span. Let us take ^th in the present case. Then the depth at centre is 2.5 
feet. 

If now we have a uniform depth throughout, the flange strains will increase toward 
the centre. To facilitate construction it is better to have the flange strains as nearly uni- 
form as possible. 

We have seen (page 230) that equation (i) is the equation of a parabola. The mo- 
ments then decrease from the centre according to the ordinates of a parabola whose ver- 
tex is at the centre, as shown in Fig. 201(a). If, then, we diminish the depth correspond- 
ingly, the flange strains will be constant. The beam, then, should theoretically have its 
lower flange curved to a parabola whose ordinate at the middle is 2.5 feet. To facilitatcT 
construction, however, we may make it, as shown in the following Fig. 201 (a), where the 




2.JKxSK>(K ^-U^aw4>er yd. 



lower flange is in three straight pieces, tangent to the parabola. 

The ends should be deep enough to resist the shear — = 14^400 lbs.* 

The ordinates to the parabola above the beam, as given by equation (i), give the mo- 
ments at any point. Thus we have at C 36 ft. tons, at B 28.08 ft. tons, and at A 15.6 ft. 
tons. The respective depths at these points are 2.5 ft., 2.05 ft., and i.y'ft. 

The strain in top and bottom flange at C is then ^— = 14.4 tons, and neglecting the 

2.5 

secant of inclination, because the angle is small ; 



strain in flanges at B is 



28.0 8 
2.05 



= 13.7 tons, 



strain in flanges at A is -^= 12 tons. 



* As a general thing, shearing is provided for even when the ends are made as shallow as good construction will 
allow, which is generally done. Calculations should be made on this point in doubtful cases. 
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If angle of inclination is large, the last two results should be multiplied by its secant, 
in order to find the strains in the bottom flange. 

Let the allowable stress per square inch be 10,000 lbs., or 5 tons per square inch of 
net section of flanges, after rivet holes have been abstracted. Then 

area of flanges at C = -^^ = 2.88 square inches, 

area of flanges at ^ = -^^ = 2.7 square inches, 

12 . • 

area of flanges at -^ = — = 2.4 square mches. 

A bar of iron three feet long and one square inch area of cross section weighs almost 
exactly ten pounds. Hence, whatever the form of cross section, we can always find the area, 
by dividing the weight per yard by ten. 

Now if for the flanges at C, top and bottom, we adopt, as shown in the Figure, two 
angle irons, 22" x 2\" x |", such an angle iron weighs 19J lbs. per yard.* The area of 
each flange, top and bottom then, will be 

2 X —• = 3.9 square inches. 

If i" rivets are used, the area of each flange will be diminished by 2 x } x | = 0.53 
square inch (nearly). The net section then is 3.9 — 0.53 = 3.37 square inches. This is 
considerably greater than the 2,88 square inches required. The next lightest section rolled 
is, however, too light. It is cheaper to use a section which can be bought in market, than to 
have one rolled to order. Moreover, allowance must be made for deterioration in punch- 
ing the iron and for impact, hence we take two 2\ equal length angle irons, \" thick, for 
each flange. 

" The dark section at C shows the method of riveting the angle-irons to the web. 

" The diameter of the rivet is, to a great extent, a matter of judgment with the en- 
gineer. In the great majority of built-up floor beams, it ranges between f " and |", though 
it sometimes exceeds the latter limit. The rivet hole is made with a diameter about -f^" 
greater than that of the rivet. This allows the rivet to enter freely when heated, and by 
the process of riveting the shaft is made to fit the hole. 

Thickness of Web and Riveting. — " The determination of the thickness of the 
web is, to a great extent, also a matter of judgment. It is seldom taken at less than J" or 
greater than \", The latter value would be taken only for an extraordinarily heavy 
girder, such as is sometimes used in turn-tables for bridges." In our example the beam 
is a light one, and we assume the web {" thick. The safety of this assumption may be 
tested as follows: 

" It has been already stated, that in built beams the tension and compression are as- 
sumed to exist wholly in the flanges, and that the whole office of the web is to take up 
the shear. Since the web can offer, comparatively speaking, but very little resistance to 
bending, it is clear that these assumptions are essentially true. The web, then, in reality 
corresponds to the neutral surface of a solid beam, and consequently the lines of greatest 



4 
* I 



* Weights of all cuslomary sizes of aogle iron, etc., may be found in the pocket-book of Carnegie Bros, or other 
Companies. 
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shear in it are vertical and horizontal. But it is known that a pair of shears, on two 
planes at right angles to each other, are accompanied by two direct or normal stresses of 
opposite kinds and same intensity as the shears whose directions make angles of 45° with 
those of the tangential stresses. Consequently the web at any point may be considered 
to be subjected to a compressive (or tensile) stress, whose direction makes an angle of 45** 
with a horizontal line. Now the intensity of shear in any vertical section is equal to the 
total shear, or load supported between it and the centre, divided by the area of the sec- 
tion. This will also be the intensity of the compression acting as just stated. 

** Let V be the vertical distance in any vertical section between the centre lines of rivets 
in the flanges, and let / represent v sec. 45°. Also let / be the thickness of the web and s 
the shear in any vertical section. 

" Consistently with what has been said, the web may be taken as composed of columns 
with ends fixed by the angle irons riveted to them, whose axes are inclined 45° to the 

horizon, and whose ratio of length to least thickness is — . Hence by Gordon's formula 

8,000 ^ V 



3,000 / 



t 



'' If the beam has a variable depth, as in the present case, this formula should be ap- 
plied to a number of different sections in the vicinity of that one where the depth begins 
to change. If the depth is constant, one computation for the end will be sufficient. If 
the thickness of the web is variable, the changes should be made in accordance with the 
formula above. Putting 8,000 in the numerator of Gordon's formula gives a factor of 
safety of about 5." 

" One great objection to a very thin web, is that it makes the floo'r unsteady and in- 
creases the liability to vibrations in the bridge." 

In the present case, let the formula be applied to the vertical section taken through 
F. From the centre to this section is 3.25 feet. The total shear at this section is then 

1,440 X 20 ^ ^, 

-=-^ 1.440 X 6.75, 

or 1,440 X 3.25 = 4,680 lbs. 

The height at this section is 2.5 feet = 30 inches, and the thickness is } inch. Hence 
the area of cross section of web at this point is 7.5 square inches. The value of s then ij 

s = — = 624 lbs. per square inch. 

7*5 

Testing this by formula (2) we find, since / = 30 sec. 45® = 30 x 1.414 = 4242 inches 

800 r . 

s = 5- = 750 nearly. 

3,000 

As the value 624 is less than 750, the web is assumed sufficiently thick. 
We have now found the form of the floor-beams, the area of flanges, and thickness of 
web. It remains to determine the number and distribution of rivets, 

" Now the web is so thin that the stringers cannot be taken as resting immediately 
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upon its edge, but they must be considered as resting upon the angle irons, and the load 
is thus carried through the rivets to the web. 

" The flanges take only direct stress, tension or compression, as the case may be, and 
this can only be acquired from the web through the rivets. That is, the applied load by 
means of shear in the web, gives tension and compression to the two flanges, and gives it 
to these flanges through the rivets entirely. The resultant stress upon the rivets is thus 
composed of two rectangular components — the applied load acting vertically downward 
and the horizontal flange stress. As already mentioned, the flanges may generally be 
taken as horizontal, since the angle of inclination is small. If they cannot be, then the 
resultant stress is composed of two oblique components, the method of whose combination 
is obvious. Hence if 



w 



represents half the entire load on the beam, and T the total horizontal flange stress, then 
the total resultant stress on the rivets will be 



i/(rJ 



+ r« (3) 



If the flange stress increased uniformly from E to C, then the rivets would be uni- 
formly distributed from E to C, and the number would be determined by dividing (3) by 
the amount of stress which each rivet is to carry. But the stress oi A (12 tons), as we have 
seen, is nearly as great as at ^(14.4 tons), and hence the greater part of the rivets must be 
between E and A. Now the strictly accurate method is to find the flange stress at a great 
number of points between E and C, and give the proper number of rivets to each portion. 
But as the stress increases so rapidly in the vicinity of £, the small portion near that point 
would require a greater number of rivets than it would be possible to get in, and it is found 
by experience to be sufficient to divide up half the beam into portions about like those 
shown by EA^ AB^ BC^ so that the pitch over EA shall be the least allowable. 

Take EA = 2.5 feet .'. applied load on EA =: 2.5 x 12 x 120 = 3,600 lbs. 
Take AB = 2.9 feet .*. applied load on yliS = 2.9 x 12 x 120 = 4,176 lbs. 
Take BC = 4.6 feet .'. applied load on BC = 4.6 x 12 x 120 = 6,624 lbs. 

Since the horizontal flange stress aX A is 12 tons, the resultant stress on all rivets 
between E and A is from (3) equal to 



V 12' + i.iH* = 12.2 tons. 

The difference of horizontal flange stress between A and B is 148 tons. Therefore 
the resultant stress on all the rivets between A and B is 



V 1.48^ + 2.09* = 2.6 tons. 
In the same manner, the resultant stress on the rivets between the points B and C is 

V I* + 3.31^ = 346 tons. 
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" The stress which each rivet must sustain is, since the web is i" thick and diameter 
of rivet f , 

J" X J" X 8,000 = 1,500 lbs, 

taking the maximum mean stress against the side of a rivet at 8,000 lbs. The diameter of 
the rivets must be such that this stress is less than the safe shearing strength. Taking the 
safe shear at 7,500 lbs. per square inch, to test this, we have, since two sections must be 
sheared, the shearing strength equal to 

7r^/» ^ ^ 

2 X 7,500 = 6,600, 
4 

or considerably greater than the actual stress. 

Also the pressure against the angle irons may be omitted, because the area over which 
the pressure is to be taken for these is 

2 X } X I = 0.563 square inch, 

and this is greater than J x i = 0.1875 square inch. 

The number of rivets between E and A should be, therefore, 

^4:429=, 6.3; 
1,500 •" 

number between C and B — — — = 4.7 ; 

1,500 

c 200 

number between B and A = ^ = 3.5. 

1,500 ^ ^ 



^o 
Hence pitch between A and E = -^-p- = 2" (nearly) ; 

\A. 8 
pitch between A and B = — — = 10" (nearly) ; 

ec 2 

pitch between B and C = ^^^~ = 12" (nearly). 

4-7 

The value 2" is too small, and 10" and 12" very much too large, even for a proper 
bond between the angles and web. The best distribution is to put 18 rivets at the end 
with 2i" pitch, and fill up the remainder with rivets at 6" pitch. The pitch should seldom 
be greater than 6" for the flange in compression, for it and the web should be sufficiently 
secured to support each other. 

" It is seen then that the rivets should not be uniformly distributed, but that the 
greater number should be near the end. 

" Immediately over the washers at the end of beam the web should be strengthened 
if necessary, so that the reaction of the support given by the suspender may not subject 
the material at that part of the beam to a greater intensity of compressive stress than 
8,000 lbs. 

" The web is represented as cut at the lines QQ, and the pieces riveted together by 
four ' splice plates,* two on each side. This is generally done, because it is difficult for 
the manufacturers to cut plates to the slope shown in one piece. Besides with the present 



I 
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facilities at iron mills in this country, plates of very great weight cannot be obtained ex- 
cept at extra prices, 

" If the resistance of the joint to which the splice plates are riveted is about six or 
seven tenths of that of the plate for the rim, it will be strong enough. 

" When a beam is so deep that its web needs supporting, it is accomplished by riveting 
vertical pieces of L '^^ angle iron across it at distances determined by the circumstances of 
the case." 

The above example is for a highway bridge floor beam. The method of determin- 
ing the dimensions, moments, number of rivets, etc.. for a railway bridge floor beam Ts 
precisely similar, only we must take the loading as indicated in the first part of this arti- 
cle, instead of taking it as uniformly distributed. The curve of moments for a single track 
thus reduces to three lines, according to the principles of Part I., Chapter IV., page 40, 
and for a double track to a broken line or equilibrium polygon. The rest of the work is 
similar to the above. 

Computation of Suspenders. — The entire load of the suspenders, then, consists of 
(i) Live load on floor beam, 

(2) Dead load of floor beam. 

(3) Weight of stringers, rails, etc. 
And, according to construction, 

(4) Weight of lower chord for one panel. 

Since the sum of (2) (3) and (4) is very small compared to (1), we have, from Laun- 
hardt's formula, page 287, the allowable stress 



or for wrought iron 4,500 lbs. per square inch. 

Half the entire load, of course, comes on the suspenders at each end. To the area, 
thus determined, we must add ih^ percentage for impact, page 297, 

Standard Roadway for Bridges. — the following illustration shows the Standard 
Roadway for Bridges as given in the specifications of the Cincinnati Southern Railway 
for April, 1881. 



ITdikI Strinfftr; 
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Eye-Bars or Links. — In American bridge practice the lower chords are almost 
always made of eye-bars connected by pins. An eye-bar should be so proportioned that 

it will break first in the body rather than 
the head or eye. Many experiments have 

,, ^ I j \, been made to determine the proper relative 

dimensions of head and bar. Prof. Burr, in 
his Stresses tu Bridge and Roof Trusses^ 
gives the following method of laying down 
an eye-bar head, as determined by a very 
extensive series of experiments, which is 
stated to have stood the test of long Amer- 
ican experience. Let r be the radius of pin hole and w the width of bar. 

•* Take EN, Fig. 202(0)^ equal to 0.66 w. The curve DRBK is a semicircle with a 
radius equal to r -f 0.66 «/, with a centre A, so taken on the centre line of the bar that 
QB = 0.87 w. GF is a portion of the same curve, with A' as a centre, AC being equal to 
AC. GH is any curve with a long 
radius joining GF gradually with the 
body of the bar. HG should be very 
gradual in order that there may be 
a large amount of metal in the vicin- 
ity of CG^ for there the metal is sub- 
jected to flexure as well as direct 
tension. FD is a straight line parallel 
to the centre line of the bar." 

** Fig. 202 (^) shows another method founded on the results of a mathematical investiga- 
tion. Take r and w as before. Then BC = AC = r + 0.87 «/, D/f = | tc; = 0.66 w, ED = 
EF=^ 2r + w. DF is described with ED until DCF = 45°. BAB is described with BC 
until BCA = 35°. BN is drawn from Z as a centre located in such a position as to cause 
that arc to be at the same time tangent to DN and AB. DN is a straight line parallel to 
the axis of the bar. PF is any easy curve. The dotted lines in both Figures show the 
slope that should be given in order to clear a die." 

" The outline of the head is frequently formed of a portion of the circumference of a 
circle whose centre is the centre of the pin hole. In such a case no dimension of the head 
should be less than the corresponding one determined by either of the methods just given. 
" Sometimes the head is thickened so that the mean maximum intensity of pressure 
between pin and hole shall not exceed a given amount/.* Let T be the mean maximum 
tension in body of bar, w the width, and / the thickness. Then if r is the radius of pin 
hole and /' the thickness of head, we have 



IT 



.^IC 



Fig. 208 ih) 




wt X T = 2 rpt\ or /' = 



IV tT 
2 rp* 



" Floor hangers are frequently formed like one end of an eye-bar. The eye takes the 
pin, and the other end is worked down for a screw thread and nut. This nut carries the 
shoe or washer on which the floor-beam rests." 

No welding on of ready-made heads to body of bar should be allowed. Steel eye-bars 
should be entirely without welds. 

* This given amount may be taken in railroad practice at 12,000 lbs. per square inch for wrought iron and 15,000 
for steel. The bearing surface being estimated as equal to dt^ or diameter x by thickness. 
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The specifications of the N. Y., Pa. & O. R. R. give for the least allowable area of 
section, through centre of eye perpendicularly to the direction of the bar, the following 
Table : 



RATIO. 



Dia, of pin 
Via, of bar ' 



Less than or equal to i.oo 

1.25 

1.50 

1.75 
2.00 



« « 
«< 
<< 



<4 
<< 



<t 



Arfa of eye 

RATIO. -. Vi - THROUGH CENTRE OF HOLE. 

Area of bar 



Hydraulic Forged Weldless! Hammer Forged Welded 
Iron Bars. Iron Bars. 




1.50 
1.60 
1.67 
1.71 

1-75 



Weldless Steel Bars. 


1.50 
1.60 
1.80 
2.00 
2.20 



^- 



Specifications as to quality of material, details of construction, riveting, workmanship, 
tests, etc., will be found at the end of this work. It is, therefore, not^ necessary to give 
them here. 

Size of Pins. — It is generally specified that the pins shall be turned straight and 
smooth, and shall fit the pin holes within ^^^th of an inch, at least. A difference of ^ to 
yfff of an inch is considered exceedingly good practice. For a well-fitting pin of wrought 
iron and large diameter, a pressure on the bearing surface of as high as 12,000 lbs. per 
square inch is considered allowable where the tensile limit is 10,000 lbs. per square inch. 
This pressure may be considered as uniformly distributed over the diameter of the pin. 
For steel we may take |ths as much as for iron, both in tension and shear. It has been 
shown that if the pin is properly proportioned to resist bending it will in all practical cases 
be safe against shear. In any case, the cross section to resist shear can easily be found. 
It remains to explain how to find the cross section to resist flexure. Let M be the bend- 
ing moment, T the strain per square inch in the outer fibres, and r the radius of pin. 

Then by theory of flexure (page 220), we have 



\ , 



TI 

r 



For circular cross section / = 



4 


; hence 


M = 


TTtr* 



Tad" 
32 



(1) 



where d is the diameter of pin. Mr. Baker, in his work on ** Beams, Columns and Arches y'* 
has shown that for flexure, the strain in the extreme fibres at the moment of rupture is 
for wrought iron f|ths of the ultimate resistance to tension. 

It is customary to specify T'in the above formula in railroad work at 15,000 lbs. per 
square inch, safe strain. 

From (i) we have, for the diameter of pin. 



• *' Beams, Columns and Arches " by B. Baker. R. & F. N. Spon, 187a 
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n T 



(2) 



If in any case, then, we know the bending moment M^ we can find, for any specified 
value of Ty the requisite size of pin from equation (2). 

It remains, then, to show how to find M. We have represented in Figfs. 202{c) and 
202{d) a pin joint, in general, in elevation and plan. K is the post which takes compres- 
sion only. A and B are inclined tension pieces. D, G and H are the lower chord members. 
The method of computation we shall give is perfectly general, whatever the number of 
braces A, or eye-bars A G, Hj there may be, or whether the post A!'is inclined or vertical, 
or finally, whether the joint is in the upper or lower chord. 



II 



E F QH 




Tly.809 (e) 



E 


P 




1 , , fu 

Fi : — \ — 1 


K 






Q^. - , , — 1 

r.— rr" ' — ■ 


H( 




j__j 



Let the angle of inclination of A and B to the vertical be (9^. The strains in all the 
pieces are supposed to be known. 

1st. Find the horizontal components of the strains in all the pieces. 

In the case illustrated the horizontal component of the strain \n A \% A sin B. Since 
K is supposed vertical, its horizontal component is zero. If it were inclined by the angle 
tfjr to the vertical, its horizontal component would be on each end of the pin, in Fig. 202(//), 

^ /J 

cos Vg. 

2 ^ 

We have, then, if A G and H are horizontal, D -k- A s\n Bj^ -= G -^t- H. If AT is 

K 
inclined toward A^D+A sin ^^ cos 6^ = G -^ H. If AT is inclined on the other side 

of the vertical away from A^ 

D ^ A^xxiB^ ^ — cos Sj^^zG ■\- H. 

2 



If G and H are not horizontal, but make the angle 6q with the vertical, we should put 
G sin 6q and //'sin 6q in place of G and H, 

2d. Find the centre of action of the horizontal components acting in one direction, 
and of those acting in the opposite direction.* In the present case find the centre of the 
two parallel forces D and A sin 6^, and of the two forces G and H, Let the distance 
between these two centres be Ix. • 

Then the moment in a horizontal plane is 



M, = {G + H) /, 



(3) 



• «< 



The stress in each member is supposed to act along the centre line or axis of that member. 
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Find in like manner the vertical components of all the stresses acting upon the pin. 
through the pieces which meet at the pin. In the- present case these components are 

A cos 6^ and — on each end of pin. Let 1% be the distance between the centre of action 



of — and A cos Q^. Then the moment in a vertical plane is in the present case 



Mt = {A>: 



'..) /« = 



(4) 



The resultant moment M is then 

This is the value of J/ which we must find and insert in equation (2) in order to find 
the diameter of pin. Of course if d is required in inches, we must take T in lbs. per square 
inch (15,000) and must take all the strains of the various pieces then in pounds, and find 
/, and 4 iti inches. 

Upper chord pins will in general have their greatest stress with the web members. 
Those in the lower chord with the load over the whole bridge. 

We give in the following Table the diameter of pin of wrought iron for outer fibre 
strains of 15,000, 20,000 and 22,500 lbs. per square inch, for different values of M. Such 
a Table will often save computation. If then Jf is found as above, an inspection of the 
Table will show at once what diameter of pin must be used. 



DUJLor 


JU 


M 


M 


DIAM. OF Af 


M 


iV 








FOR 






FOt 


IMCHtS. 


T= 15,000 


T= 30,000 


T= 33,500 


INCHES, 


T= 15,000 


7' = ao,ooo 


T= 33,500 




1,470 


1,960 


3,310 


4 


94,300 


135,700 


141,400 






a, 100 


3.B00 


3. 140 


4 


103.400 


137,800 


155.000 






a.8So 


3,930 


4,310 


4 


113,000 


150.700 


169.600 






3.830 


5,100 


5.740 




133,300 


164,400 


185,000 






4.970 


6,630 


7,460 




134,300 


178,900 


301,300 






6,310 


8.430 


9.480 




145.700 


194,300 


318,500 






7,890 


10,500 


11,800 




157,800 


310,400 


336,700 






9,710 


13,900 


14,600 




170,600 


3*7,500 


355.900 




n,8oo 


15. 700 


17,700 


5 


184,100 


345,400 


376,100 




14,100 


i8,Soo 




6l 


198.300 


364,300 


397.300 




16,800 


2 a, 400 


35,300 


5l 


3i3,roo 


384,100 


319,600 




19,700 


26.300 


29,600 




aa8,7oo 


304.900 


343,000 


3 

a 


33,000 


30,700 


34.500 


^ 


345.000 


336,700 


367,500 


36,600 


35,500 


40,000 




369,100 


349500 


393.100 




30,600 


40,800 


4S,900 


5' 


380,000 


373.300 


419.900 




35.«w 


46,700 


53,500 


si 398,600 


398,300 


447,900 


3 


39.800 


53,000 


59,600 


6 318,100 


434.100 


477.100 


3t 


44,900 


59,900 


67,400 


61 1 338,400 


451,300 


507,600 


3i 




67.400 


75,800 


'>\ 359.500 


479,400 


539.300 


3I 


|6;6oo 


75.500 


84.900 


(>! ' 381,500 


508,700 


573,300 


31 


63.100 


84,300 


94.700 


6t 404.400 


539,200 


606,600 


3i 


70,100 


93.500 




bi 438,300 


570,900 


643,300 


3* 


77.700 


103,500 


116,500 


6J 1 453,900 


603,900 


679.400 


3V 


85,700 


114,200 


138,500 


61 478,500 


638.000 


717.S00 



We also give in the following Table the bearing value of pins, for one inch thickness 
of plate, for allowable pressure of 12,500 lbs., and i$fioo lbs. per square inch. 
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BEARING VALUE = DIAGRAM OF PIN x i" x STRAIN PER SQUARE INCH. 



DIA. OF 








1 

1 DIA. OF 








PIN IN 
INCHES. 


AREA OF PIN INBKARING VALUEBEARING VALUE: 


PIN IN 


AREA OF PIN IN 


BEARING VALUE 


BEARING VALUE 


SQUARE INCHES. 


12,500 LBS. 


15,000 LBS. 1 

1 


; INCHES. 

1 


SQUARE INCHES. 


12,500 LBS. 


15,000 LBS. 




0.785 


12,500 


15,000 


It 


7.670 


39,100 


46,900 


li 


0.994 


14,100 


16,900 


8.946 


42,200 


50,600 


li 


1.227 


15.600 


18,800 


3S 


10.32 


45,300 


54.400 


I| 


I 485 


17,200 


20,600 


3l 


11.79 


48,400 


58,ito 


Ij 


1.767 


18,800 


22,500 


^\ 


13.36 


51,600 


61,900 


If 


2.074 


20,300 


24,400 


1 A\ 


15.03 


54.700 


65,600 


II 


2.405 


21,900 


26,300 


, 4t 


16.80 


57,800 


69,400 


ll 


2.761 


23,400 


28,100 


i 4l 


18.67 


60,900 


73»ioo 


2 


3.142 


25,000 


30,000 


! 5t 


20.63 


64,100 


76,900 


2| 


3-547 


26,600 


31.900 


5i 


22.69 


67,200 


80,600 


24 


3.976 


28,100 


33,800 


' 5;^ 


24.85 


70.300 


84.400 


2| 


4.430 


29,700 


35,600 


1 5l 


27.11 


73,400 


88,100 


2^ 


4.909 


31.300 


37,500 


64 


29.46 


76,600 


91,900 


24 


5-413 


32,800 


39.400 


61 


31 92 


79,700 


95,600 


2i 


5-^o 


34,400 


41,300 


61 


34.47 


82,800 


99,400 


2l 


6.492 


35.900 


43,100 


61 


37.12 


85.900 


103,100 


3 


7.069 


37,500 


45.000 











Rules for Riveting. — We give in the Specifications at the end of this work many 
of the points to be observed in riveted- work. 

Rankine, in his Applied MecIianicSy gives the following general rules : — 
Let /denote the resistance per square inch of the material of the principal pieces to 
tearing ; 5, the total sectional area, whether of one piece or of two or more parallel pieces, 
which must be torn asunder in order that the structure may be destroyed ; /' the resist- 
ance per square inch of the material of the fastenings to shearing ; S\ the total sectional 
area of fastenings at one joint, which must be sheared across in order that the structure 
may be destroyed. Then if the conditions of uniform distribution of stress are fulfilled, 
the priiicipal pieces and their fastenings ought to be so proportioned, that 



fS=fS\ or^'= L 



(I) 



For wrought-iron riveted plates, we have 



^, = 1, ox S' = S 



(2) 



For wrought-iron bars connected by bolts or rivets, we have 






or 5' = I 5. 



(3) 



Example i. — Plate joint overlapped^ single riveted. 

t = thickness of plate, 
d = diameter of rivet, 
c = distance from centre to centre of rivets. 



00000 



5' 
Then i = -^ = 



Sectional area of one rivet __ 0.7854 d^ 

Sectional area of plate between two holes t{f -^ d) 



• (4) 



so that d and / being given, we have 



l-^ 



t ' 



DETAILS AND CONNECTIONS. 



0.7854 d* ^ 

t 



3" 



' . (5) 



In practice d is usually from 2/ to \\t\ and the overlap from r to iiV ^. 
Example 2. — Plate joint overlapped^ double riveted. 



0000 
000 



i 



I =— - 



Sectional area of two rivets 



S Sectional area of plate between two holes in same line 
_ 1.5708 d* 



t(c - d) 



Hence 



, ^ i-S/oS d* ^^ 



(6) 



(7) 



Overlap in practice = if ^ to \\ c. 

Example 3. — Plate butt joints with a pair of covering plates^ single 
riveted. 

Here each rivet can give way only by being sheared across in 
two places at once ; therefore 



00000 
00000 

A 



B 



5' 
I = -7;: 



2 X Sectional area of rivet 



__ 1.5708 d' 



S Sectional area of plate between two holes t {c — d) 



^ 1-5708 d^ ^ J 

Ir 



. . . . (8^ 



(9) 



Length of each cover-plate = 2 x overlap = from 2 c\,o 2\ c. 

Example 4. — Plate butt joints with a pair of cover-plates, double 
riveted, 

__ 5' _ 4 X Sectional area of rivet 

~ 5 ~" Sectional area of plate between two holes in one row 

3.1416^* , . 




B 



ic-d) 

c = ^d^l^+d 



(II) 



Length of each cover-plate = 2 x overlap = from 3^ to 3J c. 

The length of a rivet, before being clenched, measuring from the head, is about 4) i 
for over-lapped joints, and 5^ / for butt joints in the cover-plates. 

Example 5. — Pin and eye bars. If we have n parallel eye-bars united by a pin with 
• « + I eye-bars, to break the bolt or pin it must be sheared across at 2 « places at once. 
If 5 is the total sectional area of the bars in a link, and ^ the diameter of the pin, then 5' 
= 2 « X 0.7854 d^ = 1.5708 nd*y and since 5' = | 5 



-\r^. 



309 « 



(12) 



From the pocket-book of Carnegie Bros, we extract the following : 
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DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS. 



" In transmitting stress by rivets, it is customary to disregard the friction between the 
parts joined, as too uncertain an element to be relied upon to any extent The rivets 
must then be proportioned for the entire stress which is to be transmitted from one plate 
or group of -plates to the other, and they must be of sufficient size and number to pre- 
sent ample resistance to shear and afford sufficient bearing area, so as not to cause a crush- 
ing of the metal at the rivet holes. This latter condition, while generally observed for 
pins, is very often entirely overlooked in riveted work. Its observance, in most cases of 
riveted girders with single web, determines the size and number of rivets to be used, and 
frequently makes it necessary to adopt a greater thickness of web than would otherwise 
be required. Thus, if the web is /jr" thick, the rivets connecting the same with the flange 
angles have a bearing value of only 3,520 lbs. for a J" rivet, taking I5,0CXD lbs. per square 
inch, while their shearing value is, at 7,500 lbs. per square inch, 2 x 3,310 = 6,620 lbs. 
per rivet, the rivets being in double shear. Consequently, while the usual thickness of 
web of floor beams for railway bridges is J", it sometimes becomes necessary, for shallow 
floor beams, to increase this thickness to \' and even |'', in order that the pressure upon 
the rivets be not excessive." 

The pressure usually allowed upon rivet bearing is 15,000 lbs. per square inch. The 
bearing area is taken as the diameter of the hole multiplied by thickness of metal of plate. 

We give the following Table for shearing and bearing value of rivets, which is calcu- 
lated to save computation. 

SHEARING AND BEARING VALUE OF RIVETS. 



DIAM. OF RIVET 




SINGLE 


BEARING VALUE FOR DIFFERENT THICKNESSES OF PLATE AT I5,000 LBS. PER 


IN INCHES. 




SHEAR 


SQUARE INCH ( = DIAMETER OF RIVET X 


THICKNESS OF PLATE X 


1,500 LBS.). 






AREA OF 


AT 
















RIVET. 

1 


7»50O 
LBS. 


I 1 













1 

1 


1 






Fract- 
ion. 


Deci- 1 
mal. 


PER SQ 
INCH. 


1" 

4 

1,410 


A" 


I 

3'' 7 " 
f i b 


i" ■ 


9" 


I" U" 


'■• ! 


13" 
10 


V 


) 


0.375 


0.1104 


828 














1 




^ 


0.4375 


0.1503 


1,130 1,640 


2,050 
















i 


0.5 


0.1963 


1,470 


1,880 


2.340 


2,810 










1 

1 






^ 


0.5625 


0.2485 


1,860 


2,110 


2,640 \ 3. \i)0 


3.690 
















\ 


0.625 


0.3068 


2.300 2,340 


2.930 ; 3.520 


4.100 
















\k 


0.6875 


0.3712 


2,780 2,580 


3.220 


3.870 


4.510 


5.160 














\ 


0.75 


0.4418 


3,310 2,810 


3,520 


4,220 


4,920 


5,630 


6.330 












\% 


0.S125 


0.5185 


3.890 3.050 


3.810 


4.570 


5.330 


6,090 


6.860 


7,620 










J 


0.875 0.6013 


4,510 ! 3,280 


4.100 


4,920 


5.740 


6,560 


7,380 


8,200 








!J 


0.9375 0.6903 


5.180 


3.520 


4 390 


5,270 


6,150 


7.030 


7,910 


8,790 , 9,670 








I 


0.1 


0.7854 


5,890 


3.750 


4,6()0 5,620 


6,560 


7.500 


8,440 


9,380 10,310 11,250 






l/« 


1.0625 , 0.8866 


6,650 3.980 


4,980 


5.980 


6,970 


7.970 


8,960 


9,960 10,960 


11.950 


12.950 




li 


1. 125 0.9940 


7,460 1 4,220 


5.270 


6.330 


7.380 


8,440 


9,490 


10,550 11,600 


12,660 


13,710 


I4»770 


I.'b 


1. 1875 ' 1. 1075 

1 


8,310 4.450 

1 


5.570 


6,680 


7,790 


8,910 


10,020 


11,130 12,250 

1 


13,360 


14,470 


15590 



Economic Depth of Truss. — The best depth of truss is that which corresponds to 
the least quantity of material. The greater the depth, the less the strain in the flanges, 
while the shear is the same, and hence the web theoretically requires no more material 
Practically, however, the stiffening of long web members imposes a limit. So also do 
local conditions. Moreover economy of material is not always synonymous with economy 
of money. Design, character of details, and shop work, are important elements. Mathe- 
matical investigations of best depth are, therefore, of little or no practical value. Practice 
alone can give reliable results. American practice seems to have fixed the best depth at 
about 4^th or ^th of the span for girders with parallel chords, though local circumstances 
may often cause a greater or less depth to be taken. 



\ *-^ f ■ ■:■ 



CHAPTER IV. 

DETAILS AND CONNECTIONS— CONTINUED. 
A. LOWER OR TENSION CHORDS. 



The lower or tension member of girders is usually made of links or eye-bars and pins, 
as shown in Figs, 203 and 204, Plate 8, page 317. 




□ i 




The cross section is generally increased, as shown in Fig. 205, by increasing the num- 
ber of links or eye-bars. (Of the proper proportions of eye-bars and pins we have 
just spoken.) More rarely, the dimensions of the eye-bars are increased without increas- 
ing the number, or the number and dimensions may both be increased. For constructive 
reasons, it is evidently preferable to have the eye-bars all of the same size, and to increase 
the number as required. There is thus less expense than would result from bars of vary- 
ing size. This principle holds for all duplicated parts generally. 

We have given in Fig. 206, Plate 8, page 3 1 7. an isometric drawing showing the details 
of bottom chord, etc. This Figure, as well as Figs. 220, Plate 10, and 221 and 222, Plates 
1 1 and 12, were kindly furnished us for this purpose by Kellogg & Maurice, from bridges 
built by them during 1881, for the C. C. C. & I. R, R, It will be seen in Fig. 206 that 
provision is made for an auxiliary timber stringer to support ends of ties in case of derail- 
ment. It is generally customary to use a light iron stringer for this purpose, or else to 
space the main stringers in such a manner as to accomplish the same purpose. There are 
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many other points about Fig, 206 which will repay study, such as the connection of lower 
wind braces ; the construction of posts and details at bottom of posts, etc. 

In Figs. 207, 208 and 209, we give still other illustra- 
tions of bottom chord and connections. These are all 
American examples, taken from executed structures. 

Foreign bridges consist largely of riveted work. 
Though cyc-bars and pins are sometimes used, it is rare 
comparatively. This and the necessary details consti- 
^ tute the chief distinction 
- between foreign and Amer- 
ican practice. American 
bridge engineers use eye-bars and pins almost exclusively 
for the bottom chords of bridges of large span. 

The Figures thus far given require but little explana- 
tion. The student can acquire by a careful study of them a 
!;ood knowledge of the system of forming lower chord and 
connections. For other illustrations we must refer the 
student again to the illustrated Albums of our various Bridge 
Companies. 

In Figs. 2 10 to 2 iQt Plates 9 and 10, we have given illustra- 
tions of bottom chord riveted work, mostly foreign examples. 
The specifications for riveted work, workmanship, etc., will be 
found given in the Speciafictions at the end of this work. It is, therefore, unnecessary to 
give them here. Although riveting is comparatively little used in American Bridge Construc- 
tion, still it is of great importance, and 3 study of its application 
asset forth in our illustrations will be profitable to the student. 
In Fig. 210 we see how the area of the bottom chord may 
be increased by adding plates, one over the other, as also the 
connection of the braces. Fig. 211 shows how the depth of 
bottom chord may be increased, as well as the use of an aux- 
iliary plate to give greater area for riveting. Fig. 212 shows 
the introduction of a post, and Fig 213 the same with auxiliary 
plate when the depth of chord is not sufficient to attach the 
braces directly to it. Figs. 214, 215, 216, 217, 218, 219, give 
different styles of end connections. 

Fig. 220 shows the details for end post, according to a 
drawing furnished by Kellogg & Maurice, 

B. UPPER OR COMPRESSION CHORDS. 

Figs. 221 and 222, Plates 11 and 12, give the details of 
upper chord and connections as furnished by Kellogg & Maurice. 

The drawings being isometric, explain themselves sufficiently well. 

Figs. 223, 224, and 225, Plate 13, give other forms of compression chord, all taken from 
existing examples. As also Figs. 226 and 227, 

A few examples of riveted work are also given in Figs. 228, 229, 230, 231 and 232. 

In Fig. 201 we have already given the most common form of posts in use in American 
practice. Figs. 233 and 234 show the method of forming riveted posts. In Figs. 235 and 
236 we have given details for light road bridges, and in Fig. 237 the chord connections for 
the Howe truss. 
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C. COVER PLATES. 
We give in Figs. 238, 239 and 240, illustrations of different forms of cover plates. 

FIs.aS* FlK.e3» FI1-.S40 

' r " ^ 




T 



■The points to be noticed are the spacing of the rivets, concerning which see the Specifica- 
tions at the end, and the form of plate. 




nd 243, we have given the methods of connections of chords by 




In Figs. 241, 242 
plates and angle i: 

In Fig. 
244, Plate 15, 
we give details 
of cross and 
wind bracing 
for deck T^. 
bridge. So 
also in Fig. 245 
and Fig. 246. 

In Fig. 247, Plate 16, we give details for a through 
bridge. Fig, 245 gives the typical form adopted by the 
Baltimore Bridge Co., and Fig. 248 the type of the 
Phcenixville construction. In Fig. 249 we have the typi- 
cal form adopted by the Keystone Bridge Co., and also 
the method of side bracing for a " pony " truss. In Figs. 
250, 251 and 252 we give different styles of rod and nut 
connections. 

In Fig. 253 we give the construction of rollers, roller 
nut and cover plate for rollers. 

Figs. 254 and 255, Plates 17 and 18, represent the de- 
tails for trestle-work as given by the Keystone Bridge Co. 
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DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS. 



List of the Different Members in a Bridge. — From a paper read by J. A. L, 

Waddell, C. E., before the " Pi Eta ** Scientific Society, Rensselaer Polytechnic Inst., Troy. 

N. Y., we extract the following complete list of the different members which go to make 

up a Bridge. 

I. highway bridge.— combination of wood and iron. 



Top Chords. 
Batter Braces. 
Vertical Posts. 
End Tie Beams. 
End Diagonals. 
Floor Beams. 
Flooring. 
Batter-Brace Stififenen. 



Main Diagonals. 
Counters. 
Hip Verticals. 
Upper Lateral Rods. 



WOOD. 

Lateral Braces. 
Joints. 

Hand-rail Cap. 
Hub Plank. 
Hand-rail Post. 
Felloe Plank. 
Corbels. 
False Caps. 

WROUGHT IRON. 

Main Portions, 

Lower lateral Rods. 
Bottom-Chord Bars. 
End Lateral Struts. 
Batter-Brace Ties. 
Star Iron Side Braces. 



Wall Plates. 

Cover Boards for Chords and Batter 

Braces. 
Lath for same. 

Cross Diagonals in Deck Bridge. 
Lower Lateral Struts in Deck Bridge. 



Cross Diagonals in Deck Bridge. 
Lower Lateral Struts in Deck Bridge. 
*Floor Beams. 
Beam Truss Rods. 



BOLTS. ^ 



Chord Bolts. 

Batter-Brace Bolts. 

Post Bolts. 

Bracket Bolts. 

Hand-rail Post Bolts. 

Name-Plate Bolts. 

Bed-Phite Bolts. 

Expansion Pedestal Fastening to Bed Plate. 

Lower Lateral-Rod Bolts. 

Drift Bolts. 

Floor-Beam Packing Bolts. 



DETAILS. 

Beam Hangers. 

Beam-Hanger Plates. 

Hip Vertical Plates on Castings. 

Lacing on Hip Verticals. 

Side-Brace Connections to Chord Pins. 

Side-Brace Connections to Floor Beams. 

Lateral-Rod Connections to Floor Beams. 

Rollers and Roller Frames. 

Jaws on End Struts. 

Dowels for Upper Laterals. 

Fillers for Pins. 



SPECLA.L WROUGHT-IRON DETAILS. 



Hip-Joint Boxes. 

Upper-Chord Panel Connections. 



I^wer Post Sockets. 

Pedestals. 

Bed Plates. 



CORRUGATED OR GALVANIZED IRON. 

Cover for Top Chords and Batter Braces. 

CAST IRON. 



Bed Plates. 

Hip- Joint Boxes or Hoods. 

Pedestals. 

Upper Post Sockets. 

Upper-Chord Panel Connection. 

Lower Post Sockets. 

Lateral Angle Blocks. 

Name Plates. 

Brackets. 

Washer Plates for Main Diagonals*and Counters. 



WASHERS. \ 



Chord-Bolt Washers. 
Batter- Brace Bolt Washers. 
Post-Bolt Washers. 
Upper Lateral-Rod Washers. 
Lower Lateral- Rod Washers. 
Beam- Hanger Washers. 
Name-Plate Bolt Washers. 
Bracket -Bolt Washers. 
Hand-rail Post Bolt Washers. 
Bed-Plate Bolt Washers. 
Bevel Washers. 
Floor-Beam Bolt Washers. 



* For details of tniilt floor beams, tee list of members in Iron Highway Bridge. 
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PACKING WASHERS. 



Chord-Bolt Packing Washers. 
Lateral-Rod Packing Washers. 
Batter-Brace Bolt Packing Washers. 
Tie-Bar Packing Washers in Batter Braces. 
Post-Bolt Packing Washers. 
Bracket-Bolt Packing Washers. 
^ Floor-Beam Bolt Packing Washers. 



II. HIGHWAY BRIDGE. 



WROUGHT IRON. 



Main Portions, 



CHANNEL BARS. ^ 



' Top Chords. 
Batter Braces. 
Posts. 

Lateral Struts. 
Portal Braces. 



BARS. - 



iTop Chords. 
Batter Braces. 



^ Main Diagonals. 
Counters. 
Hip Verticals. 
Upper Lateral Rods. 
Lower Lateral Rods. 
Cross Diagonals on Better Braces. 
Cross Diagonals *on Posts. 
Lower Chord Bars. 



T IRON. Lower Lateral Stmts. 



I BEAMS. ' 



Floor Beams. 
Intermediate Struts. 
Upper Lateral Struts. 
Lower Lateral Struts. 
Top Chords. 
Batter Braces. 



STAR IRON, i^id^^"*^^'^- 



( Hip Verticals. 



IRON HAND-RAILING. 
FLOOR BEAMS. 
BEAM TRUSS RODS. 



DETAILS. 



STAY PLATES. 



FILUNG 
PLATES 



-A 



' Top Chords. 
Ends of Posts. 
Middle of Posts. 
Ends of Lateral Struts. 
Batter Braces. 
Portal Braces. 



At Panel Points of Top Chord. 
Floor Beams. 



REINFORCING 
PLATES. 



COVER 



I Shoe. 

\ Hip Joint. 

PLATES. I 

\ Intermediate Panel Points Top Chord. 



' Hip Inside. 
Hip Outside. 
Top Chord, Intermediate Panel Points 

Inside. 
Top Chord, Intermediate Panel Points 

Outside. 
Bottom Chord, Intermediate Panel Points 

Inside and Outside for Channel Bottom 

Chords. 
Shoe Inside. 
Shoe Outside. 

Lower Ends of Posts Inside. . 
Lower Ends of Posts Outside. 
Middle of Posts Inside. 
Middle of Posts Outside. 
Floor Beam at holes for Beam Hangers. 
Floor Beam Lateral Connections. 



CONNECTING 
PLATES. 



' Batter Brace to Top Chord. 
Post to Top Chord. 
Lateral Struts to Top Chord. 
Intermediate Struts to Posts. 
Portal Braces to Batter Braces. 



,„^ / Shoe Under Lateral Connection to Floor Beams. 

«, .^„o \ Roller Plates. Name Plates. 

PLATES i 

( Beam Hanger Plates. Top Plate in Floor Beam. 
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LACING OR 
LATTICING. 



Top Chord Upper. 
Top Giord Lower. 
Batter Brace Upper. 
Batter Brace Lower. 
Posts. 

Lateral Struts. 
Portal Braces. 



BOLTS. 



PINS. 



I Posts. 
TRUSSING. •< Lateral Stmts. 
( Portal Braces. 

'' Bottom Chord. 
Top Chord. 
Middle of Posts. 
Upper Lateral Connection. 
Lower Lateral Connection. 
Cross Diagonal Connection. 

Bracket Bolts. 

Name-Plate Bolts. 

Cross Diagonal Bolts in Batter Braces. 

Cross Diagonal Bolts in Posts. 

Bed-Plate Bolts. 

Expansion Pedestal Fastening to Bed Plate. 

Upper Lateral- Rod Connection to Chords. 

Lower Lateral-Rod Connection to Floor Beam. 

Hand-rail Post Bolts. 

Lateral Struts Connection to Chord. 

T-Iron Brace Bolts. 



BEAM HANGERS. 
TURN BUCKLES. 



BRACKETS FOR PORTALS, INCLUDING ORNAMENTAL WORK. 
T-IRON BRACES. \ ^"^^^ ^ ^^^"^ S^™*^' ^ 

( StifFeners in Built Floor Beams. 

FILLERS FOR PINS. EXPANSION ROLLERS. 

ROLLER FRAMES. 



[ Upper Lateral Struts. 

JAWS. •< Intermediate Lateral Struts. 

( Lower Lateral Struts. 



PIECES OF 
CHANNELS. 



' Upper Lateral Strut Connection. 
Lower Lateral Strut Connection. 
Batter-Brace Channel Connection 
under Plates. 



ANGLE 
IRON. 



to Shoe 



DETAILS OF 
BUILT BEAMS 



SLEEVE NUTS. 

Intermediate Struts to Posts. 

Upper Lateral Struts to Chord. 

Lower Lateral Struts to Pedestal. 

Lower Lateral Struts to Chord (Channel Lower 

Chords). 
Batter Braces to Shoe Under Plates. 
Side and End Angles for Roller Plates. 
Angles in Built Beams. 



RIVET HEADS. ' 



-I 



WASHERS FOR HAND-RAIL POST BOLTS. 

Top Plate to Chord and Batter-Brace Channels. 
Latticing or Lacing to Channels in Top Chords, Posts and Struts. 
Stay Plates to Channels. 
Reinforcing Plates to Channels. 
Cover Plates to Channels. 
Connecting Plates to Channels. 
Lateral Connection to Floor Beam. 
Trussing to Channels on Bars. 
Ornamental Work in Brackets. 
T-Iron Braces to Posts and Struts. 
Jaws to Lateral Struts. 

The Various Angle Irons to the Parts which they Connect. 
. The Various Pieces of Channels to the Parts which they Connect 

Web. 

Top Plate. 

Upper Angles. 

Lower Angles. 

Stiffening Angles. 

T StiflFeners. 

Filling Plates. 

Lateral-Rod Connections. 

Reinforcing Plates at Beam Hanger Holes. 

Rivet Heads. 



TIMBER. * 



f Joist. 
Flooring. 

Hand-rail Cap Piece& 
Hand-rail Posts. 
Hub Plank. 
Felloe Plank. 



> 
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III. WOODEN HOWE TRUSS RAILROAD BRIDGE. 



WOOD. 



Lower Giords. 

Clamps and Keys in same. 

Upper Chords and Keys for same. 

Upper Lateral Braces. 

Lower Lateral Braces. 

Cross Diagonal Braces in Deck Bridge. 

Batter Braces and Keys for same. 

Main Braces. 

Counter Braces. 

Tie Beams at Ends of Top Chords. 



Spreaders at Ends of Bottom Chord. 

End Diagonals at Portals. 

Track Stringers and Packing. 

Batter-Brace Stiffeners. 

Floor Beams. 

Guard Rails. 

Corbels. 

Wall Plates. 

Keys— Corbels to Wall Plates. 

Track Ties. 



WROUGHT IRON. 



Truss Rods. 

Upper Lateral Rods. 

Lower Lateral Rods. 

Batter-Brace Ties. 

Camp Bars. 

Rods for Batter-Brace Stiffeners. 

Dowels for Lateral Braces. 



BOLTS. 



SPIKES 



j Ties to Stringers. 



Guard Rails to Ties. 
Truss-Rod Plates at Top and Bottom. 



Upper Chord Bolts. 

Batter-Brace Bolts. 

Lower Chord Bolts. 

Intersectional Bolts. 

Track Stringer Bolts. 

Floor Beams to Chords. 

Track-Stringers to Floor Beams. 

Guard Rails to Ties. 

Corbels to Chords. "* 

Brackets to Tie Beams and Batter Braces. 

Name-Plate Bolts. 

Anchor Bolts. 

Drift Bolts. 



CAST IRON. 



Top-Chord Angle Blocks. 
Bottom-Chord Angle Blocks. 
End-Chord Angle Blocks. 
Top-Chord Lateral Angle Blocks. 
Bottom-Chord Lateral Angle Blocks. 



Brackets. 
Name Plates. 
Clamp Heads. 
Lower Chord Keys. 



WASHERS. 



Upper Lateral-Rod Washers 
Lower Lateral-Rod Washers. 
Chord Bolt Washers. 
Intersectional Bolt Washers. 
Track-Stringer Bolt Washers. 
Batter-Brace Bolt Washers. 
Bracket-Bolt Washers. 
Batter-Brace Stiffening Rod Washers. 
Name-Plate Bolt Washers, 
Corbel or Anchor-Bolt Washers. 
Goard-Rail Bolt Washers. 



PACKING 
WASHERS. 



' Chord-Bolt Packing Washers. 
Batter-Brace Bolt Packing Washers. 
Lateral-Rod Packing Washers. 
Track-Stringer Bolt Packing Washers. 
Bracket-Bolt Packing Washers. 
Tie-Bar Packing Washers in Batter Braces. 



IV. COMBINATION PRATT TRUSS RAILROAD BRIDGE. 



Top Chords, 

Batter Braces. 

Lateral Braces. 

Vertical Posts. 

End Tie Beams. 

End Diagonals on Batter Braces. 



WOOD, 

Floor Beams. 

Track Stringers. 

Track Stringer Packers. 

Ties. 

Guard Rails. 

Chord and Batter-Brace Covering. 



Lath for Same. 

Batter-Brace Stififeners. 

Corbels. 

False Caps. 

Cross Diagonals in Deck Bridge. 

Lower Lateral StruU in Deck Bridge. 
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DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS. 



Main Diagonals. 

Counters. 

Hip Verticals. 

Upper Lateral Rods. 

Lower Lateral Rods. 

Bottom Chord Bars. 

Bottom Chord Channels for Stiffened End Panels. 

End Lateral Struts. 

Batter-Brace Ties. 



DOLTS. < 



Chord Bolts. 

Batter-Brace Bolts. 

Post Bolts. 

Bracket Bolts. 

Name.Plate Bolts. 

Bed-Plate Bolts. 

Expansion Pedestal Fastening to Bed Plate. 

Lower Lateral-Rod Bolts. 

Stringer Packing Bolts. 

Joint Boxes to Top Chord. 

Guard Rail to Ties. 

Side Brace Bolts. 

Drift Bolts. 

Floor-Beam Packing Bolts. 

Track Stringers to Floor Beams. 

Corbels to Foundations. 



WROUGHT IRON. 

Main Portions, 

Cross Diagonals in Deck Bridge. 
Lower Lateral Struts in Deck Bridge. 
•Floor Beams. 
Track Stringers. 
Side Braces in Pony Trusses. 
Batter-Brace Stiffening Rods. 
End-Post Bracing Ties. 
Beam Truss Rodi». 

DETAILS. 

Beam Hangers. 

Beam-Hanger Plates. 

Hip Vert. Plates on Castings. 

Lacing on Hip Verts, in Pony Trusses. 

Side-Brace Connection to Chord. 

Side-Brace Connection to Floor Beams. 

Lateral-Rod Connection to Floor Beams. 

Pins. 

Rollers and Roller Frames. 

Jaws on End Struts. 

Dowels for Upper Laterals. 

Rods for Trussing Beams. 

Boat Spikes. 

Lacing or latticing, Stay Plates, Reinforcing Plates and 

Rivets for Bottom Chord Channels. 
Fillers for Pins. 
Turn-buckles. 
Sleeve-nuts. 



Hip-Joint Boxes. 

Upper Chord Panel Connection. 



SPECIAL WROUGHT-IRON DETAILS. 

Lower Post Sockets. 
Pedestals. 



Bed Plates. 

Jaws for Lower Lateral Struts. 



CORRUGATED OR GALVANIZED IRON. 

Cover for Top Chords and Batter Braces. 



Bed Plates. 

Hip-Joint Boxes or Hoods. 

Pedestals. 



WASHERS. 



CAST IRON. 

Upper Post Sockets. 

Upper Chord Panel Connection. 

Lower Post Connection. 

Castings for Trussing Wooden Beams. 

Chord-Bolt Washers. 
Batter-Brace Bolt Washers. 
Post-Bolt Washers. 
Upper Lateral-Rod Washers. 



Lateral Angle Blocks. 
Name Plates. 
Brackets. 



Lower Lateral-Rod Washers. 
Beam-Hanger Washers. 
Name-Plate Bolt Washers, 
Bracket-Bolt Washers. 
Track-Stringer Bolt Washers. 
Bed-Plate Bolt Washers. 
Joint-Box Bolt Washers. 
Guard-Rail Bolt Washers. 
Side-Brace Bolt Washers- 
Batter-Brace StiflFening-Rod Washers. 
Floor-Beam Bolt Washers. 



PACKING 
WASHERS. 



' Chord-Bolt Packing Washers. 

Lateral-Rod Packing Washers. 

Batter-Brace Bolt Packing Washers. 

Tie-Bar Packing Washers in Batter Braces. 

Post-Bolt Packing Washers. 

Bracket-Bolt Packing Washers, in Batter 
Braces. 

Stringer-Bolt Packing Washers. 
^ Floor-Beam Bolt Packing Washers. 



^ For details of Built Floor Beams, see list of Members in Iron Highway Bridge. 
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CHANNEL 
BARS. 



V. WROUGHT-IRON RAILWAY BRIDGE. 

ICAIN PORTIONS. 



I BEAMS. * 



Top Chords. 

Batter Braces. 

Posts. 

Lateral Stmts. 

Portal Braces. 

Bottom Chords. 

Track-Stringer Bracing Struts. 



Floor Beams. 
Intermediate Struts. 
Upper Lateral Struts. 
Lower Lateral Struts. 
Top Chords* 
Batter Braces. 
Track-Stringer Bracing Struts. 



PLATE. \ "^"P <=^""**- 
( Batter Braces. 



BARS. < 



T IRON. 



FLOOR BEAMS. 



TRACK STRINGERS. 



' Main Diagonals. 
Counters. 
Hip Verticals. 
Upper Lateral Rods. 
Lower Lateral Rods. 
Portal Bracing Diagonals. 
Track-Stringer Bracing Diagonals. 
Vibration Rods. 
Lower Chord Bars. 

(Lower Lateral Struts. 
Side Bracing. 
Hip Verts. 
Track-Stringer Bradng Struts. 

RAILS. 



PLATES. 



STAY PLATES. * 



REINFORCING PLATES. < 



DETAILS. 

Top Chords. 

Ends of Posts. 

Middle of Posts. 

Ends of Lateral Struts. 

Batter Braces. 

Portal Braces. 

Stiffened Bottom Chords. 

Hip Inside. 

Hip Outside. 

Top Chord Intermediate Panel Points Inside. 

Top Chord Intermediate Panel Points Outside. 

Bottom Chord Intermediate Panel Points Inside 
and Outside for Channel Bottom Chords. 

Shoe Inside. 

Shoe Outside. 

Lower Ends of Posts Inside. 

Lower Ends of Posts Outside. 

Middle of Posts Inside. 

Middle of Posts Outside. 

Floor Beam at Holes for Beam Hangers. 

Floor Beam Lateral Connection. 

(At Panel Points of Top Chord. 

•< At Panel Points of Stiffened Bottom Chords. 

( Floor Beams. 

(Shoe. 
COVER PLATES. -J Hip Joint. 

( Intermediate Panel Points Top Chords. 

Batter Brace to Top Chord. 

Posts to Top Chord. 

Lateral Struts to Top Chord. 

Intermediate Struts to Top Chord. 

Portal Braces to Batter Braces. 

Track-Stringer Splice Plates on Web. 

Track- Stringer Splice Plates on Flanges, 

Iron Stringer Connection to Floor Beams. 

Wooden Stringer Connection to Floor Beams. 

Track-Stringer Bracing Connection to Stringers. 
Pedestal Plates. 
Roller Plates. 
Beam Hanger Plates. 
Lateral Connection to Floor Beam. 
Name Plates. 
Top Plate in Floor Beam. 
Bottom Plate in Floor Beam. 
Top Plate in Track Stringer. 
Bottom Plate in Track Stringer. 
Bed Plates for Track Stringers. 



FILUNG 
PLATES. 



CONNECTING PLATES. 
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LACING OR 
LATTICING. 



' Top Chord Upper. 

Top Chord Lower. 

Bottom Chord Upper. 

Bottom Chord Lower. 

Batter Brace Upper. 

Batter Brace Lower. 

Posts. 

Lateral Struts. 

Portal Baces. 
'^ Track-Stringer Bracing Stmts. 

TRUSSING I Verts in Pony Trusses. 

Bottom Chord. 

Top Chord. 

Middle of Posts. 

Upper Lateral Connection. 

Lower Lateral Connection. 

Vibration Diagonal Connection. 

Track-Stringer Bracing Diagonal Connection. 



PINS. 



BOLTS. < 



Bracket Bolts. 

Name-Plate Bolts. 

Vibration Diagonal Bolts in Batter Braces. 

Vibration Diagonal Bolts in Posts. 

Bed-Plate Bolts. 

Expansion Pedestal Fastening to Bed Plates. 

Upper Lateral-Rod Connection to Chords. 

Lower Lateral. Rod Connection to Floor Beams. 

Lateral Strut Connection to Chords. 

T-Iron Brace Bolts. 

Track-Stringer Bracing Connection. 

Rail Splice Bolts. 

Track-Stringer Packing Bolts. 

Guard Rails to Ties and Track Stringers. 

Shim Bolts. 



BEAM HANGERS. 
E.XPANSION ROLLERS. 
ROLLER FRAMES. 



BRACKET CONNECTION FOR POSTS TO FLOOR BEAMS IN PONY TRUSSES. 
BRACKETS ATTACHING IRON TRACK-STRINGERS TO BEAMS. 
BRACKETS FOR PORTALS, INCLUDING ORNAMKNTAL WORK. 

T-IRON BRACES, i Posts to Lateral Struts. 

( Stiffeners in Built Floor Beams and Track Stringers. 

FILLERS FOR PINS. 

SPUCE PLATES FOR RAILS. 

SPIKES FOR TIES AND GUARD-RAIL FACING. 



JAWS 



^ Upper Lateral Struts. 
Intermediate Lateral Struts. 
Lower Lateral Struts. 
Track-Stringer Bracing Struts. 






PIECES OF 
CHANNELS. 



Upper Lateral Strut Connection. 
Lower Lateral Strut Connection. 
Batter-Brace Channel Connection to Pedestal 
Plates. 



ANGLE IRON. ^ 



WASHERS FOR STRINGER BOLTS. 



Intermediate Struts to Posts. 

Upper Lateral Struts to Chords. 

Lower Lateral Struts to Pedestals. 

Lower Lateral Struts to Chords (Channel 

Lower Chords). 
Batter Braces to Pedestal Plates. 
Side and End Angles for Roller Plates. 
Angles in Built Beams and Track Stringers. 
Wooden Track. Stringer Side Fastening to 

Beams. 
Wooden Track-Stringer Supporting Angles. 
Iron Track. Stringer Supporting Angles. 
Facing on Guard Rails. 



RIVET HEADS. < 



' Top Plate to Chord and Batter-Brace Channels. 
Latticing or Lacing to Channels in Chords, Posts and Struts. 
Intersection of Lattice. 
The Various Stay Plates to Channels. 
The Various Reinforcing Plates to Channels. 
Cover Plates to Channels. 
Connecting Plates to Channels, etc. 
Lateral Connection to Floor Beams. 
Trussing to Channels, Bars, or T iron. 
Ornamental Work in Brackets. 
T-iron Braces to Posts and Struts. 
Jaws to Lateral Struts. 

The Various Angle Irons to the parts which they connect. 
The Various Pieces of Channels to the parts which they connect. 
Brackets to Floor Beams, Track Stringers and Posts. 
Track-Stringer Splice Plates to Stringers. 
Iron Stringers to Floor Beams. 
Floor Beams to Posts. 
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DETAILS OF 
BUILT BEAMS. 



*" Web. . 

Top Plate. 

Bottom Plate. 

Upper Flange Angles. 

Lower Flange Angles. 

StifiFening Angles. 

T StifiFeners. 

Filling Plates. 

Lateral-Rod Connections. 

Reinforcing Plates at Beam Hanger Holes. 

Rivet Heads. 

Stringer Supports. 
^ Stringer Side Connection. 



DETAILS OF BUILT 
TRACK STRINGERS. 



\ 



Web. 

Top Plate. 

Bottom Plate. 

Upper Flange Angles. 

Lower Flange Angles. 

Stiffening Angles. 

T Stiflfeners. 

Filling PUtes. 

Connection for Bracing. 

Connection to Floor Beams. 

Rivet Heads. 



LUMBER. 



SHIMS FOR TRACK STRINGERS. 
TRACK STRINGERS AND PACKING. 



GUARD RAILS. 
TIES. 



In plates 19, 20 and 21, will be found illustrations of most of the members included 
in the preceding lists, so that the student need be at no loss to understand precisely what 
the terms used signify. 

Bill of Materials. — From the same paper by Prof. Waddell, we also quote the 
following: "In making out bills of material, the preceding lists of members will prove of 
great assistance. By their use one can avoid all possibility of an underestimate by an 
omission of any of the parts of the structure. A good way to make out a bill of material 
is to prepare six vertical columns, in the first of which write the name of the member, in 
the second the number of pieces, in the third and fourth the dimensions determining 
their section, in the fifth their lengfth, and in the sixth the weight of all the pieces; or, if 
of wood, the number of feet, board measure, that they contain. The following examples 
will serve to explain the method : 

BILL OF WROUGHT IRON. 



Chord Channels, 
B. B. Channels. . 

Plate 

Post Channels . . 
Lateral Struts . . 



<( 



<• 



Main Diagonals. 

Counters 

Etc 



12 


7" 


8 


8" 


I 


k" 


8 


5" 


4 


4" 




^ '' 


4 


5 


8 


f" 


8 


1" 


Etc. 


Etc. 



\q\ lbs. 
12^ ** 
12" 

t\ lbs. 

6 " 

f 

Etc. 




2,772 lbs. 

3»375 
2,620 

1,144 

360 

390 
1,020 

525 
Etc. 



»4 

it 

<• 
• « 



BILL OF LUMBER. 



Top Chord. . 
Batter Brace 
Posts. . . . . i^ 



Tie Beams. . . . 
Lateral Braces. 



Etc 



10 


17" 


8 


8" 


4 


9' 


4 


7" 


2 


6" 


2 


7" 


4 


6" 


Etc. 


Etc 



12" 


20 


14" 


30' 


10" 


22 


10" 


22' 


8" 


18' 


9" 


26' 


9" 


26' 


Etc. 


Etc. 



3.400 

2,240 

660 

513 

144 
273 

468 

Etc. 



It is to be noticed that it is often convenient, as in the case of the " Plate '* in the 
" Bill of Wrought Iron,** to combine several lengths into one, or as in the " Top Chord " in 
the " Bill of Lumber,'* to use one cross section (17" x 12"), instead of several, such as 2, 
4V'by 12"; I, 8" by 12", etc. 




nm:H 



M. 





PLATE 31. 
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To the length of each chord bar, main diagonal and hip vertical, is added three feet to 
allow for the weight of the eyes, and to that of each adjustable rod about five feet. Should 
greater accuracy be required for the latter, it will be necessary to ascertain what length of 
the rod is needed at each end for the connection, and how much for the adjusting nuts 
and upset ends, by the following table of 

EQUIVALENT LENGTHS OF RODS FOR UPSET ENDS, NUTS, SLEEVE NUTS, AND 

TURN-BUCKLES. 



[ 



i" — i") I upset end and I nut — i^ feet of rod. 
IJL" - if) " " " I|' " " 

(lA" - 2") ' " " " i| 

(2i"-2n I A 



!i" - an 

i" - I}') 



<( 



(( 



ii 



«( 



( ^' — I J") 2 upset ends and i nut — 2| 



') " " " I T buckle 3 feet of rod. 

These equivalent lengths do not include the lengths of the upset ends themselves ; 
they represent simply the extra length to be added to the bar to equalize the weight of 
the nuts, sleeve-nut, or turn-buckle, and the extra iron for the enlarged ends, which are 
generally about 8 inches long. 

To estimate at all accurately the sizes of the details in order to obtain their weights, 
requires a knowledge of details that can only be obtained by practice. 

In some cases theory can be used to determine the sizes required, but very often some 
practical consideration will cause to be adopted a size different from that called for by 
theoretical considerations. It is not necessary in a preliminary estimate to have the exact 
quantities of materials ; approximate dimensions will, therefore, be sufficient. 

WeJGHT of Iron. — In making a hurried estimate.of the weight of wrought iron in a 
bridge, it is the practice of the writer to calculate the weights of the members in the pre- 
ceding lists, under the heading " main portions," making the allowances of extra length 
just mentioned, and to divide their sum by a85. The result is a pretty close approxima- 
tion to the total weight of wrought iron. 

Estimates of Cost. — Estimates of cost can be made very readily by using a blank 
similar to the following : 

Estimate on Bridge across 

Length span ft. Height i ... ft. 

Clear Roadway ft. Static load per lineal ft lbs. Moving load per 

lineal ft lbs. No. of panels Length of panels ft. 



Wrousht Iron, lbs @. . . . 

Sheet Iron, lbs (^. . . . 

Cast Iron, lbs ® 

Lumber, ft @. . . 

Piles, ft @..^. 

Hauling Loads ® . . . . 

Freight. 



Framing.. . 
False Work. 
Erection. . . 



% 



cts. 



Spikes 

Painting 

Blacksmithing 

Coal 

Freight on Tools 

Travelling Expenses 

Men's Time Travelling 

Bidding Expenses 

Teaming During Construction. 
Incidentals. 



Total Cost of Bridge. 



Cost per Lineal Foot 



340 



DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS. 



Camber. — In practice the upper and lower chords of bridges are not made perfectly 
straight, but should be curved slightly upward a sufHcient amount so that when the bridge 
is fully loaded they shall be horizontal. This upward deflection is called the " camber ^ 
Its object is to prevent the truss from bending below a horizontal line when fully loaded, 
and its amount, therefore, must depend not only upon the span, but also upon the load. 
Strictly speaking, a cambered chord is longer than the straight line which unites its ends, 
but in practice the camber is so. small in proportion to the span, that we may neglect this 
increase of length. The two chords, however, form concentric arcs, which we may assume, 
since the unit strain is constant, as circular arcs of large radius. The upper chord is, then, 
longer than the lower, and this diflference in length cannot be overlooked, since it affects 
the length of the diagonals. Thus the verticals are no longer truly vertical, but are radii 
of the concentric circles. Their length is the same, but their tops are further apart than 
their feet. 

We must, therefore, find not only how great the camber should be, in order that the 
loaded bridge may not sink below a horizontal, but we must also find the increase of 
length of the upper chord beyond the lower one, and divide this increase equally among 
all the panels of the upper chord, and find the proper length of the diagonals ; otherwise 
if these are required to fit snug, and are not adjustable, there will be trouble and expense 
in erection. 

Let the length of span be j, and/' the allowable strain per square inch in the upper 

fs 
chord when loaded. Then the compression of the upper chord will be ^^ (page 212), where 

E is the coefficient of elasticity, and the new length of the upper chord after deflection by 
the load, supposing it to be originally straight, is 

' E • 

Let / be the allowable unit strain in lower chord. Then after deflection its length 
will be 

E 

Now, if after loading, the truss is just brought down to a horizontal line, the camber 
must be equal to the deflection corresponding to the above difference of length of chords. 

That is, if we make the length of the upper chord s 4- -^ , and the length of the lower 

fs 
chord J — =^ , we shall get the same deflection upward which before we had downward. 

Let h be the height of truss and r the radius of the lower chord. Then r + A is the 
radius of the upper chord, and we have 

s s 

r + A : r : : J -f /' ^ : J — /.v . 

„ , Eh- hf 
Hence we have r = —t; ^r- » 

/ + / 
or, since /is very small compared to E, 

Eh .. 

'=fT7' •• • ^^^ 
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Now let X be the camber. Then from the right-angled triangle formed by the half- 
span, the radius of the lower chord at end, and the vertical to centre of span/ we have 



(r - jr)» + — = r*, or ;r = r - / f* - - (2) 

4 4 

The increase of length of the upper over the lower chord, which must be divided 
among all the panels, is 

^=^^^' (3) 

From equation (i) we can find the radius of lower chord, and then from (2) the amount 
of camber required. From (3) we can find the increase of length of the upper chord. 

It remains to find the length of a diagonal. The diagonal is evidently the hypoth- 
enuse of a right-angled triangle, of which we know one side, viz. : the height of truss. 
The other side is the length of panel without camber plus half the increased length of 
upper chord given to one panel. The square root of the sum of the squares of these two 
sides will then give the length of diagonal for a truss with single system of verticals and 
diagonals. 

For Warren, or triangular system of bracing, the diagonal is evidently the hypothenuse 
of a right-angled triangle, of which one side is the height of truss, as before, and the other 
side is the horizontal projection of the diagonal without camber //i/^ //tf(/* the increased 
length of upper chord given. to one panel. 

For double intersection, vertical and diagonal bracing, the diagonal is the hypothenuse 
of a right-angled triangle, of which one side is the height of truss, and the other side is the 
horizontal projection of the diagonal length before camber, plus the increase of length of 
upper chord given to one panel. 

Example. — Let the span be 200 feet, height of trass ith of- span, or 25 feet, and the material be wrought iron. 
We take, then, E = 24,000,000 lbs. per square inch, and/ =/' = ro,ooo lbs. per square inch. Then from (i) we 
have for the radius of curvature of the lower chord, 

24,000,000 X 25 . ^ 

r = --^ = 30,000 feet. 

20,000 

From (2) we have, then, for the camber required, 

X = 30,000 — y 30,000' = 30,000 — y 899,990,000. 

4 

or X = 30,000 — 29,999.83 = 0.17 feet = 2.04 inches. 

The increase of length of the upper chord, due to camber, is from (3), 

20, 000 X 200 . « . v 

= i feet = 2 mches. 

24,000,000 

Suppose there are ten panels. Then we shall have 0.2 inch increase of length for each panel. 
The length of a diagonal, then, for single system of vertical and diagonal bracing, should be, in inches, since the 
height 25 feet = 300 inches, and the panel length 20 feet = 240 inches, 



|/ 300* 4- 240.1* = 384.25 inches. 

If there were no camber the diagonal would be 384.18 inches, or tuit of an inch shorter. 

An error to this extent might not prove seriously inconvenient. With a longer span, or greater load, or both, the 
difference in length might be of importance, if the diagonal is a sUrut with planed ends and intended to fit closely 



342 DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS. 

between planed bearings at the chords, or a bar with a drilled hole at each end, and pin connections. In many cases, as 
when the diagonals are adjustable with screw-ends, or turn-buckles, it is only necessary to be sure that they are long 
enough, as then they can be adjusted when put in place. So also in riveted work, for the final rivet holes may be made 
when the pieces come to be finally fitted in place. 

The camber, as found by equations (i) and (2) above, is rather small as compared with 
the customary practice. It is found upon the supposition that the load just brings the 
girder to a horizontal. It is well in practice to increase it by say two inches ; in cases like 
the preceding example it is quite small. Trautwine gives the empirical rule : 

** To find the amount of camber of the lower chords divide the span in feet (measured 
from centre to centre of the outer panel points) by 30. The quotient will be a sufficient 
camber in inches." 

He goes on to say that it is by no means necessary to adhere strictly to this rule, and 
the camber is usually taken in whole inches, and somewhat less than the rule gives. The 
rule gives in general too large camber. Thus for the preceding example of 200 feet span 
the rule gives 6.6 inches. Our formula gives only 2 inches. Increasing this by 2 inches 
would give 4 inches, which would be ample. 

The rule is also defective, in that it takes no account of load or of kind of material, 
but makes the camber dependent on span alone. 

We consider it, therefore, preferable to use equations (i) and (2) in finding the camber, 
and to increase the result by say 2 inches. 

Friction Rollers, — The specifications of the New York, Penn. & Ohio R. R. re- 
quire all bridges over 70 feet span to have at one end a nest of turned friction rollers, 
formed, of wrought iron, running between planed surfaces. 

" The rollers shall not be less than 2 inches in diameter, and shall be so proportioned 
that the pressure per lineal foot of rollers shall not exceed the product of the square root 
of the diameter of the roller in inches multiplied by 500," or permissible pressure 

/ = 500 Vd', 
where/ is the pressure per lineal foot, and ^is the diameter in inches. 



CHAPTER V. 

COMPLETE DESIGN FOR AN IRON RAILWAY BRIDGE. 

Progress of the Design. — The several steps in the design of a bridge may be 
enumerated as follows : 

Upon the receipt from any railroad company or other parties, of specifications, plan 
of masonry and any other needed details connected with the Bridge, the first step is to 
work out a design based upon the specifications and other conditions peculiar to the bridge, 
and make a " Strain Sheet " for the same * (Plate 22), together with a *• General Plan 
AND Elevation " (Plate 23). When these are done, they are handed, together with the 
•' Masonry Plan " (Plate 28), to a draughtsman, who makes a sheet of construction details 
or " Detail Plan and Elevation " (Plate 24). As this work progresses, any changes in 
the strain sheet that may be necessary in working up satisfactory connections are noted. 
This sheet of construction details, or " Detail Plan and Elevation " (Plate 24), supple- 
ments the strain sheet by showing the members of the bridge in connection, thereby fixing 
the size of all connecting parts necessary to resist the strains. 

When this drawing is completed the " DETAIL BiLL," or "Bill of Materials," is 
drawn up, showing the number of members of any kind to be made, and the number of 
pieces, with their exact dimensions, needed to construct these members. 

This " Detail Bill " is so called in distinction from the " ORDER Bill." The '* Order 
Bill " is simply a grouping of all similar material in the Bridge, such as all channels of 
whatever weight or size, all angles, all sheared plates, all groove, rolled or " universal 
rolled '* plates (that is, plates rolled to exact width as well as thickness), all single-refined 
bars, all double-refined bars, etc. 

Besides this grouping into classes, there is also a grouping of short pieces into lengths 
containing multiples of the same. This " Order Bill " is sent to the mills for rolling, and 
is grouped for convenience in many ways, the price per pound of each group usually being 
different from the price of every other group. 

The " Bill of Materials " is used by the draughtsman in making the " Shop Detail 
Drawings "t (Plates 25, 26, 27), and he makes all parts of his drawings in accordance with 
this bill. It is also furnished (with its groupings into multiple lengths) to the foreman of 

* Upon the Strain Sheet we have to put down not only the strains and the areas of cross section of the various 
pieces rendered necessary by those strains, but also the sizes of channels, bars, etc, from which these pieces are made. 
In determining these sizes regard must be had to the fact that only certain sizes are made by the various rolling mills. 
The area of cross section, then, being g^ven, the designer must look up in the " Hand-book *' of the company with which 
he deals, the corresponding size of channel, bar, etc., which will answer his purpose. Such " hand-books " are furnished 
by all the companies engaged in such work. To specify dimensions not given by the hand-book might require the mak- 
ing of rolls to order, and cost more than the mere saving in material would warrant. 

f These drawings are only made when contract is secured. 



344 DETERMINATION OF DIMENSIONS AND DESIGNING OF DETAILS. 

the riveting shop, thus enabling him to prepare his materials for any part of the work as 
he has occasion. 

The " Order Bill " forms the basis for the " Estimate Bill/* the weight and cost of 
the several classes of material being aggregated. The estimated cost per pound for man- 
ufacturing, including painting and handling, is then added, together with the cost of trans- 
portation and erection, and percentage for profit. 

The tender for the work can now be made, accompanied by the detail plan and strain 
sheet. If the contract is secured the shop drawings (Plates 25, 26, 27,) are made, and the 
" Shipping Bill " is then made out. 

The ** Shipping Bill " contains not only a list of all parts of the bridge to be made and 
shipped, but also gives a full description of all parts for the manufacture of which draw- 
ings are not made, such as eye-bars, sleeve-nuts, pins and bolts, nuts, etc. It is multiplied 
by the " blue " process, or otherwise, and a copy furnished to smiths' shop, machine shop, 
superintendent, shipping clerk, and foreman of erection. 

Before the drawings are sent to the template shop, whence they go to the rivet shop, 
a " Rivet Bill " is prepared. 

This bill enumerates the several members of the bridge, and gives the number and 
size of rivets required for each portion of each member, so that the rivet heater can tell 
how many and what size of rivets to put in the furnace for any part of the work. 

Finally, the rivets enumerated in this bill are aggregated for each separate length and 
size, and the weight worked out for the use of the rivet-making shop. Also they are aggre- 
gated, and the total weight given for each class of work in the structure, such as end posts, 
top chords, interior posts, floor beams, stringers, etc., for use in the office in making up the 
cost of the work. 

A bill of field rivets is also added to shipping bill for use of foreman of erection. 

We see, then, that the complete design includes Strain Sheets General Plan and Eleva^ 
tion^ Detail Plan and Elevation^ and Shop Detail Drawings together with the following 
" Bills," viz. : BilJ of Materials, Order Bill, Estifnate Bill, Shipping Bill and Rivet Bill. 

We give below the complete design for an Iron Railway Bridge, including all these 
drawings and bills, for all of which we are indebted to the kindness and courtesy of the 
Messrs. Kellogg & Maurice, Bridge Builders, Athens, Pa. 

Dimensions. — The bridge is an ordinary single system Pratt Truss, as shown on Strain 
Sheet (Plate 22). The span is 153 feet, divided into 9 equal panels of 17 feet each. Height 
26 feet ; width from centre to centre, 16 feet 3 inches ; width in clear, 15 feet. 

Camber. — ^Taking the mean strain per square inch in the upper chord at 7,000 lbs. =/*, 
and in the lower /= 9,000, we have/ + /' = 16,000, and hence from equation (i), page 
340, taking E = 24,000,000, we have 

24,000,000 X 26 

r = -^ ^ = 39,000. 

16,000 ^^ 

From equation (2), page 526, we have for the camber 



X = 39,000 



— Y 39»ooo^ — — - = 0.08 ft. = about Jths of an inch. 



This is the camber assumed by the Bridge Company for this case, as stated on the 
Strain Sheet, Plate 22. 

The increase of length of the upper over the lower chord, is, from equation (3), page 341, 



^1 
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26 X 123 o -^ 

^ = 0.08 ft. 

39.000 

or about 0.01 ft. for each panel = about ^th of an inch. This is the increase of each upper 
panel, as given on the Strain Sheet, Plate 22. 

The other dimensions of the truss, as given on the Strain Sheet, are easily found. 

Dead Weight. — We have from Table V., page 270, for the approximate weight per 
foot of span of a bridge 150 ft. long, 1440 lbs. This gives 720 lbs. per foot for each truss. 
The weight assumed in this case by the Bridge Company, as stated on the Strain Sheet, 
Plate 22, is 730 lbs. per ft. for each truss. The panel load is, therefore, 12,410 lbs. The 
live load is assumed to consist of two consolidation engines, followed by a train of 2,240 
lbs. per ft. of track. With these data the strains can be found according to the principles 
already laid down. The student is advised to check the strains as given on the Strain 
Sheet, Plate 22. It is unnecessary to repeat the calculations here. 

Explanation of Plates and Detail Drawings. — The Strain Sheet, Plate 22, 
contains first a skeleton diagram of one truss properly lettered for reference to the various 
pieces. These letters denote the same pieces throughout the whole series of drawings 
given in all the other Plates. The various dimensions, such as length of span from centre 
to centre, panel length, height, camber, upper panel length, etc., are there marked upon one 
half of the skeleton diagram. These dimensions are also written down plainly below the 
diagram, and in addition, the data for dead and live loading, and such other data as are 
determined upon in advance. 

The calculation of strains in the various pieces can now be made. The maximum 
strain for each piece is written down, and then the work of proportioning begins. The 
dimensions of each piece being then found, they are noted on the Strain Sheet, and the 
area and strain per square inch determined and entered in the two columns on the right. 

The student will do well to perform all calculations and go carefully and systemati- 
cally through every statement of the Strain Sheet, referring to the other plates and detail 
drawings, and patiently tracing each piece through the whole series, until he thoroughly 
understands its construction and manner of attachment in the structure. 

Thus the strain on the counter A calls, as stated in the Strain Sheet, for one round 
eye-bar, i inch in diameter. This bar has screw ends i{ inches in diameter, and screw 
couplings or sleeve nuts, by which it may be adjusted. These screw ends and couplings 
are shown on the " side elevation,'* Plate 23. The bar A ends in a head at each end 5J 
inches in diameter and i inch thick. The pin at top and bottom will be found by referring 
to the detail drawing of chord T, on Plate 26, to be 3I inches diameter. By reference to 
these drawings it will be seen that all the pins, as stated on Strain Sheet, are 3f inches, 
except the upper end pins, which are 4I inches diameter. 

The two bars B in the centre panel are each 1} inches diameter^ with screw ends 2| 
inches diameter, as shown on side elevation, Plate 23, and heads 7^" by ij". The counter 
in the panel S is, of course, the same as A, These are all the counters, and the only ties 
which have screw couplings or sleeve nuts. The plan of the lower chord, on Plate 23 and 
24, will show how the counters are attached, below, and the detail side elevation. Plates 24, 
shows how thejr are attached above. The rest of the ties are flat bars of the dimensions 
and numbers given in the Strain Sheet, and a reference to Plate 24 will make clear their 
attachment to the chords. As shown by the Strain Sheet, all ties must be 31' oj" long 
from centre to centre of eye. 

All posts must be 26' long from centre to centre of pin hole. Take post L and follow 
it through all the drawings until its construction and attachment are thoroughly understood. 



4 

1 
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Thus by Strain Sheet, post L consists primarily of two channels at a distance apart of 
SJ". Each channel is 8" wide and weighs 30 lbs. per yard. Its area is, then, 3 square 
inches, or 6 inches for the two. Each channel is \* thick and two inches width of flange. 
The two channels are braced together by cross plates and lattice bars. We may consider 
the post, then, as " common chord section," page (p). The allowed load is by Strain 
Sheet 5,663 lbs. per square inch. This should be less than the allowable load computed for 
the above data from the formula, page (p). The details of construction of post L are 
given on Plate 25. The post is stiffened at bottom by angle irons riveted on to the back 
of the channels, these angles being 3" x ^' x 36" long. The angle irons are riveted to a 
web plate 8 inches wide, ^V' thick and 33 inches long. The edges of the angle leg, which is 
riveted to the web plate, are tapered down, as shown in the drawing, to meet the plate. 
The other legs, which are riveted to the backs of the channels, are cut square. The cross 
plates at top and bottom are 12^" wide, 12" high and i" thick. Between the cross plates 
we have double lattice bars, as shown on Plate 25, each bar 2" wide by i" thick, and i' 3J" 
long from centre to centre of rivet. 

For about 9} inches from the bottom the flanges at the foot of post are shaved down, 
as shown on Plate 25, to let the tie bars pass, so that the thickness of the legs is i J". This 
is indicated also on the Strain Sheet, Plate 22, by the words " Leg |" " at foot of post Z. 
The bottom of post Z, where the pin goes through, is stiffened by 4 reinforcing or pin 
plates, one on each side of each channel. The two outside plates fit between the flanges 
of the channels, and are each 6i" wide, yV' thick, and 12" high. The other two, riveted to 
the backs of the channels, are each 6 J" x ^y x 12^". The rivets are disposed as shown 
on Plate 25. Finally, the attachment of the post to the chords at top and bottom, is 
shown on Plate 24. The details of all the other posts on Plate 25 are similar, only differing 
in dimensions. All dimensions on detail drawings should be written down plainly, and 
nothing left to scale. If the student will now refer to Fig. 206, page 317, he will have in 
connection with the detail working drawings, a clear idea of the construction of posts and 
bottom chords and connections. So also by reference to Figs. 206, 220, 221 and 222, in 
connection with the shop detail drawings, he can get a clear idea of all other details. 

The complete series of drawings consist of : 

Strain Sheet Plate 22 

General Plan and Elevation ' " 23 

Detail Plan and Elevation ** 24 

{Posts, Lateral Struts, Portals and Knee Brace: " 25 

Chordsand End Posts " 26 

Floor Beams, Stringers, Cfoss Frames " 27 

Strain Sheet for Lateral Bracing, Bed Plates, Rollers and Masonry 

Plan " 28 

Bill of Materials. — Let us «uppose that the Strain Sheet (Plate 22) has been 
worked out, and the General and Detail Plans and Elevations (Plates 23, 24,) have been 
made. We can now make out the Bill of Materials. 

We give below the Bill of Materials, as furnished by Kellogg & Maurice, for the bridge 
given by our Plates. It will be evident by inspection that the bill is made out by taking 
each member, such as end posts, posts, ^chords, floor beams, etc., and giving in detail the 
dimensions of each piece and the number of pieces required under each head. In doing 
this a list of members, such as given on page 328, will be found serviceable in preventing 
omissions. A careful comparison of the items in the Bill of Materials with the Shop 
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Detail Drawings, will illustrate the construction of each piece better than any elaborate 
explanation. From this bill the draughtsman prepares the Shop Drawings. We recom- 
mend the student to check off every item carefully in the bill, by reference to the Shop 
Drawings. This bill, then, taken in connection with the Detail Drawings, ought to make 
clear to him the construction of every part of the bridge. 

In the right hand column of the Bill of Materials we have given the size and number 
of plates, bars, etc., which are necessary in order to make from them the shorter pieces on 
the same line in the bill. It will be noticed that pins are put down ^" larger than finished 
size, also that -^' is added to roller plates to allow for planing. Chord sections are also 
planed at abutting ends. 

The number of order and mark observed at top of bill on left, shows the number of 
order and mark which is placed on all iron received for this bridge, so that it can be dis- 
tinguished from that belonging to other work. 

Of course all material marked in the Bill of Materials as " in stock," need not be 
included in the " Order Bill." 



BILL OF MATERIALS. 



J* 



MISSOURI PACIFIC R. R. BRIDGE NO. 44. 



I Span i^lfeet c. to c. 9 Panels \f x 26", widt/i c. to c. 16' 3". 



Order 359, Mark D. 
4 

End Posts. 



For Chords 
Included. 



14 
Chord Sections. 

4 P 

4i? 
4^ 
2 T 



End Post Included 



I 



{ 



8 — 12 X 105 lb. Channels, 32' 4" long. 



4 Cover Plates 
4 Roller " 
8 Pin 

32 •' 
16 Coupling " 
4 Cover 



u 



15 X I X 32 4 

20 X I^^jf X 2' 

18 X I X l' 

9i X W X I 

9i X I X i' 

15 X J XI 



n 



(t 



8 Roller Plate Angles, 4" x 4" 
8 " " "4x4 



8 Lateral " 



5 X 3i 



o. 

loi". 

6". 

3". 
4". • 

X i" 

X i 

X f 



X 
X 
X 



I 
o 
I 



o . 



s^ 



n 



tt 



For Cross and Lattice Bar — See Chords. 



8 — 12" X 105 lb. Channels 



X 112 



a 



X 120 



« 



a 






8-12 
8—12 
4 — 12 X 120 

4 Cover Plates, 15' x {" y. 



u 



u 



<< 



u 



n 



u 



4 

4 

2 

12 

24 Pin 
4 Filler Bars, 
36 Cross " 
628 Lattice Bars, 



« 



« 



« 



« 



^5 ' 

15 X i 

15 X i 

15 X J 

i6\ X \ 



tV X 

X 
X 



6' loi" long 
7 oj 

7 oi 

8 oi 
6' 10" long. 
7 oi - 



« 
« 



7 oi 

8 oi 
X I 3 
X % I 6 



3' X ^ X 13 
6 X j X I 3 
2 X ^ X 18 



u 
« 
« 
ii 
u 
«( 
u 



p 

R 

S 
T 

P 
R 
S 
T 



\ 



I 


Plate, 


11' 


6". 


2 


« 


21 


4. 


I 


« 


20 


I. 


I 


« 


5 


5. 


I 


Angle, 


15 


'4" 




In stock. 





Finish, 17' oi". 

17 oj. 

18 o\. 



« 



« 



<< 



« 



« 



17 o^. 

17 o\. 

18 o\. 

1 Plate, 15' I " 

2 " 18 I. 
In stock. 

'3 Bars, 15' i". 
33 " 32 o. 
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13 

Posts. 

aM 

aN 



8 - 8" X 30 lb. Channels, 26' o" long. 



u 
u 



8—10 X 48 " 
8-10 X 66 " 
1 2 Web Plates, 8 " x ^" 



8 
Floor Beams. 



Stringer Cross Frames. 



12 
Knee Braces. 

18 
Stringers. 



14 



4 No. I. 



2. 



2 

Portals. 



16 Pin 
16 " 
16 " 
16 Cross 
16 " 
16 " 



u 



« 



«« 



ii 



u 



u 



6i 

^ 

13 
12 
12 



A 
i 
i 



X 
X 

X 
X 



X 
X 
X 
X 
X 
X 
X 



26 o 
26 o 

»' 9". 

2. 



1< 



« 



48 Web Angles, z" y^ i' 
1008 Lattice Bars, 2' x J" x i' 6 J". 



X 3 I 



ff 



8 Web Plates, 36' x \" x 16' 2". 

•6 " " 36 X I X 15 6. 

4 Lateral " 10 x | x i o. 
12 " . " 10 X i X I o. 

8 Angles, 5' x 3f' x -f^" x 16' 2f' 
24 " 5 X 3^ X A X 15 6|. 
32 " 5 X 3 X VV X 2 5. 
32 " 3x3x^x10. 



4 Angles, 3" X 3" x ^" x f if. 
8 Guard Bars, 6' x ^" x o' 10". 
2 " "6x^x10. 

24 Angles, 2f' X 2f' x ^^e" x 7' 8". 



Z 

z 
z 

N 



No. I 



4 Web Plates, 28" x ^" x 20' 8" long. 
14 " " 28 X tV X 15 Hi " 
6 Coupling" 9} X \ X in. 
8 Flange Angles, 4f' x 3" x ^" x 20' 3". No. i 



« 



« 



a 



28 
28 

68 

64 End 

8 " 
8 " 



« 



« 



« 



(( 



« 



4i 

4i 

41 
6 

4 



Bars, 



X 3 

X 3 

X 3 
X 6 

X 3 
3 



xA 

X A 
X A 
X A 

X i 

X A 



X 
X 
X 
X 
X 
X 



20 8. 

16 I. 

17 o. 

I 10. 

2 3. 
I 10. 



« 



(( 



« 



No. I 



4 Angles, 4i" x 3" x tV" x 



<( 



i/6r. 

63. 
20 4. 



8 " 3 X 3 X ^v X 

4 " Z ^ Z ^ -h ^ 

4 Plates, 12" X tV" X i' o". 

4 " 12 X -jSj^ X o 8. 

4 Bars, 3 x ^ x i 4. 
38 Lineal Fr. 4" x ^", Lattice Bar. 
56 " " 2 X A, 



a 



<c 



Finish, 25' iif. 
25 I If 
25 iif 

3 Plates, 16' 7". 

16 5. 



(( 



« 



« 



16 5: 

16 5. 

17 I. 

18 3. 
18 II. 

8 Angles, 18 i. 

50 Bars, 33 o. 



« 



u 



u 



u 



I Plate, a' i". 

I " 13 I. 

Finish, 16' 2^". 

" 15 6. 
4 Angles, 19' 5". 
2 " 16 I. 



In Stock. 



2 Plates, 15' 5". 



Finish, 16' ii|". 
8 Angles, 14' 9". 
I " 18 I. 
I Bar, 14 9. 



( 



1 Plate, 6' 9". 

In Stock. 

2 Bars, 20' o". 
2 " 32 a 
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Foot Shoe Struts. 



4 Angles, 4f' X 3" x |" x 14' 7i"- 
8" 4 X3x|xo9. 
4 Bars, 6" x f x i' 6". 



6 12 Angles, 4r x 3" x f x 17' i". 

Top Lateral Struts. 6 Bars, 6" x f x 17' i". 



/ -/' 



I Bar, 6' i 



Sets Rollers. — 22 Rollers, 2" x 19" S. to S. 19J" long. 
II Rollers. 4 Cross Rods f" x \(^^\ 

4 Side Bars if x |" x 2' 2". 



Mains and Chords. — 



7 o 

25 II 

7 o 

25 II 
32 6 

32 7 
32 7 

26 10 

18 5 
18 5 

18 6 
\% 6 



ff 



4 Counters A — i 



« 



« 



4 

8 

8 

8 Mains 

8 " 

8 " 

4 Verticals F— ^ 



o 
A — I o 
^— i| o 
^— i| o 

C-4"x 

^- 5 



16 Chords 
16 " 
16 " 
8 " 



G" 4 

I -5 
^-5 



X 
X 
X 
X 
X 
X 
X 



X 
X 
X 
X 

H 

•i 

'A 
i 

•A 
'i 



ft 



it 



« 



u 



It 



6'o" 

24 II 

6 o 

24 II 

X 31' of " 

X 31 oj 

X 31 oJ 

X 26 o 

X 17 o 

X 17 o 

X 17 o 

X 17 o 



C. to E. Pin 3f 

3i 

3l 
3i 
3« 
3* 



« 



(( 



« 



« 



(t 



<« 



« 

n 
it 
tt 
it 
tt 
tt 
It 
tt 
tt 



Heads 6' 
6 

7i 
.71 

9 

10 



tt 



tt 



tt 



tt 



it 



X 
X 
X 
X 
X 
X 



I 
I 



// 



•A- 



Upset if 



" X 4" Z. 



<( 



« 



tt 



X 4 

X 5 
X 5 



Z. 



3{ and 4| Heads lo x 

3f and 4f 

3l 
3« 
3f 
31 



tt 

<t 
tt 
tt 

tt 



II 

9 

9 
10 

10 



X 
X 
X 
X 
X 



Lateral Rods. — 
4' 9" 8 B. L. Rods No. 1 - ifo x 
18 6 



4' o" C. to E. Eye 2^'' Heads 4^" x i j" 



4 9 
18 4 

18 I 

4 9 

18 I 

4 9 

18 I 

4 9 

19 6 
19 9 



8 
12 

8 

4 

8 
8 
2 
2 



« 



« 



tt 



tt 



tt 



tt 



tt 



tt 



tt 



tt 
tt 
tt 
tt 
it 
tt 
tt 



1 — il o 
2-4 — ij^ o 

2 — ij o 

4- li o 
3- li o 

3- If o 

5-1 o 

5-1 o 



14 Top Lateral, A — i o 

4 " " A -I o 

10 " " ^-10 



X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



17 9 

4 O 

17 6i 

17 4 
4 o 

13 4 
4 O 

17 4 

4 o 

18 9 

19 o 



ti 



<t 



tt 



tt 



« 



tt 



tt 



tt 



tt 



tt 



tt 



tt 


2iV 


tt 


2iV 


tt 


2tV 


tt 


2tV 


tt 


2A 


tt 


^A 


tt 


^iV 


tt 


2A 


tt 


•A 


tt 


«A 


tt 


'A 



t< 



« 



« 



t< 



tt 



tt 



tt 



tt 



tt 



tt 



tt 



4i 
4i 
41 
41 

4 
4 

4 

5 

3i 
34 
31 



X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



'I 



I 
I 
I 
I 
I 
I 
I 



lifandii^xilf. 
1 1 per 4 1 pin only. 

iH. 

ItV 

If 
1*. 

Upset if X 4i"Z. 
ij X 4i i?. 
4x4 Z. 
ij X 4 -^. 
4x4 -^. 
ij X 4 Z. 
if X 4 ^. 
ij X 4 Z. 
ij^ X 4 J?. 

li X 4 Z. 
li X 4 ^. 
ij X 4 ^. 



tt 



t< 



« 



tt 



tt 



tt 



tt 



tt 



tt 



tt 



tt 



Sleeve Nuts. — 8 Sleeve Nuts per 2^" Taps. 

8 " *' " ij 
12 " " " i| 

8 " " " 1 1 
20 " " " iJ 



it 

a 
it 



Pins. — 4 Pins No. i 



• 

4 
4 
4 
4 

12 



tt 
tt 
tt 
tt 
tt 
tt 



tt 
tt 
tt 
ti 
tt 
tt 



2 

3 

4 

5 
6 

7 



3f" 

3io 

3*0 

3*0 

3*0 
4|o 

3|o 



X 10" S. to S. 13" long. 



X 
X 
X 
X 
X 
X 



I4i •' 
20^ " 
20i " 

24i" 
11} " 
10 



tt 



it 



it 



tt 



tt 



tt 



tt 



'7* 

23I 
26i 

271 

13 



tt 



tt 



tt 



ti 



ii 



tt 



Ends 3' 


'x 


>1". 


" 3 


X 


'f 


" 3 


X 


•1- 


" 3 


X 


'f 


" 3 


X 


3i. 


" 4 


X 


«f 


" 3 


X 


'i 
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t 

Pin Nuts.— 8 Pki Nuts per 4" Taps, 5^" diam. 1" thick. 

66 " " " 3 " 4} " I " 

Bolts and Nuts. — 

4 Bottom Lateral Bolts, No. 1 — 2" o x sf E. to C. 61^" long. 4 Cotters |°. 



4 Bottom Lateral Bolts per Beam No. i 

4< 4« 



4 


« 


a 


8 


(i 


i( 


4 


t« 


4« 


\2 


it 


« 



3 

3-4 



2" o X 5l" long. 
2 o X 4J 
2 o X 4j 

20x4} 
2 o X 3j 



Hex. Nuts i" thick. 



«( 



<c 



« 



(i 



li 
u 



« 



I 
I 
I 
I 



(I 



28 Top Lateral Bolts ij" o x 4" long. 



8 



t( 



« 



32 Portal 
72 Post 
100 Chord 
50 Knee Brace 
8 Anchor 
8 " 
124 Guard Rail 






J O X 

} O X 

J O X 

J O X 

I O X 

ij O X 

1 O X 



(i 
(t 
u 



3 

2 
2 

2 

9 
7 



i( 



« 



«( 



Hex. Nuts i^ thick. 
Square Heads — Hex. Nuts, 






« 



(( 



t< 



i< 



li 



u 
a 
a 
a 



\ o X 16J " Square Nuts. 



Castings. — 2 Cast Bed Plates per Fixed End. 

2 " " " " Roller " 

4 Stringer Bed Plates. 
9 Pin Washers 3}' Core i" thick 6" diam. 

60 " " 3} " i " 6 
9 " " 4} " \ "61 

5 Packing Rings A - 3}" Core i" Metal 3" deep. 



« 



9 
5 
9 
9 

5 
5 
5 
9 



a 
a 
u 

« 






^-33 

C-3l 
E-Z\ 






i 
i 

\ 



« 

u 
« 



4 

3i 
•I 

J 
4 

3 

? 



124 Washers No. 2. 
124 



4< 



</ ' V For Guard Rail Bolts No. 2 = per j[ bolts. 



Order Bill. — The Order Bill can now be made out from the Bill of Materials. We 
give it below : 

ORDER BILL. 

MISSOURI PACIFIC RAILWAY. NO. 44. 



Order 359, Mark D. 

Channels. — 8 

8 



I Span 153 feet c, to c, 

12" X 105 lb. Channels, 32' 4" long. 
12 X IC5 " *' 16 ic4 ** 
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8 
8 

4 
8 

8 

8 



12 
12 
12 

10 

10 

8 



X 112^ lb. Channels 
X 120 " " 

<( a 

u u 

n it 



X 120 

X 66 

X 48 

X 30 



17 

17 
18 

26 

26 

26 



o^ long, 
o 



o 
o 



« 






Finish 17' o^" 

17 oi. 

18 oi. 
25 I if 
25 iif 
25 II}. 



« 



Plates. — 2 Plates 36' 



6 
4 
14 
4 
I 
2 
2 

4 
4 
4 
4 
I 
I 
I 
I 
I 
I 
2 
I 
2 
I 
2 
I 
I 
2 
I 



ti 

n 
<« 
(( 
u 

« 
« 
u 
n 
n 
n 
u 
tt 
tt 
tt 
tt 
It 
it 
ti 
tt 
tt 
tt 
tt 
tt 



36 

28 
28 

20 

18 

i6i 

15 
15 
15 
15 
15 
15 
15 

12 
12 
12 
12 
10 
10 

9i 

91 
9i 
«i 

H 

8 
61 



X I" 
X I 

X A 
X A 

X lA 

X I 

1 
1 

1 

i 
i 
i 
i 

i 
i 

f 

1 

i 

1 

tV 

A 



X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



16' 
15 

20 

16 

2 

II 

18 
18 

17 
17 

32 
16 

15 

5 
6 

18 
18 

17 

4 

12 
21 

20 

15 
16 

16 

16 

16 



2". 

6. 
8. 

11^. 
o. 
6. 
I. 

oi. 
oi. 

4 

10 
I 

5 

9 
II 

3 
I 

I 

I 

4 

I 

5 
5 



Angles. — 8 Angles 6" x 6" 



8 
24 

4 

8 

8 

28 

28 

4 
12 

4 
I 
I 

8 
4 

3 



tt 
tt 
tt 
it 
n 
it 
tt 
tt 
ti 
tt 
tl 
tt 
tt 
tt 
tt 



5 X 31 
5 X 34 
5 X si 
41 X 3 

X 3 

X 
X 

4l X 3 
4l X 3 



41 
41 
41 



3 
3 



41 

4 

4 

3 

3 

3 



X 
X 



3 

3 
X 4 

X 3 

X 3 

X 3 



X A"x 

X iV X 

X A X 

X A X 

X tV X 

X tV X 

X tV X 

X A X 

X tV X 

X I X 

X I X 

X I X 

X 1 X 

X iV X 

X A X 

X A X 



14' 9". 

16 2f 

19 5. 

20 8. 

20 3. 

17 Ow 

16 I. 

17 61. 

17 I. 

14 7l. 

18 I. 

18 I. 

7 il. 
16 I. 



Finish 18' o^" 

17 4- 
17 oi. 



« 



tt 



Finish i6' 2f' . 
" IS 6. 
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DETERMINATIO.V OF DIMENSIONS AND DESIGNING OF DETAILS. 



9 Angles 3 x 3 x ,V 


X 


6 3. 


4 


" 3 X 3 X A 


X . 


20 4. 


24 


" H X 2l X VV 


X 


7 8. 


S. R. Bars — i 


Bar 6" x j" x 6' 


1" 




6 


"6 X } X 17 


I. 




3 


"6 X J X 15 


I. 




2 


"4 X ^ X 20 


I. 




I 


"3 X tV X 14 


9. 




35 


"2 X tV X 32 


0. 


■ 


50 


"2 X i X 32 


0. 




D. R. Bars.— 4 


Plates 8" X \" x 


26' 


10'. 


8 


Bars 5 X i^ X 


32 


7. 


8 


"5 X I| X 


18 


6. 


16 


"5 X Ij X 


18 


6. 


8 


"5 X li X 


32 


7. 


16 


" 4 X i,V X 


18 


5. 


17 


" 4 X lA X 


18 


5. 


9 


"4 X H X 


32 


6 


8 


" ij X 25' 11". 






8 


" If X 7 0. 






8 


" ij X 18 6. 






8 


"1^0x4 9. 






8 


" 1} X 18 4. 






4 


" iJ X 18 I. 






13 


" li X 4 9- 






8 


" \\ X 18 I. 






8 


" 4 X 4 9. 






4 


" I X 25 II. 






10 


** I X 19 9. 






4 


" I X 18 I. 






5 


** I X 7 0. 






16 


"10x4 9. 






Pins.— 4 Pins 4f ' x \^\ inches long. 


16 


" 3i X 13 






4 


" 3j X i7| " 






4 


" 3j X 23J " 






4 


" 3i X 26^ " 






4 


" 3* X 27i " 







Rollers.— 22 Pieces Cold Rolled Iron 2"o x 19! inches long. 

Estimate Bill.— Next follows the Estimate Bill. This Bill gives weight of iron re- 
quired by the different pieces. As a different price attaches to nearly every shape, such a 
grouping as that given is necessary in order to figure up the cost of Bridge. This includes 
price of iron as given in Estimate Bill, and also Manufacture, Erection, Freight, Contin- 
gencies, etc. The actual weight of this Bridge as shipped was 158,493 lbs. 

In the Bill, S. R. B. stands for single refined bar, and D. R. B. for double refined 
bar. 



. . - t 
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ESTIMATE BILL. 



MO. PACIFIC R. R. BRIDGE NO. 44. 



I Span, Through Single Track 153 //. c. to c, 9 Panels 17'. Height 26' c. to c. Width 16 3 e, to c. 



4 End Posts 

14 Chords 

12 Posts. 

8 Floor Beams 

18 Stringers. . . .^ . . . 

2 Cross Frames 

12 Knee Braces. 

2 F. S. Struts 

6 Top Lat. Struts. . . 

2 Portals 

2 Sets Rollers. ...... 

Mains and Chords... 

Lateral Rods. 

36 Main Pins 

Bolts and Nuts 

Castings 



CHANNKIiJ. 


ANGI.KS. 


PLATES. 


S. R.B. 


D 


. R. B 


PINS 


• 


9»055 


312 


4.847 


799 


• • • • 


• • • • 


18,149 


• • • • 


6. 1 19 


1.452 






■ • • 1 




9.984 


878 


1,406 


2,590 


• 




• • • ( 








7.899 


5,922 


• • • • 






• • • 4 








19,789 


9,820 


83 






• • • < 








174 


• • • • 


55 






. . . • 








966 


• • • • 


• • • ■ 






• ■ • fl 








560 


• • • • 


105 






• • • a 








1,779 


• • • • 


5»i 






• • • « 








1,844 


84 


442 






• • • « 










• • • • 


410 






• • • ■ 




• 






• • • • 


• • • ■ 


41,146 


.... 










• • • • 


• • • • 


3.845 


• • • t 










• • • • 


• • • 


• • • • 


2,086 








« • • • 


• • • • 


• • • • 


• • • 




37.1 


88 


34.201 


28,198 


6447 


44.991 


2,086 



BOLTS 

AND 

NUTS. 



RIVETS. 



146 
284 
300 

813 



1.543 



5,350 



CASTINGS. 



3.200 



3,260 



15.013 

25,720 

14,858 

13,821 

29,692 

229 

966 

665 

2,290 

2.370 

410 

41,292 

4,129 

2,386 

813 
3,200 



163,204 



Less 3 per cent, for waste. 



4,896 



158,308 



This space is left for making up cost of Bridge, including Iron, Manufacture, Erection, Freight, Contingen- 
cies, etc. 

Note. The actual weight of this bridge as shipped was 158,493 lbs. 

Shipping Bill. — Below we give the Shipping Bill for this Bridge. The figures on 
the left give the length of iron required for the pieces on the same line. R and L after 
counters, mean right or left hand thread. 

Length of all bolts is pin head out. Shipping Rivets should go on this Bill also, but 
they will be found entered on the Rivet Bill. 



SHIPPING BILL. 



32' 6" 

32 7 
32 7 



MO. PACIFIC R. R. BRIDGE NO. 44. 

I Span 1 5 3 feet c. to c. g Panels i f x 2&. 
8 Main Rods C - 4" x >i^' y. li' oj" C to C. Pins i\" Heads 9" x 1^^^". 



8 " '' D 
8 " '' E 



4 

5 

5 



X li X 31 oj 
X lA X 31 o\ 



26 10 4Vertical " F - "^ x | x 26' o" 



18 5 16 Chord " G - A 
18 5 16 " " H- ^ 



t ^11 



X i^V X 17 o 
X i^ X 17 o 



« 



u 



(i 



« 



« 



(( 



« 



i< 



« 



« 



3l " 10 X If 

3| and 4| " 10 x i|J and 1 1 x i\\, 

( on top end 
3fand4| " n x i| ^ only with 4| 

* ( pins. 

3 1 Heads 9 x i^f 
3i " 9 X lA- 



{ 
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i8' 6" i6 
i8 6 8 

7 o 
25 II 

7 o 
25 II 

4 9 
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18 

4 
18 
18 

4 
18 

4 
18 

4 
19 
19 



6 

9 

4 
I 

9 
1 

9 
I 

9 
6 



4 
4 
8 
8 
8 
8 
12 
8 

4 
4 
8 
2 
2 

4 

10 



Chord Rods/- 5" x ij x ly'o" C to C Pins 3f" Heads 10" x if" 

" " AT - 5 X ij X 17 o '* " 31 " 10 X i|. 

Counters ^ - i" o x 6' o" C. to E. Pins 3f' Heads 6" x i' Upset 






a 



A — \ o X 24 II 
^ — ij o X 6 o 
^ — ij o X 24 II 
B. L. Rods No. 1 - li o X 4' o" 

1 — \\o X 17 9 
2-4 — li^o X 40 

2 — ij o X 17 6J 
3- 4o X 17 4 

3 - 1^0 X 4 

3 -1^0 X 17 

5—1 ox 4 

5 — 1 0x17 

A — I ox 4 

A — I o X 18 

J? — I o X 19 o 



« 
« 



Top*' 






i< 



(t 



« 



« 



« 



« 



« 



if 



(t 



i( 



(( 



« 



ti 



o 

4 

o 

4 

o 

9 



« 






3i 
3l 

C. to E. Eyes 2,1, 

>iV 



« 



« 



« 



« 
« 

« 
(i 

« 



i( 

u 
t( 
« 
<i 
(( 
(( 
(( 
ii 
«( 



6 XI 

7i X ij 

71 X 13 
Heads 4j^ x 1 1 Upset 
^\ X 1} 

X 
X 
X 
X 
X 
X 
X 
X 
X 
X 



ii 
ii 
ii 
ii 
ii 
ii 
a 
»< 
i% 
a 
(I 



4i 

4j 

4i 

4 

4 

4 

4 

3i 

3i 

3i 



'i 

I 



I 
I 
I 
I 
I 
I 



« 



« 



ii 

ii 

ii 

ii 

ii 

ii 

ii 

ii 

ii 

ii 

ii 



X\ X 
2i X 

Ij X 
>j 

>* 
•I 
'I 

•i 

Ij X 

Ii X 



X 

X 

X 

X 

X 

X 

X 

X 

X 



4 Z. 

4 R. 

5 L. 

5 R 
4i Z. 

4 Z. 
^. 
R. 
Z 

Z. 

Z. 
^. 



4 
4 
4 
4 
4 
4 
4 
4 
4 



8 Sleeve Nuts for 2\ 
8 " ** " if 

12 " " " \\ 

8 " '* " \\ 

20 " ** *' 1} 



Tap. 



a 



4 
4 
4 
4 
4 
12 



4 Pins No. I — 3f of' 

2 - 3f o 

3-350 

4 - 3-J o 

5 - 3f o 

6-4*0 
7 - 3-S o 



ii 

a 
(t 
»( 

<( 
a 



a 
a 
it 
(i 
ii 
ii 



X 

X 

X 

X 

X 

X 

X 



n 



10 

>4i 
20} 

23i 

24I: 
iij 

10 



S. to S. 13" overall. 

»7i 

23i 

26I 

27i 
'4j 
13 



»( 



« 



« 



(i 



i< 



t< 



« 



ii 



a 



a 



ii 



« 



ii 



a 



ii 



ii 



a 



ii 



Ends 3 



»< 
ii 
ii 

4( 



3 
3 
3 
3 
3 
3 



X i^ 

X If 
X \\, 
X if 

X U. 

X iJ. 
X if 



8 Pin Nuts for 4" Top 5 J diameter i" thick 



ii 



66 " " " 3 " 4f " I 



ii 



2 Sets Expansion Rollers (11 rollers 2" o" x 19 J" long in each). 

4 Bot. Lat. Bolts, No. i — 2 0x5^ E to C. 6\" long 

for Beam No. 1—2 o x 5;J- long 

1—2 o X 4J 
2 — 2 o X 4j 
3-2 0x4! 
•' 3 and 4 — 2 o X 3 J '* 
0x4" long Hex. Nuts. 

0x3 " Square Heads and Nuts. 

ii a a 



4 " 

4 " 

8 " 

ii 
ii 



a 
ii 
ii 
ii 
ii 
ii 
a 



4 
12 

28 Top 
8 '* 

32 Postal 

72 Post 
100 Chord 

50 Knee Brace " 
100 Fitting 



a 
ii 
« 
a 
li 
a 
a 
ii 
a 
ii 



a 
ii 
ii 
ii 



a 
ii 
a 
ii 



a 
ii 



a 


ii 


ii 


ii 


ti 


a 


%i 


ii 



a 



i 

i 
i 
i 
i 



0x2 
0X2 
O X 2j^ 
O X»2 
O X 2| 



a 
ii 
ii 
ii 
ii 
a 



a 


ii 


a 


a 


n 


ii 


it 


ii 



« 
ii 
ii 

ii 



4 cotters I o. 
Hex. Nuts I thick. 

ii a , a 



ii 

u 
ii 



ii 
ii 
ii 



I 
I 
I 
I 



ii 
a 
ii 
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%i 



<( 



(4 



8 Anchor Bolts i J o x o 9" 

8 " "10x07 

124 Guard Rail Bolts | o x i6|^ long. 

4 End Posts 31' oj" C. to E. 

4 Posts Z 25' 6" C. to E. 

4 " ilf 25 6 

4 " ^25 6 

4 Chords P 16' 6i" C. to E. 

4 " ^ 17 o^ E. to E. 

4 " Sxi o\ 

2 " ZiS o^ 

2 Arch Portals. 

6 Top Lateral Struts. 
12 Knee Braces. 

2 Foot Shoe Struts. 

2 Floor Beams, No. i. 

6 " " " 2. 

4 End Stringers 20' 8" long. 
14 Regular Stringers 16' iif" long. 

2 Stringer Cross Frames. 
16 Stringer Splice Plates* 

4 Chord Filler Bars 3' x ^" x 15" long. 

2 Cast Bed Plates for Fixed End. 

2 " *' ** " Roller " 

4 Stringer Bed Plates. 

9 Pin Washers 3 J core J thick 6" diameter. 



Square Nuts* 



60 " 


« 


3i " i 


•« 6 


« 




9 " 


a 


4j " i 


" 6i 


' « 




5 Packing Rings A 3I" core i" 


metal 


3" deep. 


9 " 


u 


Bii 


U 1 


a 


2} " 


5 " 


« 


Cii 


a 1 


u 


3i " 


9 " 


« 


J^zi 


u 1 


a 


i| " 


9 " 


u 


£31 


« 1 


ti 


i| " 


S " 


« 


^4j 


« 1 


u 


J " 


5 " 


« 


Gil 


4< 1 


a 


4 '' 


5 " 


a 


ffH 


« 1 


u 


3 " 


9 " 


a 


/33 


a 1 


u 


i " 


124 Washers No. 


2 (Guard Rail Bolt 


Washers 


124 


u 


2 X ( 


« « 


a 


« 


2 Name Plates, 


date 1882 


. 






Rivets. 













) 
) 



Rivet Bill. — Finally we give the Jlivet Bill. This completes all the bills for this 
Bridge. All rivets not otherwise marked are button head. 

RIVET BILL. . 



MISSOURI PACIFIC R. R. BRIDGE NO. 44. 



End Posts 0.-590 Rivets f X 2^ Cover Plates. 

10 " J X li " " Countersunk. 
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50 Rivets } X 2^ Cross Bars and Single Lattice. 

X 21 Double Lattice. 

X 2\ Single Pin Plate Top End. 

X 2} Double '' " " 

X 2^ " " " " " Countersunk (both sides). 

X 2^ Lateral Angle to Channel. 

X 3} " " " through Pin Plates. 

X 2j Pin Plates, Bottom End. 

X 2^ ** " " " Countersunk inside. 

X 2\ Connecting Angles to Pin Plates. 

X 3 " " " " and Channel. 

X 3 *' " *.* *' " Counter'sk inside. 

X 2j Roller Plate. 



220 

50 

35 
25 

20 

20 
60 

25 

20 

20 
20 

45 



a 

« 
a 
a 
a 
a 
a 
« 



J 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 
\ 



Chords P. — i90 Rivets \ 

10 " J 

»5 " \ 

no " } 

50 « \ 

35 " \ 

^5 " \ 



X 2\ Cover Plates. 

X 2| Joint Cover Plates. 

X ij " " " Countersunk. 

X 2} Cross Bars and Single Lattice. 

X 2| Double Lattice. 

X 2| Single Pin Plates. 

X 2} Double" " 

X 2j " " " Countersunk (both sides). 



Chords R. — 



300 

35 

50 
120 

25 
85 



it 
It 

a 

u 
ii 
u 



i 

i 

i 
i 



X 2} Cover Plates. 

X 2 Joint Cover Countersunk. 

X 2^ Cross Bars and Single Lattice. 

X 2| Double Lattice. 

X 2| Pin Plates. 

X 2| " " Countersunk inside. 



Chords S and T.— 450 Rivets J 



70 

75 
180 

140 
8s 



<( 



U 



i( 



« 



ii 



i 



X 2^ Cover Plates. 

X 2 Joint Cover, Countersunk. 

X 2j Cros:i Bars and Single Lattice. 

X 2j Double Lattice. 

X 2^ Pin Plates. 

X 2^ ** " Chords S Countersunk inside. 



Interior Posts L. — 170 Rivets H 

330 " H 
85 " i 

no " i 

45 " i 



X 1} Cross Plates and Single Lattice. 

X 2| Double Lattice. 

X 2^^ Web and Angles. 

X I J Angles to Channels. 

X 2| Pin Plates, Countersunk inside. 



Interior Posts M. — 170 Rivets J 

330 " i 

85 " i 
no " i 

70 " i 



Interior Posts N. — 170 

33^ 



ti 



ii 



X i| Cross Plates and Single Lattice. 

X 2^ Double Lattice. 

X 2 J Web and Angles. 

X 1 1 Angles to Channels. 

X 2^ Pin Plates, Countersunk inside. 



} X 2 Cross Plates and Single Lattice. 
i X 2^ Double Lattice. 



••^-k :. 
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85 Rivets 2 
no " \ 

70 " \ 



y. 2\ Web and Angles. 
X 2 Angles to Channel. 



X 2^^ Pin Plates. Countersunk, both sides. 



Portals. — 210 

20 



« 



« 



\ X 2^ Angles to Bars and Plates. 
\ X i| Lattice Centres. 



Top Lateral Struts. — 240 Rivets f x 2j^ Web and Angles. 
Knee Braces. — 150 Rivets \ x i j Angle to Angle. 



Foot-Shoe Struts. — 65 Rivets ff 

'5 " \\ 
35 " \\ 



Floor Beams. — 520 Rivets ^ 


X 2\ 


280 " \\ 


X 2\ 


70 " \\ 


X 2\ 


35 " H 


X 2\ 


75 " \\ 


X 2| 



X 2 Angle to Angle. 
X 2j Connecting Angles. 
X 2j Pin Plates. 



Web and Angles. 
End Angles. 
Stringer Bracket Angles. 
Lateral Plates, Beam No. r 

No 2, 



a 



« 



« 



Stringers. — 1920 Rivets H ^ ^f ^^^ ^^^ Angles. 

430 " \\ X 2^ End Angles. 
35 " H ^ 3i Stiffening Angle End Stringers. 



Stringer Cross Frames. — 25 Rivets \\ x \\ Angles to Plates. 

5 " il X 2j Angle to Centres. 



Rivets for Shipment. 



-30 


Rivets \ 


30 


" f 


30 


" \ 


-30 


" i 


'5 


" \ 


60 


" \ 


30 


" i 


20 


" \i 


20 


" H 


390 


" H 


90 


" i 


90 


" i 


180 


" 1 

u 



u 



(» 



(( 



u 



X 2f Chords P to R, through Web. 

X 2f " R to S, 

X 2i " StoT, 

X 2| Chord Cover Splice through Chains. 

X 2 " " " " Cover. 

X 2 Posts L to M to Chords. 

X 2^ " N to Chords 

X I J Stringer Cross Frames. 

X 2^ Foot-Shoe Struts to Stringers. 

X 2j Stringers to Beams. 

X 2| Beams No. i to Verticals. 

X 2j " No. 2 to Posts N. 

X 2| " No. 2 to Posts L and M. 
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Note. — An allowance of about 2 or 3 per cent, is made for waste in shop rivets, and about 10 per cent, in field 



rivets. 



CHAPTER VI. 

SPECIFICATIONS AND CONTRACTS. 

When a Bridge is to be built, either for a railway or city, the work is generally adver- 
tised and let out to some responsible bridge builder or contractor, who gives bonds for the 
satisfactory performance of the work within a certain specified time and for a certain 
specified price. In such case it is the duty of the Engineer of the city or railway to draw 
up a " Specification^' which shall give precisely and in sufficient detail the requirements as 
to construction and finish of the work. The contractor must execute the work in exact 
accordance with these Specificatioi}s, and it is the duty of the Engineer and his assistants 
to see that he does so. 

The drawing up of a complete list of Specifications, then, is a labor implying thorough 
knowledge on the part of the Engineer who draws them up, not only of all the principles 
which enter into the construction, of the strength of the materials employed, and the best 
way of utilizing them, of the processes of erection, etc., but also of those practical diffi- 
culties and sources of disagreement which often arise between the engineer and the con- 
tractor. A complete list of Specifications is, therefore, an epitome of the science of bridge 
construction, and is worthy of careful study. 

We give in the following pages : ist. Contract and Specifications complete for the South 
Norwalk Iron Swing Bridge, which has been kindly furnished us by A. B. Hill, C. E., 
City Engineer, New Haven, Conn. 2d. As complete general Specifications as we have 
been able to compile from a large number of the published Specifications of our best bridge 
and railway companies and engineers. These Specifications are so drawn up as to cover 
bridges of wood, iron or steel. In order to cover all these cases we have adopted the fol- 
lowing plan : All specifications which apply equally to bridges, whatever the material, are 
given without remark. Those which apply only to wood, iron or steel, are either distin- 
guished by some remark in the Specification limiting the application, or by the words 
" wood," " iron " or " steel," in parenthesis, after the specification number. 

Thus the reader who wishes to draw up complete specifications for a bridge of either 
of these materials, needs only to omit those thus indicated, which apply to the others only. 

ADVERTISEMENT FOR PROPOSALS. 
{Inserted in all suitable papers^ 

IRON SWING BRIDGE, 

SpALED Proposals, indorsed " Proposals for Swing Bridge," will be received until 
7 o'clock P.M., of the nth day of January, 1883, for the construction of an iron swing 
bridge at the foot of Washington Street, over the Norwalk River, at South Norwalk, Conn. 



SPECIFICA TIONS AND CONTRACTS, 



359 



Copies of the specifications and blank forms of proposals, and any information con- 
cerning the same, may be obtained by addressing the Secretary of the Committee, E. Hill, 
South Norwalk, Conn., to whom proposals may be sent, or the Engineer, A. B. Hill, City 
Hall, New Haven, Conn. No proposals will be received after the time specified ; and pro- 
posals not on the blanks furnished, or not properly filled out, will be rejected. The bids 
will be opened publicly and read at the office of the Water Commissioners, South Norwalk, 
as soon as convenient after the hour above specified as the limit of time of receiving them 
has expired. 

The right to decline any or all proposals will be reserved. 

Wm. E. Earle, 

Chairman Bridge Committee. 

SOUTH NORWALK IRON SWING BRIDGE. 

CONTRACT AND SPECIFICATIONS FOR SUPERSTRUCTURE. 

NOTICE TO CONTRACTORS. 

Sealed Proposals, indorsed " Proposal for Swing Bridge," will be received by the 
undersigned, until 7 o'clock P.M., of the nth day of January, 1883, for the construction of 
an Iron Swing Bridge at the foot of Washington Street, over the Norwalk River, at South 
Norwalk, Conn. 

Each proposal shall be signed by the bidder, and accompanied by a bond of $1,000, 
conditioned for the execution of the contract within the time specified in this notice, in 
case the bid be accepted ; or in lieu of the bond aforesaid, a certified check for $1,000, 
payable to the order of the town of Norwalk, may be deposited with the committee. 

The sureties of the bonds, both for the proposal and for the contract, must be satisfac- 
tory to the committee. 

The person or persons to whom the contract may be awarded will be required to attend 
at the City National Bank, of South Norwalk, with the sureties offered by him or them, 
and execute the contract within five days (not including Sundays) from the date of the 
award ; and in case of failure or neglect so to do, he or they will be considered to have 
abandoned it, and as in default to the town of Norwalk. 

The proposals must be made upon blanks furnished by the committee, and the price 
must be stated both in WRITING and in FIGURES. All proposals which are not in all 
respects in conformity with this notice will be considered as informal. 

The bids will be opened publicly and read at the Water Commissioners* office, Wash- 
ington Street, South Norwalk, as soon as convenient after the hour above specified as the 
limit of time for receiving them has expired. 

The right to decline all the proposals is reserved, if deemed for the interest of the 
town. 

Information concerning plans, specifications, etc., may be obtained by addressing the 
Secretary, E. Hill, South Norwalk, Conn., to whom proposals may be sent, or the Engineer, 
A. B. Hill, 18 City Hall, New Haven, Conn. 

The bridge is located on the site of an old wooden structure, with a pile and timber 
trestle at each end. 

Distance from railroad depot, less than one-fourth mile. 

Average rise and fall of tide about 7 feet. 
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Top of pivot pier to average high water will be about 2^ feet. 

" surface of mud, 10 to 17 feet. 
" hard bottom, 36 to 39 feet. 

Depth of gravel overlying bed rock, i to 5 feet. 

Bidders will state the diameter of pivot pier required, the height required from top of 
masonry of pivot pier to surface of roadway (which it is desirable should not exceed the 
present height, about 5 feet, by more than is necessary), and the height from bridge seats 
on end piers to surface of roadway. 

A stress diagram shall be submitted with the proposal, showing the stresses in the 
various members resulting from the specified loads, the sectional areas designed to meet 
them, and their make up. Also a statement of the dead loads. Also such detail drawings 
as are needed to give a complete and clear understanding of the connections of the various 
members. 

The substructure contract will probably not be.made until after the superstructure is 
decided upon. But it is expected that the masonry will be ready for the superstructure 
about the first of May, 1883. 

WM. H. EARLE, Chairman, ^ 
EBENEZER HILL, Secretar>', 
L. W. SANDIFORTH, 
TALLMADGE BAKER, 
ROBERT H. ROWAN, 



Special 
>■ Bridge 
Committee. 



A. B. HILL, Engineer. 
South Norwalk, Conn., Dec. 11, 1883. 

PROPOSAL. 

To THE Special Committee on Swing Bridge for Building an Iron Swing 
Bridge at the Foot of Washington Street, over the Norwalk River, 
AT South Norwalk, Conn. % 

Made by 

of . 

dated 



I or we. 



do hereby declare that have carefully examined the annexed specification, and 

refer to said specification as forming a part of this proposal ; and that will contract 

to furnish all materials and labor, and to construct, and in every respect complete, the work 
required by the specification, in the manner, and on the conditions specified, for the sum 



of 



($ ). 



Signed. 



Witnessed 
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BOND ACCOMPANYING PROPOSAL. 
Know all Men by these Presents, That we . 

: - as principal 



and 



as suret. 



are held and firmly bound unto THE TOWN OF NORWALK, in the sum of one thousand 
dollars ($1,000), lawful money of the United States of America, to be paid to the said The 
Town of Norwalk, its successors and assigns, for which payment, well and truly to be 
made, we bind ourselves, our heirs, executors and administrators, jointly and severally, 
firmly by these presents. 

Sealed with our seals. Dated the day of in the 

year one thousand eight hundred and eighty 

Whereas, the said , 

ha made a proposal to the Special Committee on Swing Bridge of the town of Norwalk, 
bearing date the day of one thousand eight hundred and eighty , 

for Building an Iron Swing Bridge at the foot of Washington Street, over the Norwalk 
River, at South Norwalk. 

Now the condition of this obligation is suchy that in case the said proposal be accepted 
by the said Committee, and the said : 



shall execute a contract with said Town, under the conditions of said proposal, with a bond 
for its performance approved by said Committee within the time provided for by the adver- 
tisement of proposals, annexed hereto, then this obligation shall be of no effect ; otherwise 
it shall remain in full force and virtue. 

(Signature of principal) \\:^\ 

(Address) ^ 

(Signature of surety) \ "zX » 

(Address) _-^_ 



County of. 



ss. . 188 



State of. 



Being each for himself duly sworn, says that he is the owner of real estate in the Town 

of and State of worth the sum of at least one 

thousand dollars over and above all liabilities and encumbrances of every nature. 
Sworn to before me^ this day of A. D. 188 . 



-Notary Public. 
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CONTRACT AND SPECIFICATION. 

For Building and Erecting an Iron Swing Bridge, at the Foot of Washington 
Street, Over the Norwalk River, at South Norwalk, Conn. 

This Agreement, made and concluded this day of- 



in the year one t/tousand eight hundred and eighty , by and between THE ToWN 

OF Norwalk by The Special Committee on Swing Bridge, of the first part, and 

Contractor , 

of the second part. 

(A.) WITNESSETH. That the said party oi the second part has agreed, and by these 
presents does agree with the said parties of the first part, for the consideration hereinafter 
mentioned and contained, and under the penalty expressed in a Bond bearing even date 
with these presents and hereto annexed, to furnish at own proper cost and ex- 

pense, all the necessary materials and labor, and to construct and erect complete in a sub- 
stantial and workmanlike manner an iron swing bridge, at the foot of Washington Street, 
over the Norwalk River, at South Norwalk, of the dimensions, in the manner, and under 
the conditions hereinafter specified, and has further agreed that the said Committee shall 
be, and they are hereby, authorized to appoint their Engineer and such other person or 
persons as they may deem proper, to inspect the materials to be furnished, and the work 
to be done under this Agreement, and to see that the same correspond with the specifica- 
tion hereinafter set forth, to wit : 

(B.) 

SPECIFICATION. 
General Dimensions. 

Length from centre of end pins, 158 feet. 

Width of roadway in clear between wheel guards, 18 feet. 

Width in clear between trusses, 19 feet. 

Width in clear of sidewalk on each side, 5 feet. 

Extreme width over all shall not exceed 33 feet. 

Height in the clear from surface of roadway to overhead bracing (if any), for 5 feet 
each side of the centre line shall not be less than 15 feet. 

Diameter of wheel track shall not be less than 22 feet, nor more than 28 feet. 

Number of panels on each side between supports on drum and end supports, not less 
than five. 

Camber of roadway longitudinally, 3 inches. 

Camber of roadway transversely, 2 inches. 

Height of sidewalks at wheel guards above roadway, 6 inches. 

Number of lines of roadway joists, ten. 

Number of lines of sidewalk joists, each walk, three. 

Loads and Conditions of Loading for which the Bridge shall be proportioned. 

The bridge shall be proportioned to carry, besides its own weight, 90 fbs. per square 
foot of roadway and sidewalks, considered as a uniform moving load : or, a concentrated 
load of 24,000 lbs., on 4 wheels 6 feet apart, transversely, and 8 feet apart, longitudinally, 
placed anywhere on the roadway. 

Both loads shall not be considered as acting at the same time. 
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The wind pressure shall be taken at 30 lbs. per square foot on double the lateral sur- 
face or projection of the bridge, and shall be considered as a moving load. 

The chords shall be proportioned to resist the maximum stresses resulting from the 
following conditions : 

Case I. Bridge swinging and unloaded. 

Case IL Bridge closed and the ends touching their bearings^ but without end reactions. 
First, with the maximum uniform load on both spans. Second, with one span fully loaded 
and the other unloaded. 

Case III. Bridge closed and ends raised until in the condition of a continuous girder 
with level supports. 

First, with the maximum load on one span, and the other span unloaded. 

Second, with both spans fully loaded. 

As to which of the conditions in Cases II. and III. should be used to give the maxi- 
mum stresses will depend on the arrangement of the bracing over the pivot pier. 

Posts and main ties shall be proportioned for Case I., and also for Case II., assuming 
the maximum uniform load as advancing from the end, panel by panel, to the centre. 

Diagonal bracing in the middle panel or over the pivot pier, shall be proportioned 
for Case II., assuming one span to be fully loaded, and the other unloaded. 

Counter ties, end posts, and end suspender posts, shall be proportioned for Case III. 
First, assuming one span to be fully loaded, and the maximum load as advancing panel 
by panel from the centre to the end of the other span, until both spans are covered. 

Second, assuming the maximum load as commencing at the centre, and extending 
panel by panel to the end until one span is fully loaded and the other unloaded. As to 
which assumption should be made to give the maximum will depend on the arrangement 
of the bracing over the pivot pier. 

Roadway floor beams shall be proportioned for the concentrated load, or, for the uni- 
form load, if the panel length is such that it produces greater stresses, assuming the side 
walks to be unloaded. 

At the centre of the beam where the Shearing stress is small \ of the web section may 
be counted in flange section. In determining the flange stresses, the distance between 
centres of gravity of flanges shall be taken as the effective depth of the beam. 

Sidewalk floor beams shall be proportioned for the uniform load. 

Unit Stresses. 

Each member of the bridge shall be so proportioned that the maximum stress in that 
member resulting from the above specified loads, and conditions of loading, shall in no 
instance exceed the following: 

Tension. — For lateral bars, 15,000 lbs. per square inch. 

For chords, eye bars, 12,000 

For chords, riveted members, net section, 11,000 

For main ties, eye bars, 11,000 

For main ties, riveted members, net section, 10,000 

For counter ties, rods, 10,000 

For circular girder, 10,000 

For counter ties, riveted, net section, 9,000 

For floor beams, net section, 9,000 

For end suspenders, 9,000 

For floor beam suspenders, 8,000 

Compression. — For circular girder and floor beams, 8,000 
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For square For one square end For pin bearings 

end bearings. and one pin bearing. at both ends. 

c c c 



I + — ^ oi I + n* I + 



36,000 i?* 24,000 A'* 18,000^ 

5 = the allowable compression per square inch of cross section. 

C = 9,000 for chords, and for end posts of each span, and for lateral struts. 

C = 8,000 for intermediate posts. 

L = the length of compression member in inches. 

R = the least radius of gyration of the section in inches. 

Members subject to alternate tension and compression shall be proportioned by the 
above formula for compression, and for ten.sion equal to the sum of both stresses, 

T\i^ bearing stress on pins, rivets and bolts shall not exceed 15,000 lbs. per square 
inch on the projected bearing area. The diameter of the cold rivet shall be taken in de- 
termining the bearing value. 

Shearing sXx^^s shall not exceed 7,500 lbs. per square inch. 

The bending stress on pins, with leverage from centre to centre of bearings shall not 
exceed 15,000 lbs. per square inch on outer fibre.s. 

For cast iron wheels upon a cast iron wheel track, the load per lineal inch of wheel 
when the bridge is turning, shall not exceed that given by the formula P = V (222,222 d) 
in which P— the pressure per lineal inch of wheel and d = the mean diameter in inches. 

For steel wheels upon a steel track, the maximum load per lineal inch of wheel face 
shall not exceed that given by the formula P = V (1,296,000^. 

QUALITY OF IRON. 

Wrought iron shall be used for all the principal members of the bridge. It shall be 
tough and fibrous, and when tested in long specimens shall show an ultimate strengfth of 
at least 50,000 lbs. per square inch, an elastic limit of at least 26,000 lbs. per square inch, 
an elongation before rupture of at least 12 per cent., and a reduction of area at the break- 
ing section of at least 25 per cent 

Round rods shall bend cold without sign of fracture until the inner edges of the 
two halves of the rod are in contact. Flat bars shall bend cold without sign of fracture 
unil the two halves of the bar are parallel and at a distance apart equal to the thickness 
of the bar. All wrought iron shall be thoroughly welded during rolling, of full section at 
all points, and free from seams, blisters, cinder spots, and imperfect edges. Pins and 
rivets shall be made from the best quality of double refined iron. No iron less than J inch 
thick shall be used in the bridge, excepting in the railing. 

Cast iron will not be permitted in the trusses excepting for washers, bed plates and 
minor details ; nor in any parts subject to tensile or transverse stress. It shall be tough, 
soft, gray metal, of such quality that a bar of one square inch section, five feet long, and 
four feet six inches between supports, will sustain 500 lbs. on knife edge at centre without 
fracture. Wheels and wheel tracks shall be of a quality equal to the best mixture of car 
wheel metal. 

TURNTABLE AND GEARING. 

The turntable shall be rim bearing. The circular girder shall be wrought iron and 
not less than 22 nor more than 28 feet in diameter. It shall be sufficient to distribute the 
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weight nearly uniformly over the bearing wheels, and shall be rigidly connected with the 
trusses, and securely stayed from the centre. 

The circular girder and the wheel track shall be true circles, truly level, and concen- 
tric with the axis of the pivot. 

The rack shall be on the outside of the wheel track, and shall be a full circle. 

The pinion shall be under the centre line of the roadway. The bridge shall be de- 
signed to swing through a complete circle, and shall be reversible end for end. 

The wheels shall be faced to an exact uniform size, and the true bevel. The upper 
and lower wheel tracks shall be planed to the true bevel, and when the bridge swings, all 
the wheels must turn. 

The gearing shall be such that one man on the lever can easily handle the bridge. 

The turning gear and elevating screws and latching arrangements shall be designed 
to be worked from the centre of the bridge. 

The turntable throughout, the gearing, shafting, etc, shall be of a strength propor- 
tional to the main structure. 

The wheel track, centre and end supports shall be securely bolted down to the 
masonry in such a manner as to be readily adjustable in case any unequal compression in 
the masonry occurs. 

All drilling of holes, and fitting of iron work to the masonry shall be done by the 
Contractor without extra charge. 

WOOD WORK. 

All timber and planking used in the bridge shall be of good quality, sound, and free 
from sap and shakes. 

* The roadway stringers shall be Georgia Pine 4 in. x 12 in., spaced 2 feet on centres, with 
lap joints. The lap shall be not less than 5 inches beyond the centre of the floor beam. The 
sidewalk stringers shall be Georgia pine 3 in. x 12 in., spaced 27 inches on centres, with 
lap joints as above specified. The under side of the stringers shall be gained wherever 
necessary to cause them to fit accurately on all the bearings, and to bring their top sur- 
faces truly to the required grade. The camber of the roadway transversely shall be 2 
inches, the slope of the sidewalks ij inches, and the height of the sidewalks at the wheel 
guards above the roadway 6 inches. 

The under flooring of the roadway shall be 3 inches thick of creosoted Southern 
pine grooved and splined. The grooves shall be | inch wide by i inch deep, and the 
splines 2 inches by J inch. The splines shall fit accurately in the grooves. 

The creosoting shall be done under the inspection of the Committee or their author- 
ized agent, and the timber shall be impregnated with not less than 12 lbs. per cubic foot 
of the dead oil. Each roadway plank shall be 19 feet long, and shall be spiked to each 
stringer with a 6 inch wrought iron spike ^ inch shank. 

The wheel guards shall be seasoned white oak 4 inches by 8 inches set on edge 
on the creosoted flooring with the outside faces 9 feet from the centre line of the 
bridge, and bolted to the flooring with a J inch bolt every 6 feet. The bolt shall have 
head and wrought washer on top, and nut and cast washer at bottom. The outer corner 
of the wheel g^ard shall be rounded to a radius of about 2 inches. 

The wearing surface of the roadway shall be of best quality spruce, 2 inches thick, 
laid diagonally with close joints, and neatly jointed to the wheel guards, and securely 
spiked to the permanent floor with 4 inch spikes. 

The sidewalk planking shall be of best quality Georgia pine 2 inches thick, planed on 
the upper surface, and laid with quarter inch joints. The plank shall be not less than 6 
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inches nor more than lo inches wide, and each plank shall be nailed to each stringer with 
two 40 d. nails. 

The ends of the sidewalk plank next the wheel guard shall be supported on a 3 inch 
by 6 inch creosoted Southern pine stringer, set on edge on the 3 inch planking and securely 
spiked to the wheel guard with 6 inch wrought spikes. 

Care shall be taken to make a close joint at the wheel guard, and the fitting of the 
plank around the truss members shall be done in a neat and workmanlike manner. A neat 
moulding or cornice about a foot deep, of seasoned, clear white pine, with ornamental 
bracket over the ends of the floor beams shall be fitted to the outside of the sidewalks, 
and firmly secured by means of filling pieces to the outside stringers. Iron scuppers for 
drainage shall be neatly fitted in the gutters at each end of the bridge. In determining 
dead weight the weight of timber shall be taken as follows : 

Creosoted Southern pine, 5 lbs. per foot board measure. 

Untreated " " 4 " " " " 

Spruce, 2\ " ** 
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WORKMANSHIP. 

The workmanship shall be first-class throughout. All eye-bar heads shall be either 
upset on the bar, upset with a piling piece, or rolled on the bar. No welding on of 
ready-made heads will be permitted. The shape of the head shall be satisfactory to the 
Engineer. The pin holes shall be bored truly in the axis of the bar and perpendicular to 
the line of strain. Bars belonging to the same panel shall be bored when the iron is at 
the same temperature. No error in size of hole or length of bar shall exceed -^ of an 
inch. Pins shall be turned true to size and straight, and shall fit within -^ of an inch. 
They shall be of such lengths as to have full bearings on all the members they pass 
through. Rods shall have upset screw ends with a section at the root of the thread 10 
per cent, greater than the body of the bar. Threads and nuts shall be of a standard ap- 
proved by the Engineer. All abutting joints shall be dressed so as to fit truly against 
each other. Members assembling on pins shall be packed closely by the use of suitable pack- 
ing rings. Rivet holes shall not be more than ^th inch larger than the cold rivets designed 
to fill them, and shall be so accurately spaced at all joints that the cold rivet can be in- 
serted without the use of the drift pin. In punching the holes the diameter of the die 
shall not exceed the diameter of the punch by more than -^ of an inch. The rivets when 
driven shall completely fill the holes, and shall have perfectly formed hemispherical heads, 
concentric with the axis of the rivet. 

Any loose or defective riveting shall be cut out and replaced. Rivets shall be machine 
driven where practicable. In all cases of hand riveting the several parts shall be held firmly 
together, and wherever the parts are not in actual contact distance pieces shall be used. 

RAILING. 

The railing on outside of sidewalks shall be all wrought iron, excepting the rosettes, 
which shall be malleable iron, and the four newel posts, at ends, which may be cast iron. 

The top rail shall be the Manly and Cooper 4I rail. The bottom rail shall be the 
Manly and Cooper moulded base. The web system shall be the ** New Haven *' design. 
The vertical bars shall be i inch by ^th inch. The diagonal and curved members -jJ^^th inch 
by |th inch. 

The iron and workmanship shall be of the same quality as specified for the main mem- 
bers of the bridge. 
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PAINTING. 

All iron work shall be thoroughly cleaned of rust and scale, and painted one good 
coat of oxide of iron paint and pure linseed oil before leaving the factory, and all surfaces 
coming in contact one good coat, before being riveted up. After erection, and before the 
wood work is put on, the iron work below the level of the floor shall be painted two good 
coats of iron paint and linseed oil. The railing and the trusses above the level of the 
floor shall be painted two good coats of oxide of iron and lead paint and linseed oil, of 
a light color, such as the Committee shall select, or different colors shall be used for dif- 
ferent members if the Committee so direct. 

The cornice shall first receive a priming coat and then two good coats of lead paint, 
and linseed oil of such colors as the Committee shall select. All turned and faced sur- 
faces shall be covered with white lead and tallow before leaving the factory. 

TESTS. 

Tests shall be made at the option of the Committee, and under the direction of the 
Engineer, to determine the quality of the material ; and the expense of such tests shall 
be borne equally by the Contractor and the town. Finished material destroyed in testing, 
which is up to the required standard, will be paid for by the town at its value over and 
above its value as scrap. If not up to the specified standard it shall be considered as rejected 
material and not to be paid for. 

ERECTION. 

The erection of the superstructure shall be commenced in the spring, immediately 
upon the completion of the substructure, and shall be pushed forward as rapidly as possi- 
ble to completion. It shall be so conducted as not to obstruct the navigation of the river. 
The Contractor shall not obstruct or interfere with any arrangements the town may make 
for accommodating foot travel across the river. 

DISPUTES. 

In case of any dispute regarding the meaning of any portion of this specification, the 
decision of the Engineer who drew it up, given in writing, shall be final and conclusive. 

DISMISSAL OF INCOMPETENT PERSONS. 

If any person employed on the work by the Contractor shall appear to the Engineer 
to be incompetent or disorderly, he shall be discharged immediately on the requisition of 
the Committee, and such person shall not again be employed on the work. 

RESPONSIBILITY OF CONTRACTOR. 

The Contractor shall have charge of, and be responsible for the entire work until its 
completion and acceptance, and shall assume all risk of accidents, and all loss or damage 
arising from the use of improper materials, or workmanship in the construction of the 
bridge, or of neglect to protect the public from injury. 

REJECTED MATERIALS. 

The Contractor shall furnish all efficient labor and implements necessary for the full 
and complete performance of his contract, and if any implements or materials should be 
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brought on the ground which the Engineer may deem to be of improper description, or 
improper to be used in the work, the same shall be removed by the Contractor as soon as 
practicable. 

OMISSIONS. 

Any work not herein specified, which may be fairly implied as included in this con- 
tract, of which the Engineer shall judge, shall be done by the Contractor without extra 
charge. 

COMMITTEE. 

Wherever the word " Committee ** is used in this specification, it refers to the Special 
Committee on Swing Bridge of the Town of Norwalk. 

ENGINEER. 

Wherever the word " Engineer" is used in this specification, it refers to the Engineer 
appointed by the said Committee. And all explanations or directions necessary to com- 
pleting satisfactorily the work contemplated and provided for under this agreement will 
be given by said Engineer, 

CONTRACTOR. 

Wherever the word *• Contractor " is used in this specificiation, it refers to the party of 
the second part to this agreement for the construction of the work herein specified. 

(C.) The party of the second part hereby further agrees that the said parties of the 
first part shall be, and they are hereby authorized to retain out of the moneys payable to 
the said party of the second part, under this agreement, the sum of ten per cent, on the 
amount of the contract, and to expend the same in the manner hereinafter provided for, 
in making such repairs on the said bridge as the Engineer may deem necessary. 

And it is further agreed that if at any time during a period of three months from the 
date of the completion of the bridge aforesaid, any portion of the said work shall, in the 
opinion of the said Engineer require to be rebuilt or repaired, the said Engineer shall 
notify the said party of the second part to make the repairs so required ; and if the said 
party of the second part shall neglect to commence work on such repairs within ten days 
from the date of the service of such notice, and progress therewith so as to complete the 
same to the satisfaction of the Engineer, that then the said Engineer shall have the right 
to employ such other person or persons as he may deem proper to make the same, and to 
pay the expense thereof out of the sum retained for that purpose by the said parties of 
the first part, as before mentioned. 

And the parties of the first part hereby agree, upon the expiration of the said period 
of three months, provided that the whole of the work shall at that time be in good order, 
that the said party of the second part shall be entitled to receive the whole or such part 
of the sum last aforesaid as may remain, after the expense of making said repairs in the 
manner aforesaid shall have been paid therefrom. 

(D.) The said party of the second part hereby further agrees that they will com- 
mence the execution of the aforesaid work within ten days after notice in writing shall be 
given to commence, and progress therewith so as to complete the same, in accordance 
with this agreement, on or before the expiration of the twenty-fourth day after the day 
specified for commencement. 



N 



SPECIFICATIONS AND CONTRACTS. 369 

(E.) The said party of fhe second part hereby further agrees, that they shall not be 
entitled to demand or receive payment for any work upon, in or about the said bridge as 
extra work, unless ordered in writing by the Engineer to do the same as extra work, and a 
price therefor agreed upon previous to its commencement. 

(F.) The said party of the second part hereby further agrees that if at any time the 
engineer shall be of the opinion that the said work is unnecessarily delayed, and will not be 
finished in the prescribed time, he shall notify the Contractor in writing to that eflfect. If 
the Contractor should not, within five days thereafter, take such measures as will, in 
the judgment of the Engineer, insure the satisfactory completion of the work, the Engineer 
may then notify the aforesaid Contractor to discontinue all work under the contract, and 
it is hereby agreed that the Contractor shall immediately respect said notice, and stop 
work and cease to have any rights to possession of the ground. The Engineer shall there- 
upon have the power, by and under the advice of the Committee, to place such and so 
many persons as he may deem advisable, by contract or otherwise, to work at, and to com- 
plete the work herein described, and to use such materials as he may find upon the work, 
or to procure other materials for the completion of the same, and to charge the expense 
of said labor and materials to the aforesaid Contractor, and the expense so charged shall 
be deducted and paid by the parties of the first part, out of such moneys as may be then due 
or may at any time thereafter grow due to the said Contractor under and by virtue of this 
agreement, or any part thereof ; and in case such expense is less than the sum which would 
have been payable under this contract if the same had been completed by the party of 
the second part, they shall be entitled to receive the difference, and in case such expense 
is greater, the party of the second part shall pay the amount of such excess so due. 

(G.) The said party of the second part hereby further agrees that they will execute 
a bond for two thousand dollars, and with such securities as shall be approved by the 
Committee for the faithful performance of this contract, conditioned to indemnify and 
save harmless the parties of the first part from all suits or actions of any name and de- 
scription brought against them or the Town of Norwalk, for or on account of any injuries 
or damages received or sustained by any party or parties, by or from the party of the 
second part, their servants or agents, in the construction of said work, or by or in conse- 
quence of any negligence in guarding the same, or any improper materials used in its con- 
struction, or by or on account of act or omission of the said party of the second part or 
their agents, or by or on account of the infringement of any Patent Right, and for the 
faithful performance of this contract by the party of the second part. 

And the said party of the second part hereby further agrees that so much of the 
moneys due to them, under and by virtue of this agreement, as shall be considered neces- 
sary by the said Committee, may be retained by the said parties of the first part until all 
such suits or claims for damages as aforesaid shall have been settled, and evidence to 
that effect furnished to the satisfaction of the said Committee. 

(H.) The said party of the second part hereby further agrees to receive the following 
price as full compensation for furnishing all materials and labor in building and erecting, 
and in all respects completing the aforesaid bridge, in the manner, and under the condi- 
tions before specified, including all loss or damage arising out of the nature of the work 
aforesaid, or from the action of the elements, or for any unforeseen obstructions or diffi- 
culties which may be encountered in the prosecution of the same ; also all expenses in- 
curred by or in consequence of the suspension or discontinuance of the said work as before 
specified, and for well and faithfully completing the same and the whole thereof, in the 
manner hereinbefore specified, viz : the sum of ($ ). 

(I.) The said party of the second part hereby further agrees that they shall not be 
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entitled to demand or receive payment for any portion of the aforesaid work or materials 
until the same shall be fully completed, in the manner set forth in this agreement, of 
which the Engineer shall judge, and until each and every of the stipulations hereinbefore 
mentioned are complied with. 

Whereupon the parties of the first part shall pay, and hereby bind themselves and 
their successors to pay to the said party of the second part in cash ninety per cent, of the 
whole amount of money accruing to the said party of the second part under this contract ; 
provided nothing herein contained be construed to affect the right hereby reserved of the 
said Committee to reject the whole or any portion of the aforesaid work, should the state- 
ment of the Engineer of the completion if the same be found or known to be inconsistent 
with the terms of this agreement, or otherwise improperly given. 

And it is hereby further agreed by tl^e said parties of the first part that the remaining 
ten per cent, shall be paid to the said party of the second part at the expiration of three 
months from the date of the first payment, as provided in section (C) of this agreement. 

(J.) It is hereby further mutally agreed and understood that no claim by the party 
of the second part for damages for delay, that may be caused by the non-completion at 
the expected time of any of the substructure, shall be allowed. 

In Witness Whereof, The parties to these, presents have hereunto set their hands 
and seals the day and year first above written. 



The Town of Norwalk, by 



■j L. S. > 



CHAIRMAN OF THE COMMITTEE. 

The by 



"j L. S. !• 



Signed and sealed in ) 
the presence of f 

ftnoQ) all iSlen bg tljeee {hreeente, THAT WE 



.as sureties 



are held and firmly bound unto the Town of Norwalk, in the sum of Two Thousand 
($2,000) Dollars, lawful money of the United States of America, to be paid to the said The 
Town of Norwalk, their successors and assigns, for which payment, well and truly made, 
we bind ourselves, our heirs, executors and administrators, jointly and severally, firmly by 
these presents. 

Sealed with our Seals. Dated the day of in 

the year one thousand eight hundred and eighty- 

WHEREAS, the said 

ha entered into a contract with The Town OF Norwalk, (by their Special Committee 
on Swing Bridge,) bearing date the day of eighteen 

hundred and cighty- 

NOW, the condition of this obligation is such, that if the said 
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shall well and truly keep and perform all the terms and conditions of the said Contract 
on part to be kept and performed, and shall indemnify and save harmless the said 

The Town of Norayalk, as therein stipulated, then this obligation shall be of no effect; 
otherwise it shall remain in full force and virtue. 



(Signature of Principal) 
(Signature of Surety) 



•j L. S. j- 



Signed and sealed in presence of^ 



Cottntg of- 



., State of. 



-t 00. 



Being duly sworn, says that he is the owner of real estate in the Town of 

State of , worth the sum of Dollars 

over and above all liabilities, and encumbrances of every nature. 

Sworn to before me, this day of A, D, iH 

Notary Public. 
GENERAL SPECIFICATIONS. 

For bridge over near 

on the Division of the Railway. 

GENERAL DIMENSIONS. 

Span from centre to centre of end pins feet inches. 

Depth of truss from centre of bottom chord to centre of top chord. feet inches. 

Width from centre to centre of truss feet inches. 

Number of panels 

Length of each panel feet inches. 

Gauge of track feet inches. 

Height of false works from ground to base of rail feet inches. 

Clear height from top of rail to lowest top laterals feet inches. 

Camber of each truss in centre of span, when completed inches. 

Curvature of track on bridge, angle of deflection per 100 feet degrees minutes. 

Angle of direction between axis of bridge and line of support degrees minutes. 

GENERAL DESCRIPTION. 

The bridge shall be a pin connected intersection grade truss for 

track, with lines of trusses and end posts, and shall be pro- 

vided with all the necessary adjustable lateral connections. 

The floor beams shall be at each panel point at right angles to the line of 

trusses. All parts of the superstructure shall be of except 

which shall be of and except washers for bolts and bed plates of track stringers 

which may be of cast iron, and except such parts of the floor as are particularly described 
hereafter. 



GENERAL SPECIFICATIONS 

FOR 

BRIDGES OF WOOD, IRON AND STEEL. 

I GENERAL DESCRIPTION. 

P^^M*nd I. All structures must be built in accordance with the general plans ex- 

•train sheets. ^ ^ 

hibited. 

2. Bidders must submit with their proposals, complete strain sheets and 
plans showing the size and form of each typical member. 

3. The strain sheets must show for each member the total strain sustained, 
and the dimensions and area of cross section ; also the dead weight assumed in 
the calculation and the resulting weight of the truss, which must be less than 
the dead weight assumed. 

D«*«i 4. Complete detail drawings must be submitted for approval of the engineer 

by the contractors before commencing work. 

5. A copy of every approved strain sheet and drawing must be furnished 
without charge by the contractor for file in the engineer's office before commenc- 
ing the work of erection. 
Expansion. 6. Provision must be made in the designing of all structures for the free 

expansion and contraction of all parts corresponding to a variation of 1 50 de- 
grees Fahrenheit. 
Material. 7.* The Superstructure shall be (Acre specify whet/ier of wrought iron^ wood 

or steel, or of a combination). 

8. No castings shall be permitted except for washers and similar minor 
details. 
Form of truss. g, Unlcss Otherwise specified, the form of truss maybe selected by the 

builder. 
Length of span lo. In Calculating strains, the length of span shall be understood to be the 
distance between centres of end pins of trusses and between centres of bearing 
plates for all beams and girders. 
Cross girders. II. The cross girders shall be spaced (with reference to the axis of the 

bridge) as required by local circumstances. 
Width of 12. All bridges must be not less than fourteen (14) feet in width {for single 

^^^^' track) in the clear between trusses, and through bridges not less than nineteen 
(19) feet in height in the clear, measuring from the top of the rail. 



* 7. For iron bridges this specification may read, " all parts of the superstructure shall be of wrought 
iron {or steel) except the floor timbers, which shall be as shown in the standard plans of roadway annexed. 
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II. LOADS. 



Dead load. 



Live load. 



13. All parts of the structure must be proportioned to sustain the strains 
produced — 

1st. By the weight of iron and steel in the structure. 

2d. By the weight of the standard roadway* annexed, consisting of the 
rails, ties, guard timbers and stringers. 

These two items taken together shall constitute the " dead load.*' 

3d. By the rolling load, hereafter specified, moving at a speed of thirty (30) 
miles per hour, and considered in positions and conditions (standing, moving and 
stopping) giving the greatest results. 

4th. Where the bridge is on a curve, the effects of the centrifugal force from ^'fSlJ?.*^ 
the live load at a speed of 30 miles per hour shall be duly taken into considera- 
tion in proportioning^he lateral bracing and girders. 

5th. By the specified wind pressure, giving the greatest results. 

6th. By the effect of a variation in temperature of 1 50 degrees Fahrenheit. Temperature. 

14. In determining the total weight of the structure or the " dead load,** for 
the purpose of calculating the strains, the weight of the iron (or steel) shall be 
assumed at ten (10) lbs. per yard of bar of one square inch area. 

The weight of the timber shall be assumed at 4i lbs. per foot, board meas- 
ure, and an addition of 90 lbs. per lineal foot of track shall be made for weight 
of rails, guard rails, spikes and joints. 

15. {For railway bridge only,) The " live load,*' or " rolling load,** shall con- 
sist for each track of two locomotives coupled with tenders, followed by a train- 
load averaging 2,240 lbs. per lineal foot. This load shall be considered as mov- 
ing in either direction, and for each part of the structure, that position is to be 
taken which causes the greatest strain. This live load is to be considered as 
concentrated upon points distributed, as shown in the following diagram : 



Wind force. 



Dead load. 



Live load. 
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I5.t To provide for the effect of impact, all such parts of the structure as 
are liable to be subjected to sudden strains or vibrations, shall be calculated with 
additions to the above specified rolling load as follows : 

* Taken at 250 to 400 lbs. per lineal foot of track. 

f Instead of the preceding we may insert the following for wrought iron only : 

15. Wrought iron -parts of the structure shall be so proportioned that the maximum strains shall in no 
case cause a greater tension than the following. 

On lateral bracing 15,000 lbs. per square inch, for steel 22,000. 

On solid rolled beams used as floor beams and stringers, or bottom flanges of floor beams and 
stringers, net area 10,000, or main rods of Howe or Pratt trusses. 

On bottom chords and main diagonals below 4 QJ' 10,000 16,000 

above 4 □" 9.000 

On counters of all bridges and long verticals or end suspenders 8,000 12,000 

On bottom flanges of riveted longitudinal plate girders over 20 ft. long, net section, 8,000 12,000 

under 20 ft. long, net section, 7,000 
On floor beam hangers and other members liable to sudden loading 5>ooo 10,000 
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Wind 



Friction. 



Strains per 
aquare incn for 



Iron. 



Wood. 



StecL 



Struts or posts. 



Floor beam hangers and riveted connections of .stringers and floor 

beams 50 per cent. 

Stringers, floor beams, counter ties, middle ties, and posts, trestle 

posts and 

Truss members of spans 30 feet long and less 25 ** *' 

" " " " 30 " to 45 feet long 20 " " 

<( <( (( << A<0 a << ^^ (< (« T ^ i< « 

16.* To provide for wind strains and vibrations, the top lateral bracing on 
deck bridges and the bottom lateral bracing in through bridges shall be propor- 
tioned to resist a lateral force of 450 lbs. for every lineal foot ; 300 lbs. of this to 
be treated as a moving load. 

The bottom lateral bracing in deck bridges and the top lateral bracing in 
through bridges shall be proportioned to resist a lateral force of 150 lbs, per 
lineal foot. 

17. {For railway bridge only,) The coefficient of friction of wheels sliding on 
the rails will be assumed at ^th. 

18. All parts shall be so designed that the strains coming upon them can be 
accurately calculated. 

III. DIMENSIONS OF PARTS. 

19. All parts of the structure must be so proportioned that the combined 
effect of all the loads specified, including the allowance for impact and exclusive 
of wind, shall not cause the strain per square inch to exceed the following max- 
imum limits : 

/Tension, 1,000 lbs. r Tension 10,000 lbs. 

Wood J ^^"^P- ^^ direction of fibres 1,000 lbs. j ^^ < Compression 8,000 lbs. 
* ( Shearing along fibres, 100 lbs. ' ( Shearing 7,500 lbs. 

It may sometimes be stipulated that steel shall be used for iension members. In such case the tensiofo 
members shall be so proportioned that the maximum strain shall not produce a greater tension per square 
inch than the following : 

On lateral rods 22.000 lbs. 

On bottom chords and main verticals 16,000 " 

On counters and vertical rods or end suspenders 12,000 *' 

On bottom flange of riveted longitudinal plate girders, net section 12,000 " 

On bottom flange of riveted floor beams, net section 12,000 ** 

On floor beam hangers and other members liable to sudden loading... . . 10,000 ** 

20. Compression members shall be so proportioned that the maximum load 
shall in no ca.se cause a greater strain than that determined by the following 
formula : 

where P is the crippling strength per square inch, 

* 16. Instead of this we may insert /<>r a railway bridge only, " Wind strains shall be calculated — 
1st. For a wind pressure of 30 lbs. per square foot on the exposed surfaces of both trusses, and on a 
moving train surface averaging 10 square feet per lineal foot. 

2d. For a vrind pressure of 50 lbs. per square foot on the exposed surface of both trusses." 
The greatest results in either case will be assumed in the proportioning of the parts. 
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/ = length of compression piece in inches, 

r = least radius of gyration of the cross section in inches, and A and c 
have the following values: 

For wood, For iron, 

A — 7,ooOj 40,000, 

For both ends square 

For wood. For iron, 

c = 3,000, . 36,000, 

For one end square and one pin, 

For wood, For iron, 

c = 2,250, 30,000. 

For both ends pins. 

For wood, For iron, 

c = 1,500, 20,000. 

To find the safe allowable strain per square inch in any of these cases, divide Coefficient of 

^ ^ ^ safety for struts 

the results obtained by the above formula by 

where, as before, / is the length in inches and d is the diameter in direction of 
bending in inches. 

21. {Iron bridge only ?^ Lateral struts shall be proportioned by preceding 
formulae to resist the resultant due to an assumed initial strain of 10,000 lbs. per 
square inch upon all rods attached to them, produced by adjusting the bridge. 

22. In wrought iron beams and girders compression shall be limited as Compressive 
follows : 

In rolled beams used as floor beams and stringers not over 15 feet 

long 10,000 lbs. 

In riveted plate girders used as floor-beams, gross section 6,000 '* 

In riveted longitudinal plate girders over 20 feet long, gross section . 6,000 ** 
In riveted longitudinal plate girders not over 20 feet long, gross sec- 
tion 5,000 ** 

23. On pin and rivet holes the maximum pressure allowed for wrought iron pin and rivet 
will be 15,000 lbs, per square inch of the diameter by length of bearing surface. ^^^^ 

24. Members subjected to alternate strains of tension and compression shall Alternate 
be proportioned to resist each strain separately.* The total area shall be the *"^'°*- 
sum of the areas required for each strain. 

25. For bending the maximum shall be : On outside fibres in tension, 10,000 Bending 
lbs. per square inch for wrought iron and 800 for wood. In compression, 8,000 *^™""- 
lbs. per square inch for wrought iron and 600 for wood, except for pins coup- 
ling members closely packed together, where a strain of 15,000 lbs. per square 

inch on outside fibres will be allowed for iron. 

26. Bottom chords in wooden trusses shall be so proportioned that the ten- Bottom chords. 

* In the case of compression of long pieces, the preceding formulae must be used. 
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sile strain shall not exceed 800 lbs. per square inch. The required combined 
areas for tension and bending shall be increased by one-third to obtain the gross 
section of bottom chords in through bridges. 

In deck bridges the required section for tension in the bottom chord shall 
be increased one-third to obtain the gross section. 

Full allowance shall be made for the reduction of wooden sections by bolt 
holes, keys, splices, etc. 
Rivet PiM. 27. The shearing strain on rivets shall not exceed 6,000 lbs. per square inch 

for iron, and 7,000 lbs. per square inch for bolts and pins of iron. The limits of 
strain specified for shearing and for the pressure on bearing surface of holes will 
determine the size and number of rivets. The aggregate area of rivets shall not 
be less than the sectional area of the joined pieces. 

Steel rivets. 28. If Steel rivets are specified to connect the tension parts of a girder, they 

must be so spaced that the shear per square inch of rivets shall not exceed 9,000 
lbs., nor the pressure upon the bearing surface 16,000 lbs. per square inch of 
diameter of hole by length of bearing surface. 
Steel pint. 29. Steel pins shall be so proportioned that the shear shall not exceed 10,000 

lbs. per square inch, nor the pressure upon the area of diameter of pin by length 
of bearing surface of any steel member attached to the pin, be greater than 
18,000 lbs. per square inch ; nor the bending strain exceed 22,000 lbs. per square 
inch in the outer fibre of pins where the centres of bearings of the strained mem- 
bers are taken as the point of application of the strains. 

Wind ttraini. 30. An addition of 25 per cent, to the foregoing specified limits of strain on 

rivets and pins shall be allowed for wind strains, 
combined 3 1. In case any member is subjected to a bending strain from local loadings 

(such as floors on deck bridges, etc.,) in addition to its strain as a member of the 
structure, it must be proportioned to resist the combined strains. The bending 
strains on the chords shall be calculated irrespective of the continuity of the 
chord. 

^^'^en?**^ 32. Plate girders shall be proportioned upon the supposition that the bend- 
ing or chord strains are resisted entirely by the upper and lower flanges, and 
that the shear or web strains are resisted entirely by the web. 

33. The iron in the web shall not have a shearing strain greater than 4,000 
lbs. per square inch. No iron web plate shall be less than J inch in thickness, 
and no steel plate shall be less than J inch in thickness. 

PuUsecUooi. 34, In all members subject to tensile strains full allowance .shall be made for 

reduction of section by rivet holes, screw threads, etc. 

35. No wrought iron shall be used less than ^ inch thick, except in places 
where both sides are always accessible for cleaning and painting. 

36. All tensile strains shall be in the direction of the fibres, and all shearing 
strains in a direction transverse to the fibres. 

^^ 37. Parties proposing to use steel for compression members will be required 
to furnish evidence of its superior strength and adaptability for the intended 
purpose. 

38. In no case shall any lateral or diagonal rod have a less area than } of a 
square inch. 

39. The effective length for compression in wooden diagonal braces and 
counters of Howe trusses shall be the distance from end to intersection with the 
other diagonal of the same panel. 
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40. The eye and threaded parts of all bars and rods must not be less in J^^JUT*^ 
strength than the body of the bar. The area of the section through centre of 
eye, perpendicular to the direction of the bar, must not be les& than given in 
the following Table : 



Diam, of pin 

RATIO TTj ^—T- ' 

Dtam, of bar 


• 

Area of eye through centre 

n 4Ti/% -■ . - Tim our" If t 


:£NTR£ OF HOLE. 


Area of oar 


^ 


For Hydraulic Forged 
Weldless Iron Bars. 


For Hammer Forged 
Welded Iron Bars. 


For Weldless Steel Bars. 


Less than or equal to 

I.oo 
I.oo 
1.25 
1.50 

1.75 
2.00 


1.50 
I. SO 
1.60 
1.80 
2.00 
2.20 


1.40 
I. SO 
1.60 

1.67 
1.71 

1-75 


1.50 
1.60 
1.80 
2.00 
2.20 



The area of the section at base of thread must exceed the sectional area of 
rod by not less than 17 per cent. 

41. The connections and attachments of all members must be of strength at connectioot 
least equal to that of the member or members which they are designed to con- menu, 
nect. This shall be demonstrated by testing if required by the engineer. 

42. The thickness of metal in compression shall not be less than one- Compteaakm 
thirtieth (^ of the distance between supports in line of strain, and one-sixteenth 

(iV) of distance between supports at right angles to strain, nor less than one- 
quarter (J) inch when both faces are accessible for painting, and -^ when one 
face only is accessible. 

Ratio of lengrth to diameter must not exceed 45. In built posts and struts 
the segments must all be of one length without break, and must be rigidly riveted 
together to act collectively as one solid body. 

The sectional area of rivets in one segment in the distance of two diameters 
from the end must not be less than the sectional area of the segment. 

Where lattice work is used, the distance between rivets must not be less 
than length of segment of equal strength per square inch as the column itself, 
and the lattice bars must be calculated as struts resisting the difference in the 
strengfths per square inch of the column, and that of its weakest segment acting 
singly without lateral supports. 

43. Bed plates must be of wrought iron, and so proportioned that the max- B«^jpiat«and 
imum pressure per square foot on masonry will not exceed 25,000 lbs. The 

pressure per lineal inch on friction rollers must not exceed ^ 540,000 x rf, 
where d is the diameter of rollers in inches. 

Sheet lead shall be placed between the bottom of bed plate and coping, and 
the bed plates shall be securely fastened with bolts let into the coping. 

All bridges over 70 feet span shall have at one end a nest of turned friction 
rollers, formed of wrought iron, running between plane surfaces. The rollers 
must not be less than 2 inches in diameter. 

Bridges less than 70 feet span will be secured at one end to the masonry 
and the other end shall be free to move by sliding upon planed surfaces. 



friction rollera. 
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All trusses must have pin bearing supports in the end shoes, so as to insure 
an equal distribution of the load over the bed plates and rollers. 

V. QUALITY OF WROUGHT IRON. 

EiasUc limit. ^ All wrought iron must be tough, fibrous, ductile, uniform in quality, and 

must have a limit of elasticity of not less than 26,000 lbs. per square inch. 
When tested in specimens of uniform sectional area of at least \ square inch for 
a distance of 10 inches, it must stand without breaking, the following tensile 
strain and elongation in the distance of 6 inches : 

•trenjih^n ^^^ ^^^ ^^^" $2,000 Ibs. per square inch, elongation 20 per cent. 

tpecimens. ^U ^\^^^^ iron $0,000 ** " " " *' 1$ 

All plates 48,000 " " '' '' " 10 



Tests. 






The iron shall also bend cold without fracture: i8o° degrees for bar iron, 
135*" for shape iron, and 90° for plate iron. 

Specimens taken from bars of a larger cross-section than 4^ inches will be 

allowed a reduction of 500 lbs. for each additional square inch of section, down 

to a minimum of 50^000 lbs. 

stmSji^uii 45* "^^ sized pieces of flat, round or square iron, not over 4J square inches 

sixed pieces, 'y^ scctional area," shall have an ultimate strength of 50,000 lbs. per square inch, 

and stretch 12^^ per cent, of their whole length. 

Bars of a larger sectional area than 4^ square inches, when tested in the 
usual way, will be allowed a reduction of 1,000 lbs. per square inch for each ad- 
ditional square inch of section, down to a minimum of 46,000 lbs. per square 
inch. 
***'a!^?°°^ The reduction of area at the breaking point shall be at least 20 per cent 

46. Rivets and pins shall be made from the best double refined iron. All 
finished iron bars must be thoroughly welded during the rolling, and all iron 
must be free from injurious seams or flaws, blisters, buckles, cinder spots, and 
imperfect edges. When nicked on one side and bent by a blow from a sledge, 
the fracture must be nearly fibrous, showing but few crystalline specks. 
Iron for tension 47. For all tcnsion members the muck bars shall be rolled into flats, and 

nieinDers. 

again cut, piled and rolled into finished sizes. 

VI. QUALITY OF CAST IRON. 

Cast iron. 48, Cast iron must be of the best quality of tough gray metal. A cast 

specimen bar five feet long, one inch square and 4 feet six inches between sup- 
ports, shall bear, without breaking, a weight of 550 lbs. suspended at the centre. 
Castings must be smooth, well shaped, free from air holes, crack.s, cinders 
and other imperfections. 

VII. QUALITY OF STEEL. 

Steel. 49. The Steel used for tension members must be fibrous, tough, ductile and 

of uniform quality. 
^Elastic limit jq. FuU sizcd pieccs of flat, round and square steel of less than 3 square 

S3*^!LIIL^"" inches sectional area, must have a limit of elasticity of not less than 45,000 lbs., 

and an ultimate strength of not less than 85,000 lbs. 
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51. Bars of a sectional area greater than 3 square inches, when tested in the ajfd■u^i^^iJ 
usual way, must have a limit of elasticity of not less than 42,000 lbs. per square SS?£<5^/"" 
inch, and an ultimate strength of 80,000 lbs. 

52. For plates, angles, and other shapes, an ultimate strength of 75,000 lbs. ^ ^ d^^uitimate 
and a limit of elasticity of not less than 40,000 will be required. SS^Il^f"" 

5^. When tested in specimens of uniform sectional area of at least \ square ultimate 

•' "^ ^ ' strength and 

inch for a distance of 10 inches, taken from tension members which have been eiongauonin 
rolled to a flat, round, or square section not more than 3 square inches, the steel 
shall show an ultimate strength of 88,000 lbs., and a stretch at least 15 per cent, 
in a di3tance of 8 inches. 

54. The same size specimen from steel bars of more than 3 square inches ^^"'v***^ 
sectional area, shall show an ultimate strength of 85,000 lbs., and stretch of 15 elongation in 

w §JC W \ MAC •tS • 

per cent, in a distance of 8 inches. 

55. The same size specimen, taken from plate and other shaped steel, shall ,t^S^h*lSid 
have an ultimate strength of 80,000 lbs. and stretch 12-15 P^*" cent, in 8 inches. ^i^iScM** 

56. The reduction of area at point of fracture shall be 20 per cent, at least. Reduction. 

57. All steel for tension members must bend cold, without sign of fracture. Bending tests, 
from 90 to 180 degrees; in moderate size specimens 180 degrees, with inner 
diameter of curve not greater than i^ diameter of bar. 

58. When nicked on one side and bent by a blow from a sledge, the fracture Texture, 
shall show a fine homogeneous texture, bluish gray in color. 

59. Specimens from angle, plate, and other shape steels shall stand bending Texture, 
cold, through 180 degrees of not more than i^ diameters without cracking. 

60. The contractor shall prepare samples for testing from every " heat ** or 
" blow " of steel to be rolled for bridge parts. The engineer shall have the 
privilege of rejecting any steel piece that may prove hard or otherwise unsuit- 
able. 

VIII. QUALITY OF TIMBER. 

61. The timber shall be well-seasoned white pine, spruce pine or long leaf 
yellow pine. White oak shall be used for bridge seats, bolsters, etc. All timber 
must be sawed true, full size from end to end, free from wind shapes, large or 
loose knots, decayed wood, worm-holes, sap, or any defect that will impair its 
strength and durability. 

62. All surfaces where wood touches wood must be thoroughly painted with 
hot coal tar, properly thickened with lime before being put together. 

IX. WORKMANSHIP AND DETAILS OF CONSTRUCTION. 

63. All workmanship shall be first-class in every particular. All members Abuuingjoinu 
must be free from twists and bends ; abutting joints must be planed or truly 
dressed in a plane perpendicular to the line of strain, and shall be in exact con- 
tact throughout. 

64. Eye-bars working together must be straightened before boring. They Eye4>ars. 
must be bored in one operation, piled on each other, at the same temperature, 

and of such equal length that, when piled, the pins shall pass through the holes 
at both ends without driving. 

65. Pin holes must be bored, not punched, exactly perpendicular to the line Piniandhoks. 
of direction of strain, and not more than one-fiftieth (^ inch larger than the 
diameter of the pin. 
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66. Pins must be turned true to size and straight. They must be turned 
down to a smaller diameter at the ends for the thread, and driven in place by 
pilot nut when necessary, to save the thread. There must be a washer under 
each nut. 

No discrepancy in length of pins through the bearing parts will be allowed. 

67. The several members attaching to the same pin shall beheld and closely 
packed in position by filling rings between them. 

68. The cast iron tubes of angle blocks shall extend through the whole 
depth of the chord, in order that the rods may transmit the strains directly to 
the braces without crushing the wooden chords. The oblique sides of the angle 
blocks must be perpendicular to the line of the brace or counter in Howe trusses, 
and to the line of the diagonal rods in Pratt trusses. 

Kindofdeuiu. gg. All the conncctions and details of the several parts of the structure shall 

be of such strength that, upon testing, rupture shall occur in the body of the 
member, rather than in any of their details or connections. Preference will be 
had for such details as will be most accessible for inspection, cleaning and 
painting. 

Plate grirdcrt. 70. The wcb of the plate girders must be spliced at all joints by a plate on 

each side of the web. T iron must not be used for splices. 

Plate girden. 71. When the least thickness of the web is less than ^x^\\i of the depth of a 

girder, the web shall be stiffened at intervals not over twice the depth of the 
girder. 

Plate girdcrt. 72. Stccl wedges must be inserted between the web plate and the bottom 

plftte of riveted girders at the bearings, in order that the web shall directly take 
its strain. 

73. The compression flanges of beams and girders shall be stayed against 
transverse crippling, when their length is more than thirty times their 
width. 

74. The unsupported width of any plate subjected to compression shall never 
exceed thirty times its thickness. 

Rivets. 75. When plates more than 12 inches wide are used in the flanges of plate 

or lattice girders, an extra line of rivets, with a pitch of not over 9 inches, shall 

be driven along each edge to draw the plates together and prevent the entrance 

of water. 

Rivets' pitch 76. The Ditch of rivcts in all classes of work shall never exceed six inches, 

and diameter. 

nor 16 times the thinnest outside plate, nor be less than three diameters of the 

rivet. The rivets used will generally be Jths and ^ths inch diameter. 
Rivets pitch 'j'j^ The distance between the edge of any piece and the centre of a rivet 

hole must never be less than \\ inch, except for bars less than 2\ inches wide ; 

when practicable, it shall be at least two diameters of rivets. 
Rivctt' pitch 78. In punching plate or other iron or steel, the diameter of the die shall 

and diameter. * c» * 

not exceed the diameter of the punch by more than tV^" of an inch. 
MddSnSltCT 79* ^^ "^^^ holes must be so accurately punched that when the several 

parts forming one member are put together, a rivet ^^th inch less in diameter 

than the hole can be entered hot into any hole, without seaming or straining the 

iron or steel by drifts. 
Riveu* pitch 80. The rivets must be uniformly heated, and when driven, must completely 

a&d diameter. 

fill the holes. Wherever possible, all rivets must be machine driven. 
^^^^, * 81. The rivet heads must be well formed and concentric to the holes. They 
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must be hemispherical and of a uniform size for the same sized rivets throughout 
the work. No loose rivets will be allowed. 

82. The several pieces forming one built member must fit closely together, Fitting, 
and when riveted shall be free from twists, bends or open joints. 

83. All joints in riveted work, whether in tension or compression members, Riveted spuccs 
must be fully spliced, as no reliance will be placed upon abutting joints and no 
account shall be taken of the friction between riveted plates. All joints, how- 
ever, shall be square and truly dressed and in contact throughout. No open 

joints will be allowed. 

84. Eye-bars must be proportioned as already specified. The bars must be Eye-ba«. 
free from flaws and of full thickness at the necks. They must be perfectly 
straight before boring. The holes shall be in the centre of the head and on the 
centre line of the bar. 

85. No welding on of ready-made heads to body of bar will be permitted. 
Steel eye-bars must be entirely without welds. The form of the head and 

the mode of manufacture shall in all cases be subject to the approval of the 
Engineer. 

86. The bars must be bored of exact leng^th and the pin hole not more than 
^Vth inch larger than the diameter of the pin. 

87. The lower chord shall be packed as narrow as possible. 

88. The pins shall be turned straight and smooth, and shall fit the pin holes pim. 
within y^th of an inch. 

89. The diameter of the pin shall not be less than Jds the largest dimension 
of any tension member attached to it. Its effective length shall not be greater 
than the breadth of the foot of the post plus four times the diameter of the pin. 
The several members attached to the pins shall be packed close together, and 
all vacant spaces between the chords and posts must be filled with wrought iron 
filling rings. 

90. All rods and hangers with screw ends shall be upset at the ends, so that up^tTods. 
the diameter at the base of the threads shall be ^th larger than at any part of 

the body of the bar. When tested, the rods shall rupture in the body of the 
bar rather than in the threads. 

91. Counter rods, lateral and diagonal rods, and all other members requir- A djostme nt 

^ ' . o » -1 screws. 

ing adjustment must be provided with adjusting screws and nuts. All nuts 
must be easily accessible with a wrench for the purpose of adjustment, and 
must be effectively checked after the final adjustment. 

92. Floor beam hangers shall be so placed that they can be readily exam- Floor besm 
ined at all times. When fitted with screw ends they shall be provided with 

check nuts. 

93. When bent loops are used, they must fit perfectly around the pin ^-^^^^^JUJl***** 
throughout its semi-circumference. 

94. Compression members, unless otherwise specified, shall be of wrought ^^£^°° 
iron of approved forms. 

95. The pitch of rivets for a length of two diameters of the member at the Rivets, 
ends shall not be over four times the diameter of the rivets. 

96. The open sides of all through-shaped sections shall be stayed by diagonal Lattice stays, 
lattice work at distances not exceeding the width of the member. The size of 

bars shall be duly proportioned to the width. 

97. AH pin holes shall be reinforced by additional material, so as not to ex- Sfi^SpiaSST 
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ceed the allowed pressure on the pins. These reinforcing plates must contain 
enough rivets to transfer the proportion of pressure which comes upon them. 

98. Pin holes must be bored exactly perpendicular to a vertical plane pass- 
ing through the centre line of each member when placed in a position simliar 
to that it is to occupy in the finished structure. 

99. The ends of all square ending members shall be planed smooth and 
exactly square to the centre line of strain. 

loa All members must be free from twists or bends. Portions exposed to 
view shall be neatly finished. 

lOi. The sections of the top chord shall be connected at the abutting joints 
by splices sufficient to hold them truly in position. 

102. The attachments of the lateral system to the chords shall be thor- 
oughly efficient. If connected to suspended floor beams, the latter shall be 
stayed against all motion. 

103. All through bridges with top lateral bracing shall have wrought iron 
portals of approved design at each end of span, connected rigidly to the end 
posts. 

104. When the height of the trusses exceeds 24 feet overhead, diagonal 
bracing shall be attached to each post and to the top lateral struts. 

105. Pony trusses and through plate or lattice girders, shall be stayed by 
knee-braces or gusset plates attached to the top chords at the ends and at in- 
termediate points not more than ten feet apart, and attached below to the cross 
floor beams or to the transverse struts. 

106. In all deck bridges diagonal bracing shall be provided at each panel. 
In double track bridges, this bracing shall be proportioned to resist the unequal 
loading of the trusses. The diagonal bracing at the ends shall be of the same 
equivalent strength as the end top lateral bracing. 

107. Trusses over 70 feet of length must have a pin bearing support in the 
end shoes, to insure an equal distribution of the load over the bed plates. 

108. Both ends of all girders must be securely anchored to the masonry to 
prevent the displacement of the bridge either by wind or floods. The anchor- 
age, however, must not impair the movement of the sliding or rolling end of 
trusses. 

a 

All the necessary drilling and dressing of masonry must be done and all 
the necessary fastenings and anchorage put in by the contractor without extra 
allowance. 

109. The camber measured on the centre of pins of chords must not be 
less than j^ths of the span. The camber line must be a true arc of circle, or 
must not deviate at any place from an arc of a circle by more than Jth inch. 

no. On bridges and viaducts or curves the outside rail will be elevated 
one-half inch for every degree of curvature, unless otherwise specified. 

111. The contractor must furnish and put in place the necessary wall 
plates, cross ties and guard timbers over piers and abutments of all structures, 
and furnish and put in the standard aprons at each end of the structure so as 
to connect the roadway of the structure with the graded road bed. This work 
will be paid by the thousand ft. B. M., at the price named in the proposal. 
This price must cover the cost of labor and material, including iron in bolts, 
washers, spikes, etc. 

112. The roadways, unless otherwise specified, will be in accordance with 
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the annexed diagrams designed for panels 15 feet long, sizes of stringers and 
floor beams being proportional to the length of panel. 

The cross ties shall be spaced 12 inches from centre to centre. They shall 
be locked longitudinally by the guard timber notched one inch over each tie, 
and transversely, where iron stringers are used, by the projection above the top 
flange of the web of the iron stringer penetrating one inch into narrow slits in 
the bottom of the ties. 

Every third tie shall be bolted to the stringers and guard timbers with fth 
inch bolts. 

All intermediate ties shall be fastened at each end to the guard timbers 
with |th inch bolts. The stringers must be securely fastened to the floor beams. 

The wood stringers, made of pieces of two panel lengths packed together 
as shown, must be covered with No. 15 galvanized iron projecting two inches 
at least on each side. 

The ties must be carefully edged in position to the proper level to afford a 
true and uniform bearing for the rails. 

All framing must be done to a close fit and in a thorough and workmanlike 
manner. 

No open joints or filling-shims will be allowed. All surfaces where wood 
touches wood must be thoroughly painted, before being put together, with hot 
coal tar properly thickened with lime. 

All void spaces between tenons and mortises must be thoroughly filled 
with the same paint, so as to be water-proof. Angle blocks, tubes, washers, 
parting and packing blocks, brace shoes and bridge seats must be of cast iron 
and of approved patterns. 

Splicing clamps must be entirely of wrought iron. 

113. High hexagonal nuts, dressed on both ends, must be used for truss wSSiS^ 
rods. No round-headed bolts will be allowed. All bolts must be provided 

with washers under head and nut. The use of more than one washer under the 
nut to make up for deficiency in length of thread will not be allowed. All nuts 
must be checked. 

1 14. The diameter of cast iron washers on timber shall not be less than 
four diameters of the screw, and its thickness at least equal to the diameter of 
the screw, 

115. All collars or washer plates under nuts of truss rods on top and bottom washcrputcs. 
of chords in wooden bridges shall be of wrought iron, not less than one-half 
diameter of the screw in thickness. The width shall not be less than four 
diameters of the screw of the truss rod. 

116. Diagonal wooden braces and counters shall be bolted together where 
they meet. The vertical wooden posts in Pratt trusses shall be stayed at suit- 
able distances, if in pairs or more in number. 

1 17. The timber pieces composing the lower chord, shall be so packed that not ^^*?|J{Ji^*' 
more than one splice shall occur in any one panel. The splicing shall be of wrought 
iron and of an approved form, on each side of the chord pieces to be spliced. 

All parting blocks, keys, splicing blocks, in the bottom chord shall be of 
cast iron. In the top chord they shall be of well seasoned yellow pine. 

118. Low truss through wooden bridges shall be stayed every two panels, 
by wooden braces and wrought iron rods attached to the top chord and below 
to cross floor-beams, any one of which for this purpose shall extend at least 3^ 
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feet over the outside of the bridge on each side. This floor-beam shall be fast- 
ened to the bottom chord by bolts one inch in diameter. 

119. Piles must be straight, properly, and have all the bark peeled off. They 
shall, if required, be shod with cast or wrought iron shoes of approved form and 
size, as may be determined by the Engineer. 

In driving they shall be capped with suitable iron rings, to prevent splitting, 
if necessary. 

They shall be driven with a hammer of suitable weight and fall; the fall 
being regulated by tripping the hammer, if necessary, to prevent splitting. 

All piles must be of such length and driven to such depth as may be 
directed by the Engineer. 

All piles injured in driving or driven out of place or line shall be cut off and 
another one driven, and the pile thus replaced shall not be paid for. 

Piles will be paid for by the lineal foot, counting only the number of feet 
of piles left in the structure after completion. 

12a In all wooden deck bridges diagonal wooden bracing shall be provided 
at every second panel. 

121. The ends of trusses shall rest on two transverse white oak pieces of 
sufficient size to distribute the load over the masonry of the abutments or piers. 

122. The camber in wooden bridges shall not be less than ^f^th of the span. 
The camber line must not deviate from an arc of a circle more than Jth inch at 
any place. The stringers must be sized down on top of the floor beams so that 
the camber in the track shall be one-half the camber in the truss of the wooden 
bridge. 

123. The wooden bridge shall be covered, for the protection of the timber, 
when directed by the engineer. The side boarding shall not be more than one 
inch thick, and the roof shall be made of galvanized corrugated iron sheets. 
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124. An expert inspector appointed by the engineer will inspect the mate- 
rials, supervise the work at the shop, and the work of erection and all tests to be 
made. All parts of the structure must be inspected and accepted by him before 
shipment. 

125. The contractor shall furnish all facilities for making the tests, for the 
inspection of iron and steel, and for supervising the workmanship during the 
progress of the work. 

126. The contractor shall furnish without charge such specimens (prepared) 
of the several kinds of iron and steel to be used, as may be required to deter- 
mine their character. 

127. The contractor shall make, free of chaise, when requested, all the 
specimen tests required by the inspector, and shall test also, free of chaise, all 
the tensile members of the structure to 20,000 lbs. per square inch for wrought 
iron. 

128. The extension under this strain of each member shall be accurately 
measured, and the modulus of elasticity deduced therefrom. 

129. All bars showing a permanent set after this test, or a variation of more 
than 10 per cent, in its modulus, as compared with the moduli of all other bars 
working with it in the same member of the structure, shall be rejected. 
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130. Full-sized parts of the structure may be tested at the option of the 
engineer, and if destroyed, shall be paid for at cost less its scrap value, if it 
prove satisfactory. If the test is not satisfactory, the contractor shall receive no 
compensation. 

131. Before the final estimate is paid, a thorough test of the structure will 
be made by the engineer, by loading each span with the specified rolling load or 
its equivalent, at the specified rate of speed, and also by causing the load to 
remain on each span for the space of an hour or more. 

Each span must not deflect under such load more than y^^^ of its length, 
and each span must return to its original camber when the load is removed. 

XI. PAINTING. 

132. All iron before leaving the shop must be soaked in boiled linseed oil. 
Any adhering scale or rust must first have been thoroughly rubbed off. All 
planed or turned surfaces must be coated with white lead mixed with tallow. 

133. In riveted work all surfaces coming in contact shall be painted with one 
good coat of iron ore paint and pure linseed oil, or other metallic paint approved 
on sample by the engineer, before being riveted together. 

134. Bed plates, the inside of closed sections, and all parts of the work 
which will not be accessible for painting after erection, shall have two coats of 
the same paint. 

135. No painting must be done in wet or freezing weather. 

136. Pins, bored holes and turned friction rollers, shall be coated with white 
lead and tallow before being shipped. 

137. After the structure is erected all the' iron work shall be thoroughly and 
evenly painted with two additional coats of paint as above specified, of such 
color as may be directed. 

XII. ERECTION, RIVER NAVIGATION AND RUNNING OF TRAINS. RISKS. 

138. The railroad company will take down the old bridge if any exists. It 
will furnish the lower false works or supporting trestles only. The use of these 
fa,lse works or trestles by the contractor shall be construed as his approval of 
them. He will take down and out of the way all the staging used in the erec- 
tion, and also the old bridge, if any exists. 

139. The contractor shall furnish all the other staging, the plan and con- 
struction of which must be approved by the engineer, and shall erect and ad- 
just all the iron work complete. 

140. The contractor shall so conduct all his operations as not to impede the 
running of the trains or the operations of the road. . 

141. When rivers are navigable they must at all times during the construc- 
tion and erection of the structure be kept free for navigation. 

142. All coffer dams, staging, and other obstructions, must be removed by 
the contractor, when directed by the engineer, leaving the river entirely unob- 
structed, except the actual space occupied by the masonry. 

143. The contractor shall assume all risks from floods and storms, accidents 
to men or materials, and casualties of every description, during the manufacture 
and erection of the bridge* He must furnish all materials and labor incidental 
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to, or in any way connected with, the manufacture, transportation, erection and 
maintenance of the structure until its final acceptance. 

144. The word " Engineer," or " Chief Engineer," shall mean the chief 
engineer of the railroad company ; he may, at his option, be represented by his 
duly appointed assistants. 
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Flanges, shape and dimensions 299 

Flexure, theory of 212 

Floor beam, design of 301 

Force diagram 9 

graphic representation of 8 

polygon 9 

Forces, analytic resolution of. 16 

inner and outer 3, 263 

principle of resolution of 5 

wind 64 
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French roof truss 63 

Framed structures, definition of 3 

Friction rollers 342 

GIRDER 4 

** bowstring 60, 119 

*' with inclined flanges 60 

*' with parallel flanges 56 

*' continuous 59, 133, 244 

*' '* disadvantages of 149 

** ** economy of 148 

" " example solved 143 

** " with fixed ends 138 

" " general method of calculation. . . . 142 

hinged 150 

" *• literature of 151 

*' " moments at supports 141 

** " supports not on level 145 

** ** uniform load 140 

" lattice 104 

" lenticular : 60 

' ' triangular 91 

'• Warren 56 

Graphic method of moments 34 

'* representation of a force 8 

" resolution of forces 8 

" statics — text-books on 52 

" •* literature of 52 

Gyration, radius of 214 

HIGHWAY bridges— loads for 266 

Hinged continuous girder 150 

Howe truss 57 

IMPACT, allowance for 296 

Inch strain 6 

Inertia, moment of 213 

" graphic determination of moment of 256 

Inner and outer forces 263 

Iron, weight of 339 

*' swing bridge, pro]>osals for 358 

KELLOGG truss "! 59, 114 

Kuilenberg bridge 60 

LATERAL bracing 59 

Lattice girder 104 

Launhardt's formula 283 

Lenticular girder 60 

Lever arm — proper sign for 23, 27 

Line, closing 36 

List of members in a bridge 328 

Literature of continuous girder 150 

** of graphic statics 52 

Live load, action of 80 

Loading — ^bridge 85 

•* exterior and interior 134 

Load, dead load shear 83 

'* dead and live, combined - 84 
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Load, live — action of 80 

** snow and wind 263 

** system, concentrated 209 

** temperature 179 

** uniform 25 

Loads, concentrated system 86 

for highway bridges 266 

for railway bridges 266 

Long pieces, compression of 278 

Long spans 88 

Lower extension chords 313 

MATERIALS, bills of 335, 346 

Medium spans 88 

Members in a bridge, list of 328 

Methods of calculation 5 

Method of moments 23, 34 

'* ** sections ,5,21,27' 

Moment, definition of 5 ' 

of inertia 213, 256 

significance of 23 

Moments, method of 23, 27 

graphic method of 34 

principle of equality of 5 

Murphy-Whipple truss 57 

NIAGARA bridge 186 

OUTER and inner forces 3, 263 

Order bill 35^ 
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Parabolic arch, hinged at ends . 163 

'* '• without hinges 165 

Pieces, curved 63 

*• unnecessary 5. 55 

Pins, diameter of 309 

Pivot span 152, 1 56 

Plates, explanation of 345 

Pole 35 

Polygon, equilibrium 36, 38, 39 

** force 9 

Post truss 5S, III 

Postulates 6 

Pratt truss 57. 107, 110 

QUADRANGULAR truss 57 

RADIUS of gyration 214 

Railway bridges, loads for 261 

Resolution of forces, principle of 5 

g^raphic 8 

analytic 16 

Resultant shear 80 

Rollers, friction 342 

Rivet bill 355 

Rivets, shearing and bearing value of 312 

Riveting 301 

*' rules for 310 

Rods, equivalent lengths for 339 
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Roof truss, complete calculation of 67 

** coverings, weights of 267 

** curved 67 

** truss, French 63 

** ** solved by graphic method i ii 47 

analytic " 17, 28 

SAFETY, factor of 275 

Scales, choice of 14 

Schwedler truss 58 

Sections, method of 5i 21 

Shear caused by dead load 83 

' * definition of 78 

** grapbic representation of 83 

'* maximum 82 

** resultant 80 

Shearing and bearing value of rivets 312 

Shipping bill 353 

Short spans 86 

Signs for tension and compression 6 

Snow and wind load 263 

Span, draw or pivot 1 52, 156 

" tipper 155 

Spans, best ratio of *. 150 

** long 88 

" medium 88 

*• short 86 

Specifications and contracts 358 

Static equilibrium, principles of 4 

Statics, graphic — literature of 52 

Stiffening truss 167, 187, i^, 200 

Strain and stress 3 

Strains, rule for character of 13 

" unit, inch 6 

" various kinds of .« 4 

Strength, ultimate 275 

Stress and strain 3 

" allowable z^s 

Structures, classification of 55 

** composite, theory of 169 

'* framed, definition of 3 

Strut 4 

Superfluous pieces 55 

Suspension system 61, 167 

" best form of 168 

** " deflection of cable 183 

•* ** defcctsof 167 

** ** different kinds of 200 

'* *' estimate of dead weight 184 

" '* formula for cable 184 

'• Niagara bridge 186 

*' strain in cable 183 

*' ** temperature load 179 

Suspenders, computation of ■ . 152 

Swing bridge 152, 1 56 

'* ** proposals for 358 

TENSION and compression, signs foi 6 

Theorem of three moments 246 

Theory of stiffening truss 187 
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Three moments, theorem of 246 

Through bridge 59 

Tie 4 

Tipper or tip span 155 

** formula for 253 

Triangular girder 91 

*• lattice truss 56 

Truncated bowstring 124 

Truss Baltimore Bridge Go's 58, X12 

** Bollman 59 

" bridge 56 

" and cable, best ratio of heights 202 

** double quadrangular 58 

** *• triangular 56 

" economic depth of 312 

** element 55 

" Fink 56,115 

•* French roof 63 

** Howe 57 

" Kellogg 59. "4 

•• Murphy-Whjpplo 57 
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Truss, Post 58, III 

Pratt 57, 107, no 

** Schwedler 58 

*' stiffening 167, 200 

• ' Whipple 58 

'* quadrangular 57 

ULTIMATE strength 275 

Uniform load 25 

Unit strain 6 

Unnecessary pieces S 

WARREN girder 56 

Web. thickness of 301 

Weights of roof coverings 267 

Weight of iron 339 

Weyrauch*s formula 283 

Whipple truss. 58 

Wind forces 64 

•• load 283 
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Cross plates 12" x ^", ,, , 
Lattice bars 2 x ^" double. 



Coupling plates 9^" x f" 



fcs, 5" X 3i X 1^ ; Area 8".29 net. . . ] 
X 12 long 
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teles 3'^ X A", gusset plates fy" thick. 

I lone. Angles, 4" x i 

|i i4' o, in Stringer bed plates i"-o 



: A" 



ToulCroM 
Section 



»/' 



.785 
4.810 

7.5 
11.23 

15.625 

5.469 
II. 5 
19. 

25. 

27.5 
6. 

9.6 

13.2 

26.62 

24.75 
29.05 

31.5 
31.5 

T. Gross 9.27 
B. Net 8.29 



T. Gross 7.79 
B. Net 7. 



Max. strain 
per a" Lbs. 



5,642 
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8,75 « 
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